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PREFACE. 

This book has been written specially for the use of students 
reading for the First-Year Course in Arts of the Bombay Univer- 
sity, and will be found to cover fully the course in Geometry 
and Trigonometry — given below — laid down in the curriculum. 

A summary of the Matriculation course in Geometry is given 
in Section i. References to the propositions in this preliminary 
course are indicated by Arabic numerals, and those to the 
propositions of the book itself by Roman numerals, placed in 
square brackets. To render the book self-contained, a few 
propositions in Geometry outside the University curriculum have 
been either introduced or repeated from the Matriculation course. 

In the latter part of the book a complete account has been 
given of the “ Trigonometry of One Angle. ” It is hoped that a 
sufficiently practical treatment of problems has been combined 
with an accurate presentation of principles, so that the student 
may have little to unlearn hereafter in studying the higher parts 
of the subject. 

The numerous Exercises have been selected with great care 
and will, it is believed, illustrate most of the types of questions 
usually set at examinations. The more important of these have 
been marked with asterisks ; other results of equal importance, 
particularly in Geometry, will be found in the Miscellaneous 
Examples, which are intended to be taken up on a second read- 
ing. For the purpose of securing increased interest generally 
and assisting students reading privately, a large number of ex- 
amples have been solved in the exercises or text. In these solu- 
tions stress has been laid on the utility of accurate drawing and 
graphical work. 
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PREFACE. 


The Tables of the Logarithms of Numbers and of the 
Natural and Logarithmic Functions of Angles have been derived 
from \V. & R. ("hambers’s Mathematical Tables ( 1885). Some 
errors of the ordinary Four-figure Tables have been removed, and 
a Table of Natural Secants has been added. 

Corrections for any mistakes left and suggestions for improved 
treatment will be gratefully received. 

K. J. S\NJAN\ 

Jan. 1, 1914. 


GEOMETRY TREATED IN CONJUNCTION WITH 
TRIGONOMETRY OF ONE ANGLE.— One Paper. 

GEOMETR K 

The questions in Practical Geometry shall be set on the constructions 
contained in Schedule A, together with easy extensions of them as riders 
if desired. A candidate should provide himself with a ruler graduated in 
inches and tenths of an inch and in centimetres and millimetres, a set 
square, a protractor, compasses and a hard pencil. All figures should 
be drawn accurately. 

The questions on Theoretical Geometry shall consist of theorems 
contained in Schedule B, together with questions upon these theorems, 
easy deductions from them and arithmetical illustrations. Any proot of 
a proposition shall be accepted which forms a part of any systematic 
treatment of the subject; the order in which the theorems are stated in 
Schedule B is not imposed as the sequence of the treatment. Proofs 
which are only applicable to commensurable quantities shall be accepted. 
The use of intelligible abbreviations is recommended. 

Schedule A. 

Division of straight lines into parts in any given proportions. 

Construction of a triangle or a square equal in area to a given polygon. 

Construction of common tangents to two circles. 

Simple cases of the construction of circles from sufficient data. 

Construction of a fourth proportional to three given straight lines 
pnd a mean proportional to two given straight lines. 

Construction of a regular pentagon 

Description in a given triangle of a triangle similar and similarly 
placed to another given triangle. 

Description of squares in a triangle and in or about a given quadri- 
lateral. 



COURSE IN GEOMETRY AND TRIGONOMEIRY. 


V 


Schedule B. 

Proportion: Similar Triangles, 

If a straight line is drawn parallel to one side of a triangle, the oth«r / 
two sides are divided proportionally; and the converse. 

*1/ two triangles are equiangular, their corresponding sides are propor- i 
tional ; and the converse. 

If two triangles have one angle of the one equal to one angle of the 
other and the sides about these equal angles proportional, the triangles 
are similar. 

If two triangles have one angle of the one equal to one angle of the 
other and the sides about another angle of each proportional, the sides y 
opposite the equal angles being homologous, the third angles of the 
triangles are either equal or supplementary. 

^ The internal bisector of an angle of a triangle divides the opposite ; 
^side internally in the ratio of the sides containing the angle, and likewise 
the external bisector externally. 

In a right-angled triangle the perpendicular drawn from the right angle 
to the base will divide the triangle into two parts which are similar to ^ 
the whole and to each other. 

If an angle of a triangle be bisected by a straight line which cuts the 
opposite side, the sum ot the rectangle contained by the two segments of 
that side and the square on the bisecting line is equal to the rectangle 
contained by the other two sides of the triangle. 

If a perpendicular be drawn from a vertex of a triangle to the 
opposite side, the rectangle contained by the other sides of the triangle 
is equal to the rectangle contained by theprependicularandthe diameter 
of the circle described about the triangle. 

The rectangle contained by the diagonals of a quadrilateral inscribed 
in a circle is equal to the sum of the rectangles contained by the two 
pairs of opposite sides. 

The ratio of the areas of similar triangles is equal to the ratio of the / 
squares on corresponding sides. 

If two triangles (or parallelograms) have one angle of the one equal to 
one angle of the other, their areas are proportional to the areas of 
rectangles contained by the sides about the equal angles. 

Concurrency ami ColUnearity, 

If three concurrent straight lines are drawn from the angular points 
of a triangle to meet the opposite sides, the product of three alternate 
segments taken in order is equal to the product of the other three 
segments. 

If a transversal is drawn to cut the sides or the sides produced of a 
triangle, the product of three alternate segments taken in order is equal 
to the product of the other three segments. 

The three medians of a triangle meet in a point, and their common 
point is a point of trisection of each median. 

The three lines drawn through the angular points of a triangle per- 
pendicular to the opposite sides are concurrent. 

The three lines which bisect the angles of a triangle are concurrent; 
and so also are the bisector of one of the interior angles of a triangle 
and the bisectors of the other two exterior angles. 

G. A. 
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The three lines drawn through the middle points of the sides of a 
triangle perpendicular to those sides are concurrent. 

In any triangle the three middle points of the sides, the three feet of 
the perpendiculars drawn from the angular points on the sides, and the 
three middle points of the lines joining the orthocentre to the angular 
points all lie on a circle whose diameter is equal to the radius of the 
circumscribed circle and whose centre is the middle point of the line 
joining the orthocentre and circumcentre. 

If from any point on the circumference of a circle, perpendiculars be 
drawn to the sides of an inscribed triangle, the three feet of the perpen- 
diculars lie on a straight line. 

Harmonic Section. 

Division of a given straight line internally and externally so that its 
segments may be in a given ratio. 

The locus of a point whose distances from two fixed points have a 
constant ratio is a circle. 


Centre of Similitude. 

If any two unequal similar figures are placed so that their homologous 
sides are parallel, the lines joining corresponding points in the two 
figures meet in a point, whose distances from any two corresponding 
points are in the ratio of any pair of homologous sides. 

Every straight line which passes through the extremities of two 
parallel radii of two fixed circles passes through one or other of two 
fixed points. 


Pole and Polar, 

If a straight line be drawn through a given point to cut a given circle, 
the intersection of the tangents at the two points of section always lies 
on a fixed straight line. 

If one point lie on the polar ot another point, the second point lies 
on the polar of the first point 

Radical Axis. 

Determination of the locus of points from which tangents drawn to 
two given circles are equal. 

The radical axes of three circles taken in pairs are concurrent. 

Construction of the radical axis of two given circles. 

Expressions for radii of circumcircle, in-circle and ex-circle of a 
triangle. 


TBIGONOMETR Y. 

Trigonometrical functions of positive angles less than two right angles. 
The formulas relating to triangles with radii of circles connected with 

A 

triangles, formulae for tan — , etc. 

Four-figure Logarithms. 

Solution of triangles with simple two dimensional problems in heights 
and distances. 
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CHAPTER I. 

RECAPITULATION. THEOREMS AND PROBLEMS 
ON RECTILINEAL FIGURES. 

§ 1. SUMMARY OF PREVIOUS RESULTS. 

A. Theorems. 

1. All right angles are equal, {a) At a point in a straight line 
only one perpendicular can be drawn to the line, (b) The supple- 
ments and complements of equal angles are equal. 

2. If a straight line meets another straight line, it makes the 
adjacent angles equal to two right angles: conversely, if the 
adjacent angles made by two straight lines at a point of another 
straight line are together equal to two right angles, the two lines 
are in one and the same straight line. 

3. If a straight line cuts another straight line, the vertically 
opposite angles are equal : conversely, if the vertically opposite 
angles made by two straight lines at a point of another straight 
line are equal, the two lines are in one and the same straight line. 

Two triangles are identically equal when — 

4. two sides of one are equal respectively to two sides of the 
other, and the included angles are likewise equal ; 

5. three sides of one are equal respectively to three sides of 
the other ; 

6. two angles of one are respectively equal to two angles of 
the other, and likewise one side of one is equal to the corresponding 
side of the other. 

7. If two triangles have two sides of one equal respectively to 
two sides of the other, and have likewise the angles opposite to one 
pair of equal sides equal, then the angles opposite to the other 
pair of equal sides are either equal or supplementary ; in the 
former case the triangles are identically equal, (a) If the two 
given angles are both right or both obtuse, the triangles are 
identically equal. 

8. A triangle which has two equal sides has the opposite angles 
equal: conversely, a triangle which has two equal angles has the 
opposite sides equal. 

G. I, 
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9. If any side of a triangle is produced, the exterior angle is 
grater than either of the interior opposite angles. 

10. Any two angles of a triangle are together less /than two 
right angles, {a) From a point outside a given straight line only 
one perpendicular can be drawn to the line. 

The converse of (10) cannot be demonstrated without the assui^p- 
tion of some fact about parallel straight lines ; it is often assumed 
as an axiom {Euclid^ s), and stated thus: if two straight linei^ falling 
on a third make the two interior angles on the same side less than 
two right angles, the two lines when produced far enough m^et on 
that side on which are the angles less than two right angles. v9r 
the following axiom {Playfah's) may be used instead: through the 
same point there cannot be drawn two straight lines parallel to a 
given straight line. 

11. If a straight line intersecting two other straight lines makes 
(i) a pair of alternate angles equal, (ii) a pair of corresponding 
angles equal, (iii) a pair of interior angles on the same side 
supplementary, the two given straight lines are parallel. 

12. If a straight line intersects two parallel straight lines, it 
makes (i) the alternate angles equal, (ii) the corresponding interior 
and exterior angles equal, (iii) the interior angles on the same side 
supplementary. 

13. Straight lines which are parallel to the same straight line 
are parallel to one another. 

14. If a side of a triangle is produced, the exterior angle is 
equal to the sum of the two interior opposite angles. 

15. The three angles of a triangle amount to two right angles. 
(<i) When one angle of a triangle is right, the other two are 
complementary, (b) When two angles of a triangle are equal to 
the third, this third angle is right. 

16. In a parallelogram, (i) the adjoining angles are supplemen- 
tary and the opposite angles are equal, (ii) the opposite sides are 
equal, (iii) each diagonal divides the parallelogram into congruent 
triangles, and (iv) the diagonals bisect each other. 

17. If a quadrilateral has two opposite sides equal and parallel, 
its other sides are equal and parallel, and its diagonals bisect each 
other. 


18. Two rectangles are congruent when two adjoining sides of 
one are equal respectively to two adjoining sides of the other, (a) 
Two squares are congruent when a side of one equals a side of 
the other: conversely, when two straight lines are equal, the 
squares described on them are equal. 

Hence any rectangle is said to be contained by two of its adjoin- 
ing sides, and any square to be the square of any one of its sides. 
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19. If two straight lines fall on three or more parallel straight 
lines and the segments of one made by the parallels are equal, 
then the segments of the other made by the parallels are also equal. 
(a) The straight line through the middle point of one of the sides 
of a triangle parallel to a second side bisects the third side: (^) 
conversely, the straight line joining the middle points of two sides 
•f a triangle, is parallel to the third side ; and it is also half of 
the side to which it is parallel. 

20. If two sides of a triangle are unequal, the greater side has 
the greater angle opposite to it ; and if two angles are unequal, 
the greater angle has the greater side opposite to it. 

21. The sum of two sides of a triangle is greater than the third 
side, (a) The difference of two sides of a triangle is less than the 
third side. 

22. If two triangles have two sides of one equal respectively 
to two sides of the other, but have the included angles unequal, 
then the third side of that which has the greater angle is greater 
than the third side of the other: conversely, if two sides of one 
being equal respectively to two sides of the other the third sides 
are unequal, then the included angle of that triangle which 
has the greater side is greater than the included angle of the 
other. 

23. Parallelograms on the same base, or on equal bases, and 
between the same parallels, have equal areas, (a) A parallelogram 
IS equal in area to a rectangle whose sides are equal to the base 
and height of the parallelogram. 

24. A triangle is equal in area to half the rectangle whose sides 
are equal to the base and height of the triangle, (a) Triangles on 
the same base or on equal bases, and between the same parallels, 
are equivalent: conversely, triangles of equal area on the same side 
of the same base or of equal bases in a straight line, are between 
the same parallels. 

In the following four results, x, a, ^,...are finite straight lines or 
finite parts of straight lines ; and xa, a- denote respectively the 
rectangle contained by x and a, and the square whose side is a, 

25. x(a-i‘d-tc-b ) = ; 

26. (a-j-d)^ =a^-h2ad-hd^ ; 

27. (a — d)^ — 

28. (a-bd)(a- 3 ) — 

29. In a right-angled triangle the square on the hypotenuse is 
equal to the sum of the squares on the sides about the right angle. 
(a) The square on either side is equal to the difference of the 
squares on the hypotenuse and the other side. 

30. In an obtuse-angled triangle the square on the side opposite 
to the obtuse angle is greater than the sum of the squares on 
the sides about the obtuse angle, by twice the rectangle contained 
by either of these sides and the projection upon it of the other 
side. 
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31. In any triangle the square on the side opposite to an acute 
angle is less than the sum of the squares on the sides about the 
acute angle, by twice the rectangle contained by either of these 
sides and the projection upon it of the other side. 

32. If the square on one side of a triangle is equal to, greater 
than, less than the sum of the squares on the other two sides, then 
the angle opposite to the side is respectively a right, an obtuse, <*n 
acute angle. 

33. In any triangle the sum of the squares on two sides is equal 
to twice the square on half the third side together with twice the 
square on the median which bisects that side. 

34. The locus of a point which is equidistant from two fixed 
points is the perpendicular bisector of the straight line joining 
the two given points. 

35. The locus of a point which is equidistant from two fixed 
intersecting straight lines is the pair of straight lines which bisect 
the angles between the two given lines. 

36. The straight line drawn from the centre of a circle to the 
middle point of a chord (not passing through the centre) is per- 
pendicular to the chord : conversely, the straight line drawn from 
the centre perpendicular to a chord bisects the chord, 

37. One circle, and only one, can be drawn through any three 
points not in a straight line, (a) Circles which have three points in 
common coincide altogether. (^) If from a point within a circle 
more than two equal straight lines can be drawn to the circum- 
ference, the point is the centre of the circle, 

38. In equal circles, arcs subtending equal angles at the centres 
are equal : conversely, angles at the centres subtended by equal 
arcs are equal. 

39. In equal circles, arcs cut off by equal chords are equal, the 
minor to the minor and the major to the major: conversely, chords 
cutting off equal arcs are equal. 

40. In equal circles, chords which are equal are equally distant 
from the centres : conversely, chords which are equally distant 
from the centres are equal. 

41. The tangent at any point of a circle is perpendicular to the 
radius drawn to the point : conversely, the straight line perpendi- 
cular to any radius at its extremity touches the circle at the 
extremity. 

42. Two and only two tangents can be drawn to a given circle 
from an external point ; these tangents are of equal length, and 
equally inclined to the straight line joining the external point to 
the centre. 

43. If two circles touch one another, their point of contact is in 
a straight line with their centres : conversely, if two circles have 
a common point in a straight line with their centres, they touch 
one another at the point. 

44. Any angle at the centre of a circle is double of an angle 
at the circumference standing on the same arc. 
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45. Angles in the same segment of a circle are equal : converse- 
ly, if the straight line joining two points subtends equal angles at 
two other points on the same side of it, the four points lie on a circle. 

46. The angle in a semicircle is a right angle ; the angle in a 
segment greater than a semicircle is acute, and that in a segment 
less than a semicircle is obtuse, (a) The locus of a point at which 

given finite straight line subtends a right angle is the circle de- 
scribed on the given line as diameter. 

47. The opposite angles of any quadrilateral inscribed in a 
circle are supplementary : conversely, if two opposite angles of a 
quadrilateral are supplementary, the quadrilateral is cyclic. 

48. Each of the angles between a tangent to a circle and a 
chord drawn from its point of contact, is equal to the angle in the 
alternate segment of the circle : conversely, if a straight line 
through an extremity of a chord of a circle make an angle with 
it equal to that in the alternate segment of the circle, the straight 
line touches the circle. 


B. Problems. 

49. To bisect (i) a given angle, (ii) a given finite straight line. 

50. To draw a perpendicular to a given straight line from a 
given point on the line or outside the line. 

51. To make at a given point of a given straight line an angle 
equal to a given angle. 

52. To draw through a given point a straight line parallel to a 
given straight line. 

53. To construct a triangle, given (i) three sides, (ii) two sides 
and the included angle, (iii) two angles and the adjoining side or 
the side opposite to one of them, and (iv) two sides and the angle 
opposite to one of them. 

54. To divide a given straight line into a given number of equal 
parts. 

55. To construct a square upon a given finite straight line. 

56. To find the centre of a given circle or of a given arc of a 
circle. 

57. To bisect a given arc of a circle. 

58. To draw a tangent to a circle from a given point upon or 
outside the circumference. 

59. To describe a square in or about a given circle. 

60. To describe a circle in or about a given square. 

61. To describe in or about a given circle a triangle equiangular 
to a given triangle. 

62. To describe a circle in or about a given triangle. 

63. To describe on a given straight line a segment of a circle 
containing a given angle. . 



6 


GEOMETRY. 


[chap. 


§ 2 * The following theorems and the problems of § 3 are 
supplemental to those given above. They will often be required in 
the proof of subsequent propositions and in the construction of 
equivalent rectilineal figures. 

Def. The straight line joining the middle point of a side of 
a triangle to the opposite vertex is called the median to that side 
from the vertex. 


Proposition 1. Theorem. 

In any triangle the difference of the squares on two sides 
is equal to twice the rectangle contained by the third side and 
the projection upon this side of the median drawn to iL 




Given that AP is a median and DP its projection on the side 
BC of a A ABC : to prove that AC^ - AB^ = 2 BC.DP. 

Draw AD perp. to BC ; and let L APB be acute, so that l APC is 
obtuse. 

Then AB^ ^BP^ + AP^ - 2BP.DP, [31] 

and AC* => PC* + AP* + 2PC.DP. [30] 

Hence, BP* = PC*, we have by subtraction 
AC* - AB* = 2DP (PC + BP) == 2BC.DP. 

If L APB is obtuse, we shall have AB* - AC* =* 2BC.PD. 

By adding up the values of AB^ and ACS we get AB- + AC* 
«2 (BP- + AP-). See [33]. 

Exercises. 

1. Draw a triangle ABC in which BC = 7 , CA = 6, AB = 5; 

bisect AB in R and draw CF perpendicular to it. Measure the 

length FR ; also find it by calculation. 

2. The sides of a triangle are 3 ’6, 3, 2*5 cm : find the median 
to the largest side, and verify the result by calculation. 

*3. The difference of the squares of the distances of a moving 
point from two fixed points is invariable : prove that the point 
moves on a straight line. 

4. The sum of the squares of the distances of a moving point 
from two fixed points is invariable : prove that the point moves 
on a circle, and find the centre and radius of the circle. 



I] 


GEOMETRY. 


7 


5. Given the lengths of the medians of a triangle ; obtain 
formulae for calculating the sides. 

6. The sides of a triangle are 2, 2*4, 3*5 in. : find the segments 
of the mean side made by the perpendicular from the opposite angle. 
Also, solve the problem when the length of the third side is 3’i in. 


•^*7. In any triangle ABC, BC = «, CA = ^, AB = ^: prove that 
the square of the perpendicular from A on BC is 

(a+d-i-c) (b-hc^ -a) (c+a-b) (a+b^c) 

Solution, Taking the first figure of the proposition, 

AC 2 -AB 2 = 2BC.DP ; DP= • 

2.a 

andpc = -=— ; /. CD = PC + DP = — 

2 2<Z 2a 

Hence AD^ = AC^ - CD^ [29] 

= (AC-CD)(AC + CD) [28] 

\ 2a / \ 2a 

— rt" — b’^-\-2ah b^ -h 2ab 

2a 2a 

[,7 and 26] 

2a 2a 

= {a'\rb-{-c) (a-\- b u —■ b)(c — b) ["281 

*8. Shew that the area of a triangle in terms of the lengths of 
its sides a, b, i:, is {{a-\-b-\-c)(a-\-b-c){c’^a-b){b’\-c--a)\, 

9. The sides of a triangle are (i) 12, 15, 9, (ii) 3, 7, 8 : find 
its area by help of the preceding exercise. Verify the results by 
geometrical construction, 

10. If in a quadrilateral the sums of the squares on opposite 
sides are equal, then the diagonals are at right angles. 

11. If a quadrilateral ABCD is such that AB“+BC^ = CD^+DA^ 
then the projections ot its opposite sides on BD are equal. 

*12. AP, BQ, OR are the medians of a triangle ABC : prove that 
3 (BC2 + CA2 + AB2) =4 (AP^ + BQ^ + CR^). 

Any point O is taken in the plane of a rectangle ABCD : 
prove that 0A2 + 0C2 = 0 B 2 + 0 D 2 . Conversely, if ABCD is a paral- 
lelogram and OA^4“OC^ = OB^+OD-, then the parallelogram is a 
rectangle. 

*14. The sum of the squares on the sides of a parallelogram 
is equal to the sum of the squares on the diagonals. Conversely, 
if a quadrilateral ABCD is such that AB^ + BC^+CD^ + DA^^ AC* 
4 -BD*, then the quadrilateral is a parallelogram. 

1 5. The side AB of an equilateral triangle ABC is produced 
to D so that AD = 3 AB: prove that CD 2 = 7 AB*. 

16. A, Bare two given points outside a given straight line 
CD: find a point P in CD such that the difference of the squares on 
PA, PB may be equal to twice the square on AB. 
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Proposition II* Theorem. 

The three medians of a triangle meet all in one pointy which 
is a point of trisection of each of them. 



Let BE, CF be the medians through the vertices B,C of a A 
ABC, meeting in Q ; join AG, and produce it to meet BC in D : to 
prove that AD is the median through A, and that Q trisects each 
median. 

Produce AG to H, make GH=«AG, and join BH, CH. 

••• AF « FB {Hyp.), AG = GH (Cons,), 

/. FG«i BH, and FGC and BH are pari., [19, 6.] 

so also EG CH, and EGB and CH are pari. 

Hence BGCH is a parlgni., and the diagonals BC, GH bisect 
one another. [i6, iv.] 

/. BD :aDC, and AGD is the median through A. 
the three medians are concurrent. 

Again V FG = | BH and BH = GC, [16, ii.] 

/. FG=*| GC = :^ FC: so also EG = J EB. 

And DG«i GH = |GA, 

G is a point of trisection of each median. 


Def. When three or more straight lines pass through a 
point, they are said to be concurrent, 

Def. When three or more points lie on a straight line, they 
are said to be collmear, 

Del. The point of concurrence of the medians of a triangle 
is called the centroid of the triangle. 



I.] 


GEOMETRY. 


9 


Exercises. 

17. If DF, DE, EF be joined in the figure of the Prop., then G is 
the centroid of the triangle DEF. 

1 8. ABC is a triangle and G is the centroid : prove that 

(i) AB^ + AC^ « BG^ + CG^ + 4 AQ^ 

(ii) AG“ + BG2 + CG2= ^ (BC^ + CA^ + AB^). 


ig. Construct a triangle, given the lengths of (i) two sides 
and one median, (ii) two medians and one side. 

*20. Given the lengths of the three medians, shew how ta 
construct the triangle. 

21. A triangle is formed with the medians AD, BE, CF of a 
given triangle ABC for its sides : prove that each median of this 
triangle is ^ of the corresponding side of the triangle ABC. 


§ 3. PROBLEMS AND RECTILINEAL CONSTRUCTIONS. 
Proposition III. Problem. 

To divide a given finite straight line into two parts in any 
given ratio. 




" i i i i : 

i : 

I 

^ X 

Let AB be the given straight line : it is required to divide it 
into two parts in a given ratio, say that of the numbers 3 and 8. 

Draw the straight line AX making any angle with AB. Divide 
AX into II ( « 3 + 8) equal parts at the points a, c, . . . . j [54]; 
join BX, and draw cC pari, to BX to meet AB : then AB shall be 
divided at C as required. 

Draw ap, dR, pari, to BX. 

Then AB is divided into ii equal parts at P, Q, C, R, . . [19] 

of which AC contains 3 and CB contains 8. 

,% AB is divided at C in the ratio of 3 to 8. 



10 


GEOMETRY. 


[chap. 


* Similarly, if the ratio is a: b, we divide AX into a + 6 equal 
parts, join the last point of division to B, and draw through the 
point where a parts from A are terminated a line parallel to the 
joining line. If the given ratio is between numbers both of 
which are^'mot integral, it should be first reduced to the ratio of 
two whole numbers by arithmetical methods. 


Del. The perimeter of any rectilineal figure is the sum of 
all its bounding sides. 


Exercises. 

22. Divide a given straight line of length 1 7" into two parts 
in the ratio of 2 to 7, and measure the length of each part. 

23. Divide a straight line 37 cm. long into two parts of 
which one shall be (i) one-eighth of the whole, (ii) one-eighth of 
the other part. 

24. In a given straight line AB find a point C such that AC 
may have to AB the ratio of m to 

25. Prove the following construction for trisecting a given 
line AB. — Through B draw any straight line XBY, make BY = XB, 
join XA ; bisect XA in D, and join DY to cut AB in C: if AC is 
bisected in E, E and C are the points of trisection. 

*26. Shew how to divide a given straight line into three or 
more parts whose ratios are known. 

27. Draw any triangle the lengths of whose sides shall be as 

3 > 4 > 

28. The perimeter of a triangle is 57 mm.; the second side 
is half as much again as the first, and the third is half as much 
again as the second. Construct the triangle, and verify the lengths 
of the sides by calculation. 
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Proposition IV. Probiem. 

To construct a triangle equal in area to a given rectilineal 
figure. 




First let the given figure be the quadrilateral ABCD : it is 
required to construct a triangle of equal area. 

Join DB ; draw AX pari, to DB to meet CB produced in X, and 
join DX. Then DXC shall be the required triangle. 

For AXBD« AABD; [24, a] 

add the A BCD to each : 

AXCD«quad. ABCD. 

Next let the figure be the pentagon ABCDE. 

Join EB ; draw AX pari, to EB to meet CB produced in X, and 
join EX. 

Then AXBE» A ABE; 
add the quad. BCDE to each : 

/. quad. XCDE = pentagon ABCDE. 

Now as in the first case the quad. XCDE can be reduced to 
the equivalent AYCD, which therefore is equal in area to the 
given pentagon. 

The process may be similarly applied to rectilineal figures 
having a larger number of sides. 


Rectilineal figures of equal area are often called equivalent 
To find the area of any polygon we should first reduce it to an 
equivalent triangle : as this triangle has half the area of the 
rectangle having the same base and height [24], the area of the 
polygon is obtained by finding that of the rectangle by the usual 
arithmetical rule. 

Def. A rectilineal figure which has all its angles equal to 
each other and all its sides equal to each other is said to be a 
regular figure. 
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Exercises. 

29. Construct a quadrilateral having three sides 18, 32, 21 
mm. in succession, the angles between the side of 32 mm. and the 
adjacent sides being 60“ each. Reduce the figure to an equivalent 
triangle. 

30. Construct a parallelogram with one angle of 45® qpd 
equal in area to the quadrilateral in the preceding exercise. 

31. Construct any rectangle equal in area to a pentagon 
ABODE in which 

AB= 7 , BC = S, CD=6, DE= 4 'S, EA = 6; 

/.ABC = 110", /.BCD=ii8“. 

*32. Construct a regular hexagon of side i’5 cm., reduce it to 
a triangle and thence find its area. Verify the result by obtaining 
an exact formula for the area of the hexagon. 


33. A pentagon is formed by a square of side ' 8 " surmounted 
by an equilateral triangle of the same side : reduce the figure to an 
equivalent triangle and thence find its area. Also obtain an exact 
expression for the area and verify the measurement. 

34. By means of the protractor construct a regular octagon 
of side I cm : reduce it to an equivalent triangle. 

35. Construct a triangle equal in area to the sum of two 
triangles with sides 2 '4, 2, i’8, and 2*2, i’6, i’4, and thence find 
the sum of their areas. 

36. Through a given point in one side of a given triangle 
draw a straight line which shall cut off ^ or of the area of the 
triangle. 

*37. Bisect the area of a quadrilateral by a straight line 
drawn through one of its angular points. 

38. Construct a triangle equivalent to a given triangle ABC, 
having one angle equal to the L BAC and one side equal to a given 
straight line. 

39. Draw a quadrilateral ABCD in which AB=4, BC = 8, 
CD^S, DA=6'S, l ABC=98®, and divide the figure into four equal 
parts by straight lines drawn from D. 
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Proposition V. Problem. 

To construct a square equal in area to a given rectangle. 



Let ABCD be the given rectangle : it is required to construct 
an equivalent square. 

Produce AB to E, making BE =» BC ; bisect AE in O, and on AE 
as diameter describe the semicircle AFE. Produce CB to meet the 
semicircle in F : then BF is a side of the required square. 

Join OF. V BF2«0F2-0B2 [29] 

=* OA^ - OB^ 

= (OA + OB)(OA - OB) [28] 

=<(OA + OB)(OE-OB) 

= AB.BE« AB.BC; 

the sq. on BF is equal in area to the rect. ABCD. 

Cor. The square on the perpendicular drawn from any point 
on the circumference of a circle to any diameter of the circle 
equals the rectangle contained by the segments of the diameter. 


The area of a square equal to a given rectangle will not in 
general bo represented by a square number j hence the side of 
such a square will often be an incommensurable quadratic surd^ 
as explained in Algebra. The process given above may therefore 
be taken as a geometrical method for constructing such surds. 
Thus, to had ^(30), we may draw a rectangle of sides 6 and 5, 
or 10 and 3, and then find the side of the equivalent square; the 
measure of this side will give ^/(3o) approximately. We can also 
obtain such surds by repeated application of Pythagoras^ theorem. 
Thus, taking the same example — as 30 =» 25 + 4 + i, ^/(29) will be 
the hypotenuse of a right-angled triangle whose sides are 5 and 2, 
and ^(30), of another whose sides are *7(29) and i; hence 
^(30) may be constructed and measured. 
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Exercises. 

40. Construct a rectangle of sides 12 and 3 ‘5, and draw 
the equivalent square : measure its side and verify by calculation. 

Solution. Scale, unit =*2 in. Take AB = 2’4 in., BC ( in the 
same line ) = *7 in. Describe the semicircle on diameter AC, and 
let BD perp. to AC meet it in D. Then BD is the side of ^fie 
required square, BDEF. 


F 




On measurement, we find BD = i *3 in. = 6*5 units. The arith- 
metical value of the side is V(i2 X 3*5) = V(42) = 6*48 nearly. 

41. Draw any rectangle of area 40‘8 sq, cm. and find the 
side of the equivalent square : verify by calculation, 

42. Find by geometrical construction a side of the square 
equivalent to an equilateral triangle of side i *2 in. 

*43, Describe a rectangle equivalent to a given square, and 
such that the sum of two adjacent sides is equal to a given straight 
line. When is the construction not possible ? 

■^44. Describe a rectangle equivalent to a given square, and 
such that the difference of two sides is equal to a given straight 
line. 

45. Solve the following equations geometrically, giving 
reasons for the constructions adopted : — 

(i) :v2-i2Ar+35 = o, (ii) i2;r- 28 = 0, (iii) x^-^x+2-0. 

46. Construct the surds ^(19) and ^(35) by means of 
Prop. V, and *^(13) and ^(54) by means of Pythagoras* Theo- 
rem. 

*47, Prove that the perimeter of a square is less than the 
perimeter of any rectangle of equal area. 
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Proposition VI. Problem. 

To eonstfuct ct sgtidve equivalent to any given TectilinealflguTe* 



Let ABCD be the given rectilineal figure : it is required to con- 
struct an equivalent square. 

Construct the AXBC of area equal to that of ABCD (IV); draw 
CP perp. to AB and bisect it at M . Produce BX to L, making 
XL = MP ; on BL as diameter describe a semicircle, and draw XY 
perp. to BL to meet the then XY is the side of the sq. required. 

For XY^-XB-XL [V, Cor.] 

-JXB.CP-AXBC [24] 

— quad. ABCD. 

The method is similar for figures of more than four sides. 

Exercises. 

48. Find the side of the square equivalent to a quadrilateral 
ABCD in which AB= ii, BC = 9, CD = 6, DA = 8 and BD=io. If the 
measures are in tenths of an inch, find the area in square inches. 

49. On a base 1 5 mm, longf describe a regular pentagon by 
using the protractor : obtain and measure the side of the equivalent 
square. 

50. A regular hexagon is i" in side ; find its area by reducing 
it to a square, and verify by obtaining a formula for the area of the 
hexagon. 

51. Draw the quadrilateral ABCD from the following data : — 
AB = 25 nim., BC=i8mm., ^ ABC = 7o^, ^BCD=i40°, Z. DAB =65°, 
Construct accurately a square of equal area. 
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Proposition Vll. Problem. 

To divide a given straight line into two parts such that the 
rectangle contained by the whole line and one part is equal to 
the square on the Other part. 



Let AB be the given straight line : it is required to divide it 
at H so that the rect. AB.HB is equal to the sq. on AH. 

On AB describe the sq. ABCD ; bisect AD in E, join EB ; with E 
as centre and EB as radius draw a circle cutting DA produced in 
F. With A as centre and radius AF draw a circle cutting AB in H: 
then H is the required point of section. 

Through F and H draw the lines FG and GHK respectively parL 
to AB and AD : then AFGH is a sq. 

Now rect. DF.FG = rcct. DF.AF 

= (EF+EA)(EF-EA) 

«»EF2-EA2 [28] 

= EB2 - EA2 
= AB^ 

/. fig. DABC -■ fig. DFGK ; taking away the fig. DH, we have 
fig. KHBC = fig. AFGH, that is, rect. BC.HB = sq. AFGH. 

A rect. AB.HB = AHl 


Def . When a straight line is so divided that the rectangle con- 
tained by it and one part equals the square on the other part, it is 
said to be divided in medial section (or in extreme and mean ratio). 
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It is seen that AH =» AF * EF — AE ■■ EB — AE : hence the following 
construction may be given instead of that in the proposition. 
At B in AB erect the perpendicular BC ; take BM — J AB; join MA, 
and cut off MN =* MB. Aso cut off AH = AN : then H is the required 
point of section. For, AH = AM - MN - EB - EA, as the As AMB, 
ABB are congruent. 

If the length of AB is denoted by 2^, that of MB is so that 
AM ~%<iy and ah = >/ 5 ^-« = (>/5- i)«. It follows that 

<BH = 2a— (V5— i)<2 =(3 — ^5)^; and it can be readily proved that 
AB. HB = 2(3 - ^5)^“ =s (6 - 2V5) = AH'*^. 

Again, denoting AH by .r, we get from AB.HB= AH^ the equa- 
tion 2a (2a — x) = jr- or -j- zax — = o. It is found that the posi- 
tive root of this quadratic equation is (V5— i)a. We might there- 
fore solve the problem by first solving this equation and then con- 
istructing for the length (V5— j)a. The negative root is — (V54-i)a. 

The numerical value of >5 — i is very nearly 1*236 ; thus AH is 
nearly *62 of AB and HB is *38 of AB. 


Exercises. 

52. Adopting the construction given in the Note, prove that 
AH 2 = AB.HB from the triangle ABM without completing the 
squares. 

53. Divide a straight line of length 28 mm. in medial section: 
measure the segments and verify the measurement by the solution 
of a quadratic equation. 

54. Prove that a straight line divided medially is also divided 
in such a manner that (i) the difference of the squares of the 
segments = the rectangle contained by them, (ii) the rectangle 
contained by the line and the larger segment = the rectangle 
contained by the smaller segment and the sum of the line and the 
larger segment. 

*55. A straight line AB is divided in medial section at X : 
ii) if from AX the greater segment a part AY = XB is cut off, then 
AX is divided at Y in medial section ; (ii) if BA is produced to C so 
that AC = AB, CX is divided at A in medial section. 

56. With the notation of the preceding exercise prove that 
AB^~XY=^ = 4AB.XY. 

57. With the figure of the Proposition prove that AB“ 4 -BH 2 
==3AH-. Verify this result by employing the surd values of the 
segments. 

58. In the same figure, if AB is produced to K so that BK = HB> 
prove that AK^ = 5 AH“. 


G. 2. 



GEOMETRY. 


[chap. 


iS 

Miscellaneous examples 1. 

1, Construct straight lines representing V6 and V7 cm. and 
measure them in mm, 

2, Draw a square of side 2*5 cm., and construct another with 
area J of that of the given square. Measure the side and check tUfe 
result by calculation. 

3, A square of side ‘6 in. is given: draw another whose area is^ 
tf or I of that of the given square. 

4, Construct a triangle equivalent to a given quadrilateral 
and having a base equal to a given straight line. 

5, A farmer wishes to fence off a rectangular field two acres 
in area ; find the least length of the fencing required. 

6, Construct the quadrilateral ABCD from the following 
data: — AB = 20, 60 = ^ 4 , CD“i 7 i ^ ABC = 100^, ^ BCD = 60^. Find 
the equivalent triangle with vertex C and base lying along AB ; and 
shew how to cut off the third part of the quadrilateral by a line 
drawn through C. 

7, Construct a rectangle equal in area to a given square, and 
having one of its sides equal to twice or thrice the other side. 

*8. The sum of the squares on the sides of any quadrilateral 
is equal to the sum of the squares on the diagonals together with 
four times the square on the line joining the midpoints of the 
diagonals. 

*g. In the base BC of a triangle ABC a point p is taken such 

that BP is i of BC: prove that (n-i) AB^ + AC= = ^^‘BC*+nAP®. 
n n 

Solution, In the fig. of Prop. 1 . let BP= ^ BC. 

n 

As proved there, AB- = BP^+ AP- — 2BP.DP, 
and AC-*PC*-f AP-- 1 - 2 PC.DP. 

Multiply the first by w—a and add up ; we get 

(« - I ) AB- + AC- = ( w - I ) BP- -h PC 2 -f w AP 2 -h 2PD {pc - {» - I )BP { . 

But BP = -BC, CP = ^^^ — ^BC = (/i-i)BP; hence by reduction. 

71 n 

(^'-i)AB=-fAC= = .NbC- + «AP- 

= ~BC=' + «AP^ 
n 

10. If G is the centroid of a triangle ABC anJ p any point in 
the plane of the triangle, prove that 

Ap2 4. Bp 2 + CP- = AQ 2 + BQ 2 -f- CGH 3 PG*- 

1 1, The sum of the squares of the d’stances of a point from 
the vLilicvS of a given triangle is least when the point is at the 
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1 2. The diagonals of a quadrilateral ABOD meet in E, and F 
is the midpoint of the straight line joining their middle points : 
prcve that AE^ + BE^^ + CE’ + DE^* AF^-f BF^-f CFHDF 2 + 4EF^ 

13. AD, BE, CF are the perpendiculars to the sides BC, CA, 
AB of a triangle ABC, and K, L, M are respectively their middle 
taints : prove that of the three rectangles BC DK, CA.EL, AB.FM, 
one is equal to the sum of the other two. 

14. A point P within a triangle ABC moves so that the trian- 
gles PAB, PAC are equivalent : prove that the locus of p is a 
straight line. Hence shew how to find a point Q such that the 
areas QAB, QBC, QCA are all equal. 

15. Prove the following construction for dividing a given 
straight line AB in medial section. — Produce AB to making 
BA' = AB ; bisect Ba' ia M; draw BN at right angles to A A' and equal 
to AB; join MN, and from MA cut off MC = MN : then AB is divided at 
C so that AB AC = BC 2 . 

*16. Given a straight line AB, find a point H in BA produced 
such that AB HB= AH^ 

1 7. Produce a given straight line so that the sum of the squares 
on the given line and the part produced may be double of the rect- 
angle contained by the whole line produced and the part produced. 

18. By obtaining quadratic equations and constructing for 
their surd roots, solve the following problems geometrically. 
— Divide a given straight line AB into two parts at H so that the 
rectangle AB.HB = ^ or 8 or of AH*. 

19. Solve the following equations graphically : — 

.r*- 5 .r 4-4 = o, jr»-h5Jr-4 = o. 

*20. A given straight line AB is divided at D so that 
AB.DB=AD*; with centres A and D and radii AB and DA res- 
pectively circles are drawn meeting in C » prove that in the triangle 
ABC LB* I.C-2LA. 

Soluiton. Bisect AD in O, 
and draw CM P^rp to AB. Then 
AC* -CD* =2 AD CM [ 1 ]. 

Now AC = AB and CD = AD ; 

AC* - CD* = AB* - AD* « 

AB* - AB DB ( Hyp, ) = AB AD. 

Hence 2AD OM and AB AD are 
equal, .*. AB= 2OM = 2OD + 2DM 
«=AD + 2 DM; 

/. DB=2DM, and DB is 
bisected at M* 

the A s CDM, CBM are congruent [4]; L CBD =» L 
Butas DC=da, lCDB = 2LCAD. [Sand 14! 

L CBD, as also L ACB equ.il to it, is double of L CAB. 
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CHAPTER II. 


RECTANGLES OF SEGMENTS OF CHORDS 
OF A CIRCLE. RADICAL AXIS. 

§ 4. ALGEBRAICAL 51QNS OF LINEAR 5EQiVlENT5. 

The student is already acquainted with tlie application of the 
signs + and - to the lengths of finite straight lines. He knows, 
for instance, how in graphical representation, the abscissa of a 
point is reckoned positive or negative according as the point lies in 
one or the other of two directions from the origin along the axis. 



Fig. I. Fig. 3. 


If O is the origin, or the point from which distances are mea- 
sured, in a line OPQ, we can reach Q from 0 by making two steps, 
one from O to P, the other from P to Q. In Fig. i, where 
these are in the same direction, we have step OQ = step OP + step PQ, 
and as OQ is greater than OP we conclude that OP and PQ have 
the same sign. But' in Fig. 2 , although we have algebraically 
step OQ ■■ step OP + step PQ, yet as OQ is less than OP we have to 
take OP and PQ to be of opposite signs, and only then will the 
final arithmetical value of OQ be obtained. It is immaterial 
which of the two directions of motion in the line (indicated by 
arrow-heads) is taken as positive; but once we have decided on 
this, the other direction will have to be taken as negative. If the 
second step is from P back to O, the final distance of Q from O is 
zero, so that OP + PO « o or PO =» - OP. It should be remembered 
that in such equations a line is to be measured in the direction 
which is given by the sequence of the letters denoting the line. 

. Del. When any point C is taken in the indefinite straight 
line joining two points A and B, the distances AC, CB are called 
the segments or parts of the line AB made by C, 
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It Will be seen that in all cases 
AB is the algebraic sum of the two 
parts AC, CB Thus in the adjoin- 
ed second case CB is negative, in 
the third case AC is negative. 
When the origin changes the parts 
Vill however change, not only in 
magnitude but also generally in 
sign. 


A C B 
A 

C A B 


Whenever a geometrical figure admits of continuous variation, 
it will be found that the lengths of some of the distances alter, and 
in passing from positive to negative values they go through the 
value zero. 


Illustrations, i. A triangle 
ABC is taken wdth an acute 
angle at A, and the angle is 
continuously increased so as 
to become first a right angle 
and then obtuse. The projec- 
tion, AD, of AC on AB is found 
to be positive at first, then to 
vanish when AC is at right 
angles to AB (so that A and D coincide), and finally to become 
negative when the l A increases to an obtuse angle. The follow- 
ing three theorems correspond to these cases, and are the expres- 
sions of one and the same algebraical fact : — 

AD pos,y BC 2 = AB^-f AC--2AB.AD; AD ^ero, BC" = AB--f AC"; 
AD neg,, BC" = AB-H- AC^-f 2AB.DA. 

2. To divide a given straight line internally and externally into 
parts in the ratio of 3 to 2, In the second case the smaller part is 
negative, as 3 — 2 = 1. 

3. To divide a given straight line AB externally at H so that 
rect. AB.HB=*AH 2 . 




At B erect BM perp. to AB and AB; join MA, and cut oflf 
MN = MB from AM produced ; take AH = AN in BA produced. 

If AB=2rt, BM = rt and AM = aV5 ; AH = AN = <i(V5+ i). 

Thus 3); and AB.HB = 2«2(3-b V5) = rt2(5^2V5) 

i)2«AH-. 

In this case AB is said to be externally divided in medial section ; 
and the process above gives the numerical value of the negative 
root of the quadratic equation obtained in the Note on Prop, VII. 

4. If A, B, C, P are any points in a straight line, prove that 
BC.PA-l-CA.PB4-AB.PC = o, and state the arithmetical equation 

whf^n thp nnlnte «irA 5 *** Q A n 
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$ 5. RECTANGLE OF SEGMENTS OF A CHORD OF A CIRCLE. 
Proposition V 1 1 1 • Theorem . 

If a chord of a given circle passes through a fixed point, the 
rectangle contained by its segments is constant for all positions 
of the chord. ‘ 




In a O ABX (centre C) let any chord AB be drawn through a 
fixed pt. P : to prove that the rect. contained by its segments 
f A, PB, is constant whatever be the position of the chord. 

Bisect AB in M, join CM; then CM is perp. to AB. [36] 


Join CP, CA. 

Now in Fig. I, rect. PA.PB = (MA + PM)(MB - MP) 

= (MA + PM){MA-MP) 

- MA* - MP* 

= MA* + MC* - (MP* + MC*) 
= CA*-CP*; 

and in Fig. 2, rect. PA.PB = (PM + MA)(MP - MB) 
-(PM + MA)(PM-MA) 
»MP*-MA* 

= MP* + MC* - (MA* + MC*) 
“ CP* - CA*. 


[28] 

[*9] 


[28] 

[29] 


But CA and CP are fixed, being respectively the radius of the 
^iven Q and the distance of the fixed pt. from its centre. 

/. rect. PA.PB is constant in all cases. 
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Cor. 1. If two chords of a circle intersect in a point, the 
rectangle of the segments, made by the point, of one chord equals 
the rectangle of the segments of the other : for if EF is 
another chord through P, 

rect. PE. PF « difference of CE* and CP^ 

= difference of CA® and CP^. 

Cor. 2. Conversely, if two finite straight lines intersect in a 
point so that the rectangle of the segments of one line made by 
the point equals the rectangle of the segments of the other, their 
four extremities are concyclic. 

Cor. 3. If /*= the given radius and d ^ the distance of the 
fixed point from the centre, the constant numerical value of the 
rectangle is or d"^ - according as the point is inside or 

outside the circle. 

If we measure distances along AB from the fixed point P, the 
algebraical value of the rectangle is d^ - in both cases, as 
PA.PB is negative in Fig. i and positive in Fig. 2, This value is 
^often called f/ie power of the point P ivith regard to the circle ABX. 



GEOMETRY. 


[chap. 


24 


Proposition IX. Theorem. 

If from an external 'point a secant and a tangent are drawn 
to a circle, the square on the tangent equals the rectangle 
contained by the luhole secant and its part outside the circle : 
conversely, if the square on a line draivn to a circle from an 
external point equals the rectangle contained by any whofe 
secant from the point and its part outside the circle, the line 
drawn to the circle is a tangent. 



From a point P outside a Q ABK let a secant PBA and a 
tangent PT be drawn to the Q prove that rect. PA.P3 = PT^ 
Join the centre C of the Q 
V iLCTP=»rt. angle [ 41 ], /. CP^ = CT^ + PT2. 

/. PT^ « CP2 - CT^ » CP^ - C a’ 

=-rect PA.PB [VIII, Cor 3] 

Conversely, from P let a secant PABand a line PT be drawn to 
the 0, and let PT^ = rect. PA.PB: to prove that PT touches the Q 
If PT does not touch the 0 it will meet it in a point S distinct 
from T. 

*.* PBA, PTS are two secants drawn through P, 

/. rect. PT.PS»rect. PA.PB. [VIII, Cor. i] 

=»PT*, [Hyp.] 

/. PS = PT, which IS impossible unless S coincides with T. 

/. PT does not meet the 0 in a point other than T, that is,, 
PT touches the 0 at T. 
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The result can also be obtained by turning the line PAB about P 
until the points of intersection coincide ; when A and B are both 
at T, PAB becomes the tangent PT and rect. PA.PB becomes PT*. 
When P is within the circle, PA and PB are of unlike sign, the 
rectangle is negative and no single line like PT can exist : in this 
case, however, when AB becomes perpendicular to CP, AB is bisected 
at P, and the constant value of the rectangle equals the square of 
’.half the chord AB. 

Del- Two circles are said to vitersect orthogonally or at right 
angles when their tangents at a point of section are at right angles. 
In this case each tangent passes through the centre of the other 
circle, and the square of the distance between the centres equals 
the sum of the squares of the radii. 

Exercises. 

*59. P is any point on the circumference of a circle of diameter 
AB, and PM is the perpendicular on AB : prove that PM 2 = AM-MB, 
and PA-^ = AM.AB. 

*60. In a right-angled triangle the perpendicular is drawn 
from the right angle to the hypotenuse : prove that the square 
on either side of the triangle is equal to the rectangle contained by 
the hypotenuse and its segment adjacent to the side, 

61. Divide a given straight line internally and externally into 
two parts whose rectangle may be equal to a gi\en square. 

62. Produce a given straight line so that the rectangle contain- 
ed by the given line and the produced part may be equal to the 
area of a given polygon. 

*63. XY is a fixed straight line perpendicular to the diameter 
AB of a given circle ; a straight line through A meets the circle in 
P and XY in Q, Prove that rect. AP.AQ is constant. 

*64. From a fixed point A a variable line AP is drawn to any 
point P of a given straight line XY ; a point Q is taken on AP so 
that the rect. AP.AQ is constant. Find the locus of Q. 

65. Two chords of a circle intersect at right angles within the 
circle ; the two segments of one chord are 3 and 7 cm. , and one 
segment of the second chord is 2 cm. Find the other segment 
of the second ; measure the radius of the circle and also obtain it 
by calculation. 

66. In a fixed straight line OP a length OA of 1*5" is taken; 
wty^O as centre and radii 2*1" and 3*5'' two concentric circles are 
described. If any other straight line from O cuts these circles in 
X and Y, prove that the circle through the points A,X,Y, meets OP 
again in a fixed point, and find the distance of this point from O. 

67. Three points a»B,C> are taken in a straight line so that 
AB=s3 cm., BC= i cm., and through c another straight line DCE is 
drawn making an angle of 60^ with AC. Describe circles to pass 
through A and B and to touch DE ; measure their radii, and find 
them also by calculation. 
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,68. A column of height 2 1' 4'' stands on a horizontal plane 
and is surmounted by a statue of height 5' 4" : find points on the 
horizontal plane at which the statue subtends maximum angles. 

69. AB Is a finite straight line and CD an indefinite one : find 
the point p in CD at which AB subtends the greatest possible angle. 

70. Two circles Intersect, and from a point on their common 
chord two chords are drawn one to each circle ; prove that theii; 
four extremities are concyclic. 

*71. Three circles intersect two and two : prove that their 
common chords are concurrent. 



chords FG, HK, LM, arg concurrent. 

Let FG, LM meet in O; let OK, produced if necessary, meet the 
G A in P and, if possible, the Qc in Q. 

From the O A, rect. OK OP = rect. OL OM, [VIII] 

and from the O C, rect. OK. 0(2 = rect. OF. 03 . 

But rect. OL OM = rect. OF.OG, from the O 

.*. rect. OK. OP = rect. OK OQ, so that OP = OQ. 

This is impossible unless P and Q are the same, that is, unless 
OK goes through H. 

.’.FG, LM,HK are concurrent. 

72. A, B, C, D are four points In a straight line in order : find 
another point O in the line such that (i) rect. OA.OB = OC.OD, 
(ii) rect. OA.OC = rect. OB.OD. 

*73. Two circles intersect: prove that the locus of points from 
which equal tangents can be drawn to them is a straight line, 
^hew how to find points from which equal tangents can be drawn 
to two non-intersecting circles. 

74. Produce a given finite straight line AB both ways to P and 
Q, so that the rect. PA. AQ is equal to a given square and the rect. 
PB.B(2 is equal to another given square. 
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75. The diameter AB of a circle is produced to p: draw through 
p a secant PQR such that the circle on QR as diameter may touch 

AB. 

76. From a given point p outside a circle draw a secant PQR so 
that PQ may be equal to QR. Find the distance of P from the 
centre for the problem to be possible. 

77. How far must any diameter of a given circle be produced 
so that the tangent to the circle from the end of the produced part 
may be of given length ? 

78. A' is the midpoint of the side BC of a triangle ABC in- 
scribed in a circle, and AA' meets the circle in K : prove that 
AB 2 -fAC 2 = 2AA'.AK. 


79. AB is a common tangent to two circles and P is its 
midpoint; the secants PQR, PST are drawn cutting the circles, 
and M, N are the midpoints of QR, ST respectively. Prove that 
.pM2-fSN2 = PN2-|-RM2. 

80. AB is the diameter and C the centre of a semicircle; the 
radius CD is perpendicular to AB, and a chord AQ of the semicircle 
meets CD in P. Prove that AP.AQ = 2CD^. 

81. AC and AD are two tangents to a given circle; from a 
point E on the circle a straight line is drawn meeting AC in P and 
AD in Q, so as to be bisected at E. Prove that 2pG^4-2QD^ = PQ2. 

*82. From an external point P a tangent PA and a secant PBC 
are drawn to a circle: prove that any circle passing through 
B and C cuts orthogonally the circle whose centre is P and radius 
PA. 

83. From an external point P tangents are drawn to a given 
circle of centre C ; the chord of contact meets PC in U. Prove 
that any circle passing through P and U cuts the given circle at 
right angles. 

*84. Prove the following construction for dividing a given 
straight line AB internally and externally in medial section. — Erect 
BE perpendicular to AB and =JAB; with E as centre and radius 
EB draw a circle and let AE meet it in P and Q ; with A as centre 
and radii AP, AQ, describe circles meeting AB and BA produced in 
H and K respectively : then H and K are the internal and external 
points of medial section. 

85. AB is the diameter of a semicircle, and P and Q are two 
points on its arc ; AP and BQ meet in l, AQ and BP in M. 

Prove that AQ QM = BQ.QL 

and AQ 2 = BQ* QL -f PA. AL. 
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*§ 6. RADICAL AXI5. 




If any chord, AB, of a fixed circle ABX, whose centre is O, is 
drawn passing through a point p, we have proved that the rectangle 
of its segments is always the same, and = OP* - (radius)* or 
(radius)* - OP*, according as P is outside or inside the circle. If 
CD IS a chord of another circle also passing through P, the rect- 
angle of the segments PC, PD is constant for it, though not of the 
same magnitude as PA.PB. When the two rectangles are equal 
it is found that P moves on a straight line. If P is outside the 
circles, the tangents PS, PT, to them are also equal, for 
PS* = PA.PB and PT* — PC.PD. Hence we adopt the following 

Def. The radical axis of two circles is the locus of a point 
from which equal tangents can be drawn to the circles ; or, more 
generally, it is the locus of a point whose powers with respect 
to the two circles are equal 
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Proposition X, Theorem. 

The radical axis of two given circles is a straight line. 



Let A and B be the centres of the given circles of radii a and b 
respectively; let P be any point whose powers with respect to the 
two circles ( or the tangents PS, PT, from which ) are equal : to 
prove that the locus of P is a straight line. 

Join PA, PB, AB, AS, BT , bisect AB in M, and draw PH perp. to AB. 
the powers of P with respect to the two circles are equal, 

PB^ - BT2 -PA» - AS2 ; [VIII, Cor, 3] 

AS* -BT*-PA*~PB2 

= 2AB.HM. [1] 

But AS, BT, AB are all fixed, and M is a fixed point ; 

/. H is a fixed point in AB, 

and HP, being perp. to AB at this fixed point , is a fixed straight line. 

all positions of P at which the power s are equal lie on this 
fixed straight line. 
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Again, the line HP being constructed by taking H at the fixed 
distance from the midpoint M towards the smaller 

circle, and the perp. to AB at H being drawn, at every point of it 
the powers of the two circles are equal. 

.*. the radical axis of the two circles is the fixed straight line HPiT 

Cor. 1. When two circles interesect, the radical axis is their 
common chord produced both ways. [See Fig. i, and Exer, 73.] 

From points of the chord within the circles no tangents can be 
drawn ; but the powers of such points are still equal [VIII]. 

Cor. 2. When two circles touch, the radical axis is their 
common tangent at the point of contact. 

Cor. 3. The radical axis of two circles bisects each of their 
common tangents. 

Proposition XI. Theorem. 

T he radical axes of three circles taken in pairs are either concur-^ 
rent or parallel. 



Let A, B, C be the centr es of three circles Xy z respectively 
let PX, QY, RZ be the radical axes of y and 2, 2 and x, x and 
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(i) Let QY and RZ meet in O: to prove that PX passes 
through 0. 

V O lies on QY, 

power of O for =* power of 0 for Q 
similarly, *.* 0 lies on RZ, 

power of 0 for Qx « power of O for Qy. 

power of O for Qy ” power of 0 for Qs; 

/. O lies on the radical axis of Qs y and 2 ?, 
that is, PX passes through O and the radical axes are concurrent. 

(ii) Let QY and RZ not meet at all ; then they are parallel 

Now AC is perp. to QY and AB to RZ; [X] 

A, B, C are in one straight line. 

the third radical axis, PX, which is perp. to BC, is pari to 
each of QY and RZ. 

Cor. I. When three circles intersect two and two, their three 
common chordsare either all concurrent or all parallel [See Exer. 71.] 

Cor. 2, If a circle touches two others, the tangents at the 
points of contact meet on the radical axis of the two. 

Del, The point of concurrence of the three radical axes of 
three circles taken in pairs is called the radical cmtrt of the 
circles. 
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Proposition XII. Problem. 

To construct the radical axis of two given circles, 

(i) When the circles intersect or touch, the common chord or 
the common tangent at the point of contact is the radical axis. 

(ii) When the circles, whose centres are A and B, do noi 
touch or intersect, 



describe any Q them at D, E and F, G respectively. Let 

DE, FG produced meet in R ; draw RH perp. to AB. then RH is the 
radical axis. 


V rect RD.RE=*rect. RF.RG, from the 

the powers of R for the two given Qs are equal ; 

R lies on their radical axis. 

And the radical axis is perp. to the line of centres, [X] 

/. RH is the required radical axis. 

Def. When every two of three or more given circles have 
the same radical axis, the circles are said to be co-axaL 

If several circles pass through the same two points, p and Q, 
they form a co-axal system ; for the straight line PQ is the radical 
axis of every pair of circles of the system [X, Coi, i]. Such 
circles may be called co?n/non~point co-axal circle.s. 

Suppose several non-intersecting circles to be co-axal. The 
tangents drawn to them from any point of the radical axis are 
equal, and hence their points of contact all lie on a circle, which 
is orthogonal to each of the given circles. ( See the Def. after 
Prop. IX.) This circle cuts the line of centres of the circles of 
the co-^xal system in two fixed points ; these may be considered 
as circles of the system of radius zero, and are called the limiting 
points of the co-axal circles. 
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Exercises. 

86, Construct the radical axis of two circles of radii 2*5 and i’5 
cm., whose centres are (i) 5 cm. (ii) 3 cm. apart ; and verify the 
position by calculating" the distance of the radical axis from the 
midpoint of the line ot centres. 

\ 87. If two circles are unec|ual, their radical axis is nearer the 
coitrc ol t\\Q smaller but iie irer the i irtumferencc of the larger 
circle. 

*88. If with any point on the radical axis of two circles as 
centre a circle be described with radius equal to the tangent 
drtiwm to either circle, this i ircle cuts the gl\en circles orthogo- 
nally. 

*89. Three circles touch each other two and two: pro\ e that 
their coniuion tangents at the points of contact meet in a point 
which Is the centi e of a c iixde touching the sides c')f the ticuigle 
formed by the three centres. 

*90. Describe a circle to cut thiee given circles 01 thogonally. 

*91 Willi anv point on the radical axis of a system of non- 
intersecting elides as ceiute .ind the constant length of the 
t<ingents dtawn to the i luLs as radius a ciicle is described : prove 
that this circle cuts the line ol centres in two hxed points. 

1)2. The four tangents drawn from <1 point P to two given 
circles <ire equal if the diords ot contact intersect in Q, prove tint 
PQ i'^ perpendicLihir to tlie hue of centres. 

93. The locus of <i point the sum of whose powers with respect 
to two given circles is const<int is a circle. 

*93. The difference of the sejuares on the tangents from anv 
point to two given circles is equal to twice the rectangle contained 
by the distance between the conties and the distance of the point 
from the radical axis of the circles. 

Solution, 

Let A and B 
be the cen- 
tres of two 
given circles, 

IS/I the mid- 
point of AB, 
and HK the 
radical axis : 
then the dif- 
ference ofthe 
powers of 
p for the 
two circles 
= 2AB.PN. 
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‘ For, difference of powers 

= difference of the sqs. on tangents 
= pB^ - BT2 - p + AS^ = PB2 - p a2 + AS^ - BT^ 

= 2AB.MQ + 2AB.GM [I and X] 

= 2 AB.HC 2 = 2AB PN. 

When p is on the radical axis, pN = o and the powers are equaV 

*95. The locus of a point the difference of whose powers with 
respect to two given circles is constant, is a straight line parallel 
to the radical axis of the circles. 


*96. If X, Y, Z are three co-axal circles, the tangents drawn 
from any point of Z to X and Y are in a fixed ratio. 

'‘^97. If tangents from any point P to two given circles X and Y 
are in a given ratio, the locus of P is a circle co-axal with X and Y. 

98. The radical axes of one gi\ en circle wfith each of a system 
of co-axal circles are concurrent. 

"^99. Shew that the locus of a point whose distance from a 
fixed point is equal to the tangent drawn from it to a fixed circle, 
is a straight line. 

Solution. Let C be the 
centre of the given Q of 
radius a, A the given point, 
p one position of the moving 
point. Draw" PH perp. to CA, 
and the tangent HS ; join CS, 
and bisect AC in M. 

V PT=:PA, PC 2-^2 = PA 2 ; 

PH2-l-HC2-rt2 = PH2-}-HA2, 

HC2-CS2=HA2, 

HS = HA, so that H is also 
one position of the moving pt. J 

Again, V CH 2 -HA 2 =:a 2 , 

H is a fixed pt. ; 

the locus of P is the line perp. to CA through the fixed pt. 
H in it. This line may be taken as the radical axis of the circle 
and a circle at A cl radius zero. 

100. If a circle passing through a fixed point cuts orthogonally 
a given circle, then it also passes through another fixed point. 

101. A circle cuts two given circles orthogonally: find the 
locus of its centre. 

102. Describe a circle to cut two given circles orthogonally 
and (i) to pass through a given point, (ii) to have a given radius. 

103. Describe a circle to cut a given circle orthogonally 
and to pass through t a^o given points. 

104. A circle O and three points A, B, C, are given; draw 
circle through A and B such that its chord of intersection with 
may pass through 
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CHAPTER III. 

CONSTRUCTIONS WITH REFERENCE TO TH E CIRCLE. 

§ 7. Inscription and Circumscription of Regular Polygons* 

It is known that a circle can be described in or about jn y. 
triangle, and that in or about a circle a triangle with given angles 
can be drawn ; but this does not apply to figures of a larger 
number of sides. Thus, taking a quadrilateral, a circle can be 
described about it only if the sums of its opposite angles are 
j equal [47] , and it is easily proved that a circle can be inscribed 
j in it only if the sums of its opposite sides are equal. Similarly, 
rectilineal figures of more than four sides can be described in or 
about a circle only when they satisfy certain conditions. 

In general we shall suppose the figures to be regular, that is, 
to have all their sides equal and all their angles equal. As the 
equal sides of an inscribed polygon subtend equal angles at the 
centre, the problem of its insciiption in the circle reduces to that 
of dividing the whole angle (four right angles) at the centre into an 
equal number of parts. This may be practically done by means 
of the protractor : in the theoretical or strictly geometrical solution, 
it is understood that only the straight ruler and compasses are 
employed. 

The angle at the centre of a circle is readily divided into 
four or six equal parts, by drawing two perpendicular diameters or 
constructing an equilateral triangle on a radius. We proceed to 
show how this angle may be divided into five equal parts, laying 
down first a general proposition about regular figures described in 
or about the circle. 
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Proposition XIII. Theorem. 

If the circumference of a circle is divided into any number of equal 
arcs^ the polygon formed by joining the successive points of division 
is a regular inscribed polygon , and that formed by drawing successive 
tangents at the points is a regular circumscribed polygon. 



T>et the (f)ce of a Q divided into n equal arcs 

AB, BC, CD, , and let O be the centre. 

(i) Join AB, BC, CD, I to piove that the polygon ABCD... is 
regular. 

•/ arcs AB, BC, CD, .. are eiiual, 

chords AB, BC, CD, are also equal, and the polygon is 
equilateral. 

Again, */ the number of equal arcs is the arc AEDC contains 
n - 2 of them, so does the arc BAED; 

A arc AEDC = arc BAED, /, Z- ABC = z. BCD, standing on equal 
arcs at the circumference. 

Similarly, the other angles are successively equal ; 

/. the polygon is equiangular. 

Hence ABCD .. is the inscribed regular polygon of n sides. 

(ii) Draw tangents to the circle at A,B,C,D... and let them meet 
successively in T,U,V,W... .* to piove that the polygon TUVW... is 
regular. 

Join OA, OB, OC, .., OT, OU, OV,... . 

V z. s OAT, OBT are rt. angles, /. L s ATB, AOB are supple- 
mentary ; so also ls B\J(j BOC are supplementary. 

But Z.AOB=Z.BOC, A ^ATB«Z.BUC. 

So also the other angles of the polygon are successively equal, 
and the figure is equiangular. 
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Again, the lines TO, UO, VO bisect the equal angles ATB, BUO, 
CVD [42]; hence in the As OTU, OUV, OU is common, 
L. OUT *= L OUV, and L OTU =» L OVU, being halves of equal angles, 
/. the A s are congruent, and TU = UV. 

Similarly the other sides of the polygon are equal in succession, 
Vind the figure is equilateral. 

Hence TUVW... is the circumscribed regular polygon of sides. 


Cor. If straight lines are drawn bisecting two angles of a 
regular polygon, the point in which they meet is the common 
centre of the circles inscribed in and described about the regular 
polygon. 


Exercises. 

*105. An equilateral polygon inscribed in a circle is equi- 
angular, and consequently regular. 

106. Is an equiangular inscribed polygon of a circle also 
equilateral ? 

■*■107. An equiangular polygon described about a circle is also 
equilateral. Prove this and examine the converse proposition. 

108, Compare the sides of the inscribed and circumscribed 
equilateral triangles of any circle. 

109. Draw an equilateral triangle of side 2*4 cm., and construct 
its inscribed and circumscribed circles. Measure their radii, and 
prove geometrically that one of them is double of the other. 

no. A square and an equilateral triangle are inscribed in the 
same circle : compare their sides. 

111. A square and a regular hexagon are described about the 
same circle ; compare their areas. 

1 12. On a straight line 1*5" in length draw a regular hexagon, 
and inscribe a circle in it. Measure the radius of the circle, and 
verify by calculation. 

1 13. Prove that the area of a regular hexagon inscribed in a 
circle is ot that of a regular hexagon described about the circle. 

1 14. In a circle of radius r a regular octagon is inscribed : prove 
that the square of its side is 
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Proposition XIV. Probiem. 

To inscribe a regular decagon in a given circle. 



Let ABX be the given Q with centre C : it is required to 
inscribe in it a regular decagon. 

Draw any radius CA, and divide it at H so that rect. AC. AH =» CH* 
[VII]. With centre A and radius equal to CH desciibe a Q 
cutting the given Q at B; join AB : then AB shall be one side of 
the required decagon. 

Join CB, BH ; and about the A BHC describe the Q BHCK. 

VAB = CH, AB 2 «CH 2 = AC.AH; [Cons.] 

/. AB touches O BHCK [IX], and l abh = l HCB. [48] 

/. L/KBC^ L/KBH+ HBC = LHCB+ ^ HBC =* Z. BHA. [14] 

But L ABC = L BAC, .*• L BAH L BHA ; 

.•.BH = BA*HC [Co?is.], L HCB=: L HBC. 

Now Z. ABH -z. HCB, ^ ABH+ Z.HBC = 2Z.HCB, SO that 
L ABC « 2 Z. ACB, and L BAC « 2 z. ACB. 

Since in the A ABC each of the angles A and B is double of the 

angle C, l ACB = J of 2 rt. angles, [15] 

A z_ ACB = of 4 rt. angles. 

By placing at C z. s ACD, DCE, ... each=* L ACB, the (^ce will 
be divided into 10 equal parts AB, AD, DE ; [38] 

AB is one side of the inscribed regular decagon. [XIII] 

Cor. 1* By drawing tangents to the circle at the angular 
points A, B, D, E... of the inscribed decagon to meet successively, 
the circumscribed regular decagon can be constructed. [XIII] 

Cor. 2. By joining the alternate angular points of the 
inscribed decagon, the chords of five equal arcs of the circle are 
obtained and the regular inscribed pentagon can be drawn* 
From this the circumscribed regular pentagon can. be derived. 
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^ The regular pentagon can also be inscribed in a circle indeperv 
dently of the decagon by means of the following construction. 

Through the centre O draw any C 

diameter AOB ; divide OA at H so that /^\ 

rect. AO.AH-OH^ ; with centre H and //• \ \ 

i^dius = OA describe a Q (/ 1 \ \ 

given O ^ arc AC is a jg 

fifth part of the Qce. For, HO is the \ H O \ 

larger segment of the radius OA when \ J 

divided in medial section ; it is therefore 

such a segment of 00 and HC, each of ^ 

which is equal to OA. Hence the A OHC has each angle at the 
base double of the third angle, as in the Prop, above ; so that 
the L AOC is 3- of 4 rt. angles, and AC is one side of the regular 
pentagon inscribed in the circle. [See also Mis. Ex. I, 20.] 

If r denote the radius of a circle, the side of the inscribed regular 
decagon is ^ [Prop. VII and Note], or nearly '6i8r. 

If AB, BK are consecutive sides of the decagon, AK is the side of the 
inscribed regular pentagon, and is bisected perpendicularly at M by 
the diameter BCX. AB 2 = BM.BX, so that BM = 4(3- >^ 5 )''* 

And AM“ = BM.MX + = [See 

Fig. Prop. XIV.] 

Thus AKi the side of the pentagon, = 2AM = — 2*^5)^, or 

nearly 1*176 of the radius. 


Exercises. 

*115. Shew how to inscribe in or describe about a given circle 
a regular polygon of 15 sides. 

1 16. Divide a straight line ab> 25 mm. long, at H so that 
AB.HB=AH^. Construct triangles with sides (i) AB, AB, AHj 
(ii) AH, AH, BH, and measure their angles. Explain the results. 

1 17. In a circle of radius 1*2" inscribe a regular pentagon by 
ruler and compasses. Measure a side of the figure and find its 
area. 

1 1 8. Construct an isosceles triangle each of whose angles at the 
base shall be (i) ^ of the vertical angle, (ii) 4|- times the vertical 
angle. 
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119. On a given straight line to describe (i) a regular penta- 
gon, (ii) a regular decagon. 

Solution, (i) Let 
AB be the given str. 
line. Divide it at H 
so that rect. AB.HB 
s= AH2 ; with centres 
A and B and radii 
AB and AH respec- 
tively draw Qs to 
meet in K. Join \ 

AK, KB; then the \ 

A AKB has each of 
the angles at K 
and B double of 
the angle at A 
[Prop. XIV and 
Note], Produce BK to D making KD = KA = AB; with D as; 
centre and radius DK describe a Q cutting the equal 
described with A and B as centres in C and £. Then ABODE is^ the 
required pentagon. The sides of the polygon are evidently all equal. 
Also, Z.BAK = 36'>, ^ ABK= Z. AKB = 72‘> ; hence z.KAD=z.kDA 
: and v the As AED, BCD are each congruent with A KDA, 

Z.DAE* Z. ADE= Z.KDA = 36o, and Z.BDC= ^DBC= ^KDA = 36®. 
Hence each angle of the polygon is 108®. 

Therefore the pentagon i^ regular. 

(ii) To describe the regular decagon on AB, construct the 
A DAB as above. Then, l KD A = 36® and L ABD = 72®, l DAB = 72®, 
andDA = DB.^ With D as centre and DA or DB as radius describe 
a (^, and in it place chords equal to AB successively from A or B. 
V L ADB = 36® = ^L of 4 rt. angles, .*. each chord will be a side of 
the regular inscribed decagon of the Q. 

120. On a straight line of length a a regular decagon is 

described : prove that its area is \ 5^(5 + 2V5) , 

121. In a regular pentagon prove that each diagonal is + 1) 
of a side ; also that two diagonals which do not meet at an angle 
cut one another in medial section, 

122. Prove the following properties of the figure of Prop. XIV: — 

(i) ^ The circle about the triangle BHC cuts the given circle in 
two distinct points. 

(ii) If the second point of section is K, CH,HB, BKare three 
consecutive sides of a regular pentagon inscribed in the circle BH^\ 

(iii) If BH meets the larger circle in Q, AQ is a side of the regu- 
lar pentagon inscribed in that circle. 

(iv) The circle BHC is congruent with the circumcircle of the 
triangle ABC. 

(v) The circumcentre of the triangle ABH is the midpoint of the 
arc bH of the circle BHC. 
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*123. In any circle, prove that a chord which subtends an angfe 
of 108® at the centre is equal to the sum of two chords subtending 
angles of 60® and 36® severally at the centre. 


*124. Prove that the square on the side of a regular pentagon 
inscribed in a circle is equal to the sum of the squares on the sides 
<jf a regular decagon and a regular hexagon inscribed in the circle. 


Solution, Let o be the 
centre and AOB a diameter 
of the O *» divide AO in H 
so that A 0 .AH = H 02 . 

Then HO is equal to the 
side of a regular inscribed 
decagon [XI VJ; and AO, 
the radius, to the side of a 
regular inscribed hexagon. 

With H as centre and 
radius equal to OA 
describe a Q meeting the given Q in C ; join OC, CH. 
A CHO, CH and CO are each equal to the 



B 

In the 

radius, and HO is the 
larger segment of the radius in medial section ; Z. CHO = ^ COH‘= 
2 L HCO [XlVj. Hence L COH = J of 4rt. angles, so that by 
joining AC we obtain the side of a regular inscribed pen- 
tagon. Draw CM perp. to HO ; then HO is bisected in M. 

Now CA=^ = C02 4-0A2- 2 OA.OM [ 3 O 

= A0‘^ + 0A2-0A.0H, V OM = HM, 

= AO^ + O A(0 A “ OH) = AO^ + AO. AH 


= A 02 -fH 02 : [Cons,} 

thus the result is proved. It may be verified by taking the surd 
values of the sides given in the Note after Prop. XIV. 
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‘ § 8. COMMON TANOENTS TO TWO CIRCLES. 

Dels. When a straight line touches two or more given circles, 
it is said to be a common tangent of the circles. When two circles 
lie on the same side of a common tangent, the tangent is called 
a direct or external common tangent ; and when they lie on op- 
posite sides of it, the tangent is called a transverse, or internal 
common tangent. 


Proposition XV. Problem. 

To draw a common tangent to two given circles. 



Let O and P be the centres of two given Q s whose radii are 
a and b respectively : it is required to draw a common tangent to 
the O^* OP diameter describe the Q OXP. 

(i) Place in this Q the chord OA equal to the difference of the 
radii a and b ; produce OA to meet the first Q in S. Draw 
PT pari, to OS and directed the same way; join ST : then sT shall 
be a direct common tangent. Join AP. 

*/ OA =» a - 6, and OS = a, .*. AS = b, 

/. AS and PT are equal and pari. ; 

ST and AP are also equal and pari. [17] 

But the L OAP in a semicircle is a rt. angle ; 

L OST, as also L STP, is a rt. angle. [12] 

Hence ST touches both the given circles. [41] 

(ii) In the Q OP as diameter, place the chord OA equal to 
the sum of the radii a and and let OA cut the first Q S. 
Draw PT pari, to OS and directed the opposite way ; join ST : 
then ST shall be a transverse common tangent. Join AP. 
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V OA = a and OS = ^, /. AS=^. 

/, AS and PT are equal and pari. ; 

/, ST and AP are also equal and pari. 

But Z- OAP in a semicircle is a rt. angle ; 

/. L OST, as also zi STP, is a rt. angle. 

Hence ST touches both the given circles. 

By taking the arc OA' equal to OA in the Q OXP, we shall get 
the second tangent in each of the figures above ; so that in gene- 
ral two circles have two direct and two transverse common 
tangents. I.et zf==OP, the distance between the centres. In the 
second case the construction is not possible \i a-^b> which hapK 
pens when each circle is fiot wholly outside the other : in this case, 
therefore, there are no transverse tangents. In the first case the 
construction is not possible \i a - b > d, for no chord of a circle is 
greater than the diameter : this happens when one circle is wholly 
within the other. In this case there are no direct tangents ; and no 
transverse tangents too, for, of course, a + b> d when a - b > d. 

Exercises. 

125. Find when two given circles have 4, 3, 2, common tan- 
gents, and when they have no common tangent. 

126. Draw and measure the lengths of the common tan- 
gents ot two circles tor which (i) a = 8*4", ^ = 3*6", 

(ii) rt = 25 mm., ^ = 35 mm., d =68 mm. 

127. Draw two circles ot diameters 1*8 and 2*4 to touch ex- 
ternally. Construct their exterior common tangents ; measure the 
lengths and verify by calculation. 

128. Two points are at a distance of 2" from one another : draw 
straight lines the perpendiculars on which from the points may be 
of lengths *8", *6", severally. 

*129. Given the radii of two circles to be a and and the 
distance of their centres apart to he d : find the lengths of their 
common tangents. Discuss the formulae, and find when there are 
4, 3 and 2 solutions. 

1 30. Two circles are given : shew how to draw a straight line 
cutting one of them in P and Q, and the other in R and Si so that 
PQ. R3 may be severally equal to two given finite straight lines. 
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^ 9. CONSTRUCTION OF CIRCLES FROM GIVEN CONDITIONS. 

We know that one circle only can be drawn passing through 
three points [37] : this is the simplest case of drawing a circle 
from three data concerning it. Instead of passing through a 
given point, a circle may be required to touch a given straight 
line or circle, to have its centre lying on a given straight line or 
circle, or to satisfy some similar condition. The student will 
find that when three such independent conditions are given, the 
circle may be constructed in one definite position or in a strictly 
limited number of positions. Thus, to touch three given straight 
lines intersecting two and two, four definite circles can be drawn, 
the inscribed and escribed circles of the triangle formed by the 
lines. [Prop XVIII.] If two of the lines are parallel, there will be 
two solutions of the problem; when all three are parallel there is no 
solution. In other problems too, when the data are inconsistent 
with each other, no circle may exist satisfying all of them. 

We shall solve a few problems in which three data are taken 
by combining from the following classes • — (i) i, 2, or 3 points 
on the circumference , (ii) 1,2, or 3 tangent lines ; (iii) i, 2, or 
3 touching circles ; (iv) position of a centre-line ( diameter ) ; 
(v) magnitude of the radius. It will sometimes happen that the 
centre of the required circle moves on certain straight lines or 
circles, on account of the circle satisfying two of the data. In 
such case if a second locus of the centre could be found, the 
position of the centre would be determined as being at the point 

points of intersection of the two loci. In this connection it is 
useful to remember the following simple properties of the circle : — 

A circle passing through a fixed point and having a given 
centre-line, passes also through a second fixed point. [ See 36.] 

A circle passing through two fixed points has a fixed centre-line, 
viz, the perpendicular bisector of the line joining the points. [34.] 

A circle touching two fixed meeting straight lines has one of 
two fixed centre-lines, viz, the bisectors of the angles made by the 
lines. [35.] 

A circle having a given radius and touching a fixed straight line, 
has its centre on one of two parallel straight lines. [41.] 

A circle having a given radius and touching a fixed circle, has 
its centre on one of two concentric circles. [43.] 
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Problem i. Draw a circle to touch a given straight line at a 
given point in it and also to pass through another given point. 

Let MN be the given 
straight line, P the 
given point in it, S 
arfother given point. 

Join SP, draw PC peip. 
to MN, DC the perp. 
bisector of SP, and let 
them meet in C. 

Then the Q with 
centre C and radius CP 
is the re(|uiied Q 
it goes tiiiough 3 as 
CS = CP, and touches 
MN as the z. s at P aie 
rt angles 

Problem 2 . Diawaciule of given uidius to pass thiough a 
given point and to toucli a given ciiele. 



/ 


Let h be the length of the given radius, C the centre and a the 
radius of the given ^ given point. 

With P as centre and radius < describe the Q ABX; with C as 
centre and radius 6 -fa describe the Q ABE, meeting the Q ABX. 
Then A and B are positions of the centre of the required Q* 

Join AC and let it meet the given Q in H. 

V AH=«AC -CH = (6-f a)-a«6« AP, the Q with centre 
and radius b goes through P and fTfalso, as ACH is a straight 
line, it touches the given Q- [43] 

The contact is external. So also B gives a second solution. 
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If with C as centre and radius ^ - a a circle is described meet- 
ing the O ^ Y, these points are centres of Qs touch- 

ing the given Q internally, passing through p and having the 
given radius. 

It is seen that there are four solutions in the most general case. 

« 

Problem 3, Draw a circle through two given points so as to 
touch a given straight line. 



Q through P, Q, B, or through P, Q, C, is the recpiired Q- 
V AB^ = AP.AQ AB is a tangent of the Q 
So also the QpQC satisfies the given conditions. 


Problem 4. Draw a circle through two given points so as to 
touch a given circle. 

Let PjQ be the 
given pts., ATBS 
the given Q. 

Through P and 
Q draw any con- 
venient O to cut 
the given Q in A 
and B; let AB and 
PQ meet in O, and 
draw OT, OS to 
touch the given 

Q. Then the Q through p, Q, S, or 
required Q* 



through P, Q, T, is the 


f.* ^ OA.OB « OP.OQ, OS^ - OP.OQ, OT^ = OP.OQ, [VIII and IX] 
OS and OT are also tangents of the Qs PQS and PQT res« 
pectively. These therefore, touch the given Q and pass 
through P and Q. 
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Problem 5. Draw a circle through a given point so as to 
touch a given circle and to have its centre in a given straight line. 

Let p be the given 
pt., ABX the given Q, 
and MN the given line. 

• Draw PM perp. to 
MN, and produce it to 
Q, making MQ PM. 

Any O whose centre 
is on MN and which 
goes through P, goes 
also through Q. 'The 
problem is now equiva- 
lent to that of drawing 
a O through p and Q so 
as to touch the Q ABX. 

Problem 6. Draw a circle through a given point so as to 
touch two given straight lines. 



given pt. 

Draw XX', YY', the bisectors of the two pairs of verticalljr 
opposite angles made by the lines. Draw PEQ perp. to one of 
the bisectors,, XX', and make EQ = PE. 

Any O touching KL and MN has its centre on XX' or YY' 
[35]. When the centre is on XX', as the Q through P it 

also goes through Q. The problem is now equivalent to that of 
drawing a Q through P, Q, so as to touch either KL or MN. 
There will be -only two solutions altogether. 
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Problem 7. Draw a circle so as to touch a given circle 
and also a given straight line at a given point. 

Let ABX be the 
given O, and P the 
given pt. in the given 
line MN. 

Draw KPL perp. to 
MN, and with a con- 
venient centre K 
and radius KP diaw 
a O to intersect the 
given O in A and B. 

Let AB meet MN in 
O, and draw the 
tangents OT, OS to 
the given Q Then 

the O touching MN at P and passing thioiigh S or T 7.] 

satisfies the given conditions 

The points S and T of the ('onstriiclion above may also be thus 
obtained. — From tlie centre of the Q ABX draw a perp to MN, 
meeting the O Q > which Q is more 1 emote from MN. 
Join QP meeting the Q in S, and Rp meeting it in T. The ])roof is 
readily obtained by drawing PK and joining p and the centre of 
the given Q to S and T. A similar method has to be employed 
to solve the more general [irobleiii — to draw a circle so as to 
touch a given circle and a given straight line and to pass through 
any given point. 

Problem 8. Draw a circle so as to touch a given circle and 
two given straight lines. 

/M 

/ 
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Let C be the centre and a the radius of the given Q (p), and 
AOA/j BOB/ the two given str. lines. Draw the str. lines KK/, LL/, 
at distances a from the line AA/; and MM/, NN/, at distances a 
from BB/. Draw a Q to pass through C and to touch KK/> NN/ 
[ Proh. 6 J; and let X be the centre of this Q- Draw XR, XS, perp. 
^o KK/, NN/, meeting the given lines in u, W; and join XC, meet- 
ing the given Q in V. 

V XR = X8 =* XC, and UR * WS « VC =* <^, 

XU = XW=»XV. 

.*. the O described with centre X and radius XV touches the 
given straight lines [41] and the given Q [43]* 

It should be noted that Q, the point of intersection of KK/, NN/, 
lies on the bisector of the z. AOB; also that there are two solutions 
in this case, both Qs touching (P) externally. Similarly, there 
will be two other Qs satisfying the data, with their centres on 
the bisector of the z_ AOB/. In the most general case when both 
AOA/, BOB/ cross the given circle, there may be eight solutions. 

Problem 9. Draw a circle through two gven points so as to 
bisect the circumference of a given circle. 

Let C be the centre of the given Q, 

DEX, and A, B, the given pts. Draw 
any convenient Q through A, B, to 
meet the given Q m D, E Produce 
AB and DE to meet in O, draw OXCY. 

Now, rect OX OY - OE OD = OB OA, 

/. the four pts. X, Y, A, B, are cyclic 
[Vni, Cor. 2]. Draw the O through 
these, then it goes through A and B, 
and cuts the given Q at the ex- 
tremities of the diameter XCY 

Exercises* 

13 [. Construct a triangle, having given its base, the vertical 
angle, and (i) the sum or difference of the sides ;fii) the sum or dif- 
terence of the squares of the sides. 

132. Find a point within a triangle at which the sides subtend 
equal angles. When is the solution not possible ? 

133. Given the base, the height and the radius of the circum- 
circle of a triangle, construct the triangle. 

134. Given the base, the vertical angle and the radius of the 
incircle of a triangle, construct the triangle. 

*135. A and B are two given points on the same side of a given 
straight line CD : determine the points on CD at which AB subtends 
greater angles than at other points of it. 

136. A and B are two given points in a chord of a given circle : 
determine the points in each of the arcs cut off by the chord at 
which AB subtends the greatest angle. 

G. 4« 
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' 137. From the obtuse angle A of a triangle ABC draw a 
straight line meeting the base in D so that rect. BD.DC = AD 2 . 

Solution, Supposing AD to be drawn, let O be the centre of the 
circumcircle of the A ABC ; produce AD to meet the Q and 

join OD. 

As BD.dC*AD^ and also 

«AD.DF [VIII.], AD^ 

= AD.DF) and AD = DF. 

Hence L ODA is a rt. angle 
[36], so that D lies on the 
0 described on OA as dia- 
meter. Thus the problem is 
solved ; there are two solu- 
tions, as the O on OA 
meets BC in two pts. when 
the L BAC is obtuse. 

138. Any tangent to a 
circle of 3 cm. diameter is 
drawn : describe circles of 2*4 cm. radius to touch both the circle 
and the tangent. How many solutions are there ? 

139. Two points are distant i" apart on a straight line whose 
distance from a given parallel line is *8" ; construct a circle to pass 
through the two points and to touch the given parallel line. 
Measure the radius, and verify its length by calculation. 

140. Two points 3 cm. apart are distant 2*7 cm. each from the 
centre of a circle of radius 1*2 cm. Construct circles to pass 
through the points and to touch the circle, and shew how to 
calculate the lengths of their radii. 

Solution. C is the 
centre of the given 
O, A and B are the 
pts.; CP =1*2, CA = CB 

= 2*7, AB= 3 * 

Draw QCPN perp. to 
AB, which will be bi- Q 
sectedatN. The centre 
of the O required 
must be in CN ; hence 
it touches the given 
O at P or at Q, and 
two solutions occur, 
vis. the Os through 
A, B, P, and A, B, Q. If O is the centre of the Q ABP, it is 
found on measurement that OA*=OP = OB= 1*6 cm. 

Let OA^x. Now CN^ = CA* — AN^ = 2 7* — 1*52 = 5*04 ; 
hence CN = 2*25 very nearly, so that PN« 1*05. 

ON=*^— *'oS» ^ found from OA* = :*:2 = ON2^-N^2 

= 1*05)2+ 1*52. This gives =1*596. Similarly the radius 

of the other O is found to be a*o? cm. 
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*141. Draw a circle to pass through a given point, to touch a 
given straight line and to have its centre on another given straight 
line. 

142. A circle of radius a is given with its centre at the origin 
of co-ordinates : describe circles to touch the axes and the given 
circle. How many solutions are there ? Prove that the radii of 
the circles are a( ^2±i). 

143. O is the centre of a circle of radius 3 cm.; a radius OA is 
produced to P so that AP = 4 cm. Describe circles to touch the 
given circle and the line OP at p, and obtain their radii by calcu- 
lation. 

144. Two straight lines OA, OB, include an angle of 60^; within 
the angle BOA a point P is taken at a distance of 1*5" from OA and 
"5" from OB. Construct circles to touch the two given lines and to 
pass through p, and measure their radii. 

145. A circle of radius r is drawn touching two rectangular 
axes : construct circles to touch the given circle and both axes, and 
calculate their radii. 

146. Circles are drawn touching two rectangular axes and 
going through the point whose co-ordinates are ^ ^ : measure 
their radii and verify the results by calculation. 

147. Circles are drawn touching the axis of x and going through 
the points (2, 4), (4, 2): find their radii, and prove that they touch 
'the axis 

148. The sides of a triangle are of lengths 3, 4, 5 : describe a 
•circle with its centre on 4 to touch both 3 and 5. Measure the 
radius and verify. 

149. P is a point within an angle XOY of 45 \ such that the 
distance from OX is 6 and that from OY 4 : draw circles with centres 
on OX to touch OY and go through P, and measure their radii. 

150. Draw a circle of radius 9 and place in it a chord AB at a 
distance 3 trom the centre C; join AC, and let it meet the circle 
again in D. Describe two circles to touch the given circle at D and 
the indefinite straight line AB; measure their radii and verify by 
calculation. 
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Solution, Scale ^ unit=’i inch. Draw the tangent at D meeting 
AB produced in T; take TN = TD. Let NO perp. to AN meet AD pro- 
duced in O. Then the O with centre O and radius ON touches 
AB; it goes through D, as OD = ON from the congruent A® ODT, 
ONT ; and it touches the given 0 » 

On measuring, ON is found to be *9", i. e. 9 units. Another O 
with centre O' is obtained by taking TN' = TD in the opposite di- 
rection ; the radius is found to be 4*5 units. 

Draw DQ pari, to AN. If AD = ^^, BD==<'^ OD = ON==.r, then AB = 

= DT = TN = rt/^- 

Hence, from DO“ — OCJ^ = DQ 2 we obtain 
;^2_ (.r-i) 2 = (BT+TN) 2 = --(f 


which gives ihx ■ 


_ 2<7Z>2 
a — 


ah 18X6 


-9 units. 

a — b 12 

So ajso O'N' may be calculated. 

1 51. A circle with centre C and radius 2, and a straight line 
PQ at a distance of 4*4 from C, are given ; the diameter ACB of the 
circle is drawn which meets the line in p at an angle of 60^. 
Construct circles (i) to touch the circle and the straight line at p, 
(ii) to touch the line and the circle at A or B. Explain the reasons 
for the construction in each case. 

152. The sides of a triangle are of lengths 8, 9, 10; describe 
circles with centres on 10 to touch the other sides. 

153. Draw a circle of radius 2 cm. and a chord ot it distant i'2 
cm. from the centre : construct circles to touch the given circle and 
chord and to pass through the centre of the circle, and prove the 
construction. 

154. Describe a circle to touch two given circles and also to 
touch one of their common tangents at its point of contact with 
one of the circles. 

155. Describe a circle to pass through a given point and to 
touch each of two given equal circles. 

156. ABC is an equilateral triangle of side 2*5 cm., and on AB 
as diameter a circle is described. I^raw two circles to touch this 
circle, to pass through c, and to ha\e their centres on AC; and 
prove that the radius of the smaller circle is '5 cm. 
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riiscellaneous Examples II. 

I. In a circle of radius i*6 cm. inscribe a quadrilateral ABCD 
having the side AB 2 cm. long and the adjacent angles of 90^ and 
60°. Reduce the quadrilateral to a triangle on AB as base, and 
measure the height of the triangle above AB. 

• 2. On abase i* 4 " long describe <i triangle of vertical angle 40’, 
having (i) the sum of the other sides =3", (ii) the difference of the 
other sides = *6^'. 

3. Construct a triangle of base 13 and vertical angle 53"^, having 
(i) the height = 5 ‘7, (ii) one side = 7 *4. 

4. Draw two circles of radii 3 and 4 with centres at a distance 
8 apart: find a point from which tangents of lengths 2*65 and 3 
respectively can be drawn to the circles. 

5. Two circles of diameters 14" and 4" cut at right angles : 

prove that the length of their common chord is *0. 

6. Any point D Is taken on the side BC of a triangle ABC ; 
segments of circles are described on BD, DC on the side remote from 
A, to contain angles equal to ABC, ACB respectively. Prove that 
these segments intersect on the circumcucle of the triangle. 

*7. A, B, C, D are four points in a straight line; shew how to 
find a point O in the line such that rect. OA.OD= rect. OB.OC. If 
each rect. =OR% prove that at any point on the circle whose centre 
is O and radius OR the finite lines AB, CD subtend equal angles. 



Solution. Draw any conveniently large Qs through A and D, 

8 and C, to intersect in E and F. Let EF meet the str. line in 0 . 

V OA.OD = OE.OF = OB.OC, .’. O is the required pt. 

Take OR^ = OB OC [V], and let P be any pt. on the O whose centre 
is O and radius OR. 

V 0 P^ = OB.OC, A OP touches the circumcircle of the APBC 
[IX]; .*. L OPB= L OCP [48]. 

Similarly, L OPA= l ODP; by subtraction, L APB= l CPD, 
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• 8. Describe a tringle, having given the vertical angle and the 
lengths of the segments of the base made by the line bisecting the 
vertical angle. 

9. Construct a square, given (i) the sum, (ii) the difference 
of the diagonal and side. 

10. Construct a rectangle, given the perimeter and the length' 
of either diagonal. 

11. Construct a parallelogram, given one side, one diagonal, 
and (i) the angle between the diagonals, (ii) the angle between^the 
sides. 


12. In a triangle ABC» AL, BM, CN are the medians and AD, BE, 
CF the altitudes. Construct the triangle from the following data: — 

(i) BC, AL, L ABC; (n) AD, BE, L ABC; (iii) AL, AD, L ABC. 

13. In a right-angled triangle having an acute angle of iS*^, 
the smallest side is to the hypotenuse as V5 — i is to 4. 

14. A square of side 24 mm. is turned into a regular octagon, 
by cutting out equal triangles at the four corners: prove that the 
side of the octagon is very nearly i cm. 

15. Construct a regular octagon on a given base. 

*16. If ^ is one side of a regular polygon of n sides, and ^ one 
side of a regular polygon of 2n sides, both inscribed in a circle 
whose radius is r, prove that — 2^2 — r ^(4^2 — ^2)^ 

Solution, Let AC { = s) be one side of the first 
polygon ; bisect the arc AC in B, then the str. 
line AB or BC ( = 0 is a side of the second. It 
is easily seen that OB bisects AC at right angles. 

Hence P = AB^ = AO^ + OB^ - 2OB. OD [31] 

— 2^2 — 2 r ^(OA^ — AD2) 

= 2r2 — 2r — ^^2) 

= 2^2 — rV(4r2— j2)^ 

17. By means of the result above prove that the sides of the^ 
regular inscribed polygons of 3, 12, 24 sides of a circle of unit 
radius, are respectively >13, ^(2 — -^3), '>/|2 — >/(2 4->/3) 

*18. If ^ is one side of a regular inscribed polygon and u one 
side of a regular circumscribed polygon of the same number of 
sides, of a circle whose radius is r, prove that u V(4r2 — ^2) =2rj. 

19. By means of the result above find the sides of the regular 
circumscribed octagon and decagon of a given circle. 

20. Calculate the perimeter of a regular polygon of 48 sidej 
(i) inscribed in, (ii) described about a circle of i" radius. 
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*21, Draw a circle to pass through a given point and to toijch 
both a given straight line and a given circle. 

Solution, Let P be the given 
pt., AB the given str. line and C 
the centre of the given Q* Elraw 
.RCQ the diameter of the Q perp. 
to AB, meeting it in A ; through P 
A, Q, P draw a 0 » and let RP cut 
it in S. Draw the QP^KB to go 
through P and S and to touch AB 
at B 9 , 3 ]: this is the required 
Q. Join RB meeting this Q 
in K, and find its centre O. 

V RK.RB = RS.RP = R( 3 .RA, 
pts. A, B, K, Q are concyclic; 

lBKQ+L BA(2 = 2 rt. L s. But 
L BA(2= rt. angle, L BKQ= rt. angle; hence, ^ RKQ being 
rt. , K lies on the given Q* 

Again OB and RA are pari., being perp. to AB ; 

/. L 0 KB = L OBK = Z- KRC =» iL CKR. 

OK C is a straight line, and the Q PSK touches [the 
K'lven O [43]- 

22. Draw a circle to touch a given straight line and also to 
touch each of two given circles. 

23. Prove that the locus of the centre of a circle which bisects 
the circumferences of two given circles is a straight line parallel 
to the radical axis of the given circles. 

24. Draw a circle to bisect the circumferences of three given 
circles, 

25. In a given circle inscribe a triangle whose sides shall, be 
parallel to those of a given triangle. 




CHAPTER IV. 


PROPERTIES OF TRIANGLES AND CIRCLES. 

§ 10. THE CIRCUMCIRCLE5 AND THE INSCRIBED AND 
ESCRIBED CIRCLES OF A TRIANGLE. 

It IS known that only one circle can be described about a 
triangle ABC [37]. As its diameters perpendicular to BC, CA, AB, 
bisect these lines respectively, we conclude that the three perpen- 
dicular bisectors of the sides of a triani^le are concurrent^ the point 
of concurrence being the centre of the circumcircle (briefly, the 
circumcentre) of the triangle. I'he following proposition gives an 
important property of this circle. 
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Proposition XVI. Theorem. 

The feet of the perpendiculars drawn from any point 
on the circumcircle of a triangle to the sides of the triangle^ are 
collinear. 


r 



Let P be any pt. on the circumcirclc of a A ABC ; draw PK, PL, 
PM perp. to BC, BA, AC respectively to prove that K, L, M are 
collinear pts. 

Join ML, MK, PA, PC. 

V L PMA + L PLA = 2 rt. angles, /. PMAL is cyclic [47], 
and z.PML= /LPAB [45]. 

So also PMCK IS cyclic, and L PMK = L PCB. 

But z- PAB = ^ PCB [45] , L PML = L PMK , 

that IS, the pts. K, L, M are collinear. 

Def- The straight line KLM is called the pedal line of the 
point P with regard to the triangle ABC. It is frequently but 
incorrectly termed the Simson line of P. 

The converse of the proposition may be readily proved, viz.^ 
if P IS a point the feet of the perpendiculars from which to the 
sides of a triangle are collinear, the locus of P is the circumcircle 
of the triangle. 
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A circle can be easily inscribed in a given triangle ; the more 
general problem of drawing a circle to touch three indefinite 
straight lines admits of four solutions. 

Proposition XVII. Problem. 

To describe circles to touch three indefinite straight lines fornHng 
a triangle. 



Bisect the l s ABC, ACB by the lines BI, Cl; and draw ID, lE, IF 
perp. to BC, CA, AB respectively. 


V the As BDI, BFI are congruent [6], ID — IF. Similarly, 

ID -IE. 

/, the O with centre I and radius ID passes through D, E, F, 

and also touches A^c, By^ Cz at these pts. [41] 

Again, bisect the s CBXy BOz by the lines BIj, Cl jj draw 
IjDj, perp. to the str. lines By, Cs, Aa:. 

V the As BDjij, BFjlj are congruent, /. I^Dj «ljFj; so alsc 

IjDi 
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/. the O centre and radius i^Dj passes through 

F2> touches the given lines at these pts. 

This O falls outside the A ABC, and it is evident that there are 
two other circles of this kind, having centres at the intersections 
of the external bisectors at C, A and A, B, and touching each of 
the given lines. 

Defs. The circle which touches each side of a triangle and 
lies within the triangle, is called the inscribed circle or the 
incircle of the triangle ; its centre and radius are respectively the 
incentre and inradms of the triangle. A circle which touches one 
side of a triangle and the other two sides produced, so as to lie 
without the triangle, is called an escribed circle or an excircle of the 
triangle; its centre and radius are respectively an excentre and 
exradius of the triangle. 

It is usual to denote the length of the radius of the incircle by 
r, that of the radius of the circumcircle by R; the lengths of the 
radii of the escribed circles opposite to the angles A, B,C are denot- 
ed by rg, respectively. 

The following important properties of the figure of the preceed- 
ing proposition should be noticed. 

1. Join Al. As IE « IF, the AsAlE, AIF are congruent, and 

lAE ^ lAF : also, IB, IC bisect the z. s ABC, ACB. Hence> 

the bisectors of the inter^ial angles of a triangle are concurrent. 
Similarly joining Al p we see that ^ I j AE^ ^ I j AF^; that is, 
1 ^ A is the bisector of the ^ BAG. Hence, the bisectors of two 
external angles of a triangle and the bisector of the thii'd internal 
angle are concurrent, 

2. As Al, All both bisect ^ BAG, Alli is a straight line: so 
also BII2, CM 3 are straight lines. Hence, a vertex of a triangle,, 
the incentre and .the exce?ttre opposite to the vertex are colli near. 
As Cli, Cl 2, bisect vertically opposite equal angles, they form 
one straight line: so also 1 ^ Alg, I3 BIj are straight lines. Hence, 
a vertev of a triangle a?id the two excentres adjacent to the vertex 
are collhiear. 

3. As Alj, 12*3 bisect adjacent supplementary angles, they are 
at right angles to each other : so also BI2 and I3I1, Cl 3 and |^|^, 
Hence, f ^ A, 1 2 B, 1 3 C are the perpendiculars of the A I j 1 2 • 3 drawn 
from the vertices to the opposite sides ; and they meet at one 
pointy I, the incentre of the triangle. We shall show that this is a 
property of every triangle. 
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^ 4. Let the lengths of BC, CA, AB, be denoted numerically by 

a, respectively, and let s stand for f (BC + CA + AB) or the 

semt-perimefer oi A ABC. Then, V AF = AE[42]» AE=- 
. 3 (aF + AE) ; so BD = 1 (BD + BF), CD = ^(CD + CE| /. AE + (BD + CD) 
= ^ (AB+BC4-CA), that is, AE + <^? = ^, and AE = AF = i' -<l. 
So also BD = BF==s-6, CD = CE = 5-c. It may be similarly 
shown that AFj=i‘, BD ^ -“^ = CD, BD^—b CEg AE, 

etc. 


Exercises* 

157. If the incentre and circumcentre of a triangle coincide, 
the triangle is equilateral. 

158. With the figure of Prop. XVil prove the following re- 
sults : — (i) the midpoint of BC is the midpoint of DDl ; (ii) DDi = c — 
D 2 D 3 = ^ + ^> (iiO EEi = FFi==^r. 

*159. If .S denotes the area of the triangle ABC, prove that 
rs — S=^ ri(j — a) = r^{is— h) — — c). 

Solution, In the Fig. of Prop. XVII, 

A ABC= ABIC+ AC 1 A+ A AIB. But ABIC = -l rect. BC \D==^ar; 

ACIA = |<5r; AAlB = -lcr; S='^r(a + b + c) = rs, 

Also A ABC = A AI1B+ A AliC — A Bh^: ; hence, as above, 

S=^ cr\-\-}2brx-}^ar[=^}j, b-\-a — 20)=^^ }\{2S — 2a) = ^ a). 

Similarly rj, rj may be found. 

160. Draw a triangle of sides 16, 25, 39, and measure carefully 
the radii of its circumcircle, incircle and excircles. Also obtain 
the inradius and exradii by calculation. 

16 1. Draw a triangle with the sides BC, CA, AB respectively 
3, 3*8, 48 cm ; let the incircle touch these respectively at D, E, F, 
and the excircle opposite A at D', E', F'., Measure BD, BD', AF', EE', 
and verify the lengths by calculation. 

162. The incircle (or the excircle opposite to the angle A) of a 
triangle ABC touches the sides BC, CA, AB in D, E, F respectively ; 
FD, ED meet a straight line through A parallel to BC in Q, R. 
Prove that AQ = AR. 

163. In a triangle ABC right-angled at A prove that (i) the 
indiameter = the sum of the sides — the hypotenuse; (li) the 
exdiameter opposite to A= the sum of the sides -f- the hypotenuse. 

164. Two circles touch externally and each touches internally 
a third circle : prove that their common tangents at the points of 
contact meet in a point, which is an excentre of the triangle 
formed by the centres of the three circles. 

165. If circles be circumscribed about the four triangles into 
which a quadrilateral is divided by its diagonals, prove that the 
four centres are at the vertices of a parallelogram. 



IV.] 


GEOMETRY 


6i 


1 66. The internal and external bisectors of the angle A of a 
triangle ABC meet the circumcircle respectively in E, F : prove that 
EI = Eh = EB = EC, and Fl2 = Fl3 = FB = FC. 

*167. If the diameter of the circumcircle of a triangle ABC per- 
pendicular to BC meets BC in A^ and the circle in T, T^, prove that 
2TAi=rri-r, 2TiAi = r,-jrr^, and that n + r.-f 4R. 

Solution. Let O be the circumcentre. The diameter bisects BC 
[36], so that BAiT, CAiT 
are congruent As, and 
BT = CT. arc BT 

= arcCT, and AT bisects 
the t- BAC. Hence AT 
contains I, the incentre, 
and It, the excentre op- 
posite to A. So also ATi 
bisects the external 
angle at A, and contains 
the remaining excentres, 

Ij, l{. Draw IPQ, liQ pari, 
to BCjTTi respectively. 

By joining 1C, I^C, TC, we can readily prove that TI = TC= Tli(see 
exercise above) ; .*. QP=*PI, and PT = .} l^Q. 

2r=li(3 — 2r=2PT — 2 PAi=s2TAi. 

So also, as Ti is the midpoint of l^lj, /'j + rj =* 2T1A1. 

Hence, adding up, + + 2 TTi = 4R. 

168. If O is the circumcentre of a triangle ABC, and Ai,Bi,Ci the 
midpoints of the sides, prove that OAi-j-OBi-f-OCi = R-f-r, 

*169. In the figure of Prop. XVI if the straight lines PK, PL, 
PM are revolved about P in the same direction through equal 
angles, prove that the points K, L, M, where they meet BC, CA, AB, 
are still collinear. 

170. The angle made by the pedal line of any point on a circle 
with one side of an inscribed triangle, is equal to that between 
the fines drawn from the point to the centre of the circle and the 
opposite vertex of the triangle. 

*171. Prove that the Simson lines of two diametrically opposite 
points of a circle, with respect to any inscribed triangle, meet at 
right angles. 



^172. Find a point on the circumcircle of a given triangle the 
pedal fine of which is parallel or perpendicular to a given 
direction. 



GEOMETRY, 


[chap. 


62 


173. P is any point on the circumcircle of a triangle ABC, and 
PL parallel to BC meets the circle in L : prove that LA is perpendi- 
cular to the pedal line of p with respect to the triangle. 

174. Given the base and circumcentre of a triangle, prove that 
the incentre moves on one of two circles. 

175. Given one side of a triangle in position, the corresponding- 
cxcentre and the incentre, construct the triangle. 

176. Given the three excentres of a triangle, construct the 
triangle. 

177. Given the base and vertical angle of a triangle, prove that 
the circumcentre is fixed, and that each excentre moves on a circle. 

178. With three given points as centres describe three circles 
to touch each other two and two. How many solutions are 
there? 

179. Given one angle of a triangle, its perimeter and the 
radius of the inscribed circle or of the escribed circle opposite to 
the given angle, shew how to construct the triangle. 

180 The incircle of a triangle ABC touches BC at D : prove that 
the incircles of the triangles ABD, ACD, touch one another. 

181. Find a point D in the side BC of a triangle ABC such that 
the incircles of the triangles ABD, ACD, may touch one another. 

*182. Four straight lines in a plane form a quadrilateral : 
find a point in the plane such that the perpendiculars from it drawn 
to the lines may have their feet in a straight line. 

183. If perpendiculars drawn from a point p on the circumcir- 
cle of a triangle ABC to BC, CA, AB, meet the circle again at Q, r, 
S respectively, prove that AQ, BR, CS are each parallel to the pedal 
line of p. 

184. Given two of the excircles of a triangle, construct the 
triangle. 



IV.] 


GEOMETRY. 


63 


II. THE ORTHOCENTRE AND THE NINE-POINT CIRCLE 
OP A TRIANGLE. 

Proposition XVIII. Theorem. 

The perpendiculars from the vertices of a triangle to the opposite 
sides are concurrent. 



In the triangle ABC let the perps. BE, CF, from B, C, to the 

opposite sides, meet in 0 . Join AO: to prove that, if AO meets 

BC in D, AD is perp. to BC. 

Join FE, V each of the L s AFO, AEO is a rt. angle, 

/. A, F, 0 , E are cyclic ; [47] 

/. L CFE or OFE =» L OAE or DAC. [45] 

Again, L BFC = l BEG = one rt. angle, A B, F, E, C are 

concyclic ; /. l CBE = l CFE . A L DAC = CBE. 

Add to these the l ACB ; 

A L DAC + L ACD « L CBE + L ECB, 
that is, L ADB = L BEA = one rt. angle, [ 14 and Consf\ 

Hence the three perps. meet at the point O. 


Defs. The point of concurrence of the perpendiculars from 
the vertices of a triangle to the opposite sides is called the 
oYthocentre of the triangle. 'Fhe triangle formed by joining the 
feet of these perpendiculars is called the pedal or orthocentric 
triangle of the given triangle. 



64 


GEOMETRY. 


[chap. 


The following important properties of the figure of the proposi- 
tion follow as corollaries : — 

1. If one of the base angles is obtuse, say the l c, the 
orthocentre falls outside the triangle on the same side of AB as 
C. In this case the above proof applies throughout, except that 
each of the angles DAC, CBE has to be subtracted from the l aGB. 
In fact, if the given triangle is AOB, it is seen that AE, BD, OF are 
its perpendiculars, and these concur at the point C. Similarly, 
B is the orthocentre of the AAOC, and A of the A BOG; so that 
tf of four points one point is the orthocentre of the tnaiigle formed 
by the other three^ each of the others is aUo the orthocentre of the, 
triangle formed by the remainmg three. As L BOG = i8o - z. BAG, 
the circles about the As BOG, BAG are congruent, as the angles 
subtended by the same chord BC of both at points of their cir- 
cumferences on opposite sides of BG are equal. So also the 
As AOG, AOB have the same circumradius as the A ABG. 

2. If DF, DE are joined, it is seen that l dfb= lo = l EFA, 
or DF, EF are equally inclined to AB. Hence the sides of the 
pedal triangle are equally inclined to the sides of the given tri- 
angle ; that is to say, the sides of the given triangle bisect externally 
the angles of the pedal triangle. Again as l AFG = l BFG = 90®, 
therefore the remainders, the z, s EFG and DFG, are equal; 
or, GF bisects the L DFE. Thus the perpendiculars bisect the internal 
angles of the pedal triangle^ and therefore the points 0 , A, B, G 
are theincentre and excentres of the pedal triangle [XVII]. 

3. If the perpendicular AD meets the circumcircle ABG in G, 
it is seen that z.GBD=z.GAG or DAG (from the circumcircle) 
= L CBE or DBO, as proved. Hence the As GBD and OBD are 
congruent, and DG^OD; that is to say, the intercept on any per- 
pendicular betiveen the orthocentre and the circumcircle is bisected by 

e corresponding side. 

4. The distances OA, OB, OC are respec- 
tively double of the distances of the 
circum-centre M from BC, CA, AB. Draw 
the diameter CMN; join NA, NB; and draw 
MP perp. to BC. Then BP = PC; also 
NM =* MG: hence NB==2MP. Now z. CBN 
«« one rt. angle =• z_ CD A, so that NB is pari, 
to AD; so also NA is pari, to BE, and ANBO 
is a parlgm. Therefore AO » NB = 2MP. 
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Proposition XIX. Theorem. i 

In any triangle the three midpoints of the sides, the three feet 
of the perpendiculars froyn the vertices to the sides, and the three 
midpoints of the lines joinmg the orthocentre to the vertices, all 
he on a circle whose radius is half that of the circumcircle and 
wl^ose centre is midway hetweeri thecircumcentre and the orthoceiftre. 



In the A ABC, let AD, BE, CF be the perps. meeting in o, 
the orthocentre ; XS, YS, ZS the perp. bisectors of the sides 
meeting in S, the circumcentre; and let K, L, M be the midpoints 
of OA, 03, OC : to prove that the nine pts D, E, F, X, Y, Z, K, L, M, 
he on a Q whose centre is the midpoint of SO and radius 
^ R, where R is the radius of the circumcircle. 

Bisect SO in N; join NK, SA. 

V ON * NS, OK =» KA; /. NK = ^ SA = R, and K lies on the Q 
mentioned above. So also L and M he on the same Q. 

Produce OD to meet the circumcircle in H ; join ND, SH. 

V ON = NS and OD « DH [XVIII, 3 ], /. ND - ^ SH = | R, and D 
lies on the same Q : so also do E and F. 

Draw the diameter ASP, and join PB, PC, NX. 

V ^ PBA « 90® [ in a semi L CFA, /. pB, CF are pari; so 

also are PC, BE. /. PBOC is a parlgm., and PO and BC bisect each 
other; hence PO goes through X the midpoint of BC. 

•.•ON = NS, and OX = XP, NK=-^SP«^' R, and X lies on the 
same Q • so also do Y and Z. 

Therefore all the nine points lie on the Q whose centre is N 
and radius J R. 

G. 5 
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' Def. Hence this circle is called the nitit-point circle of the 
given triangle. 

Cor I* It is seen that OA, OP, OH being bisected, the points of 
section lie on the nine-point circle; more generally, the nine- 
point circle is the locus of midpoints of lines drawn from the 
orthocentre to the circumcircle. Conversely, if the orthocentre 
is joined to any point on the circumcircle the joining line is 
bisected by the nine-point circle. 

Cor. 2 . Join AX, meeting SO 
in G; draw KQ pari, to SO to meet 
AX. As AO-2SX [XVIII, 4], 

AK«SX; and the As AQK, 

SGX are congruent. 

.•.GX-AC 2 «i AG, or GX = ^AX 

G is the centroid of the A ABC. 

Also SG = QK « ^ GO, or SG ^ ^ SO. 

/. the centroid and 7 iifie~point centre of a triangle lie on the line 
joining the circumcenire and orthocentre\ the nine-point centre 
bisects this line and the centroid trisects it. 

It can be proved more generally that if lines are drawn from 
the centroid to the circumcircle and produced backwards to half 
their lengths, the locus of their extremities {e, g, X in the figure) 
is the nine-point circle. 

Exercises , 

185. Given two of the excentres and the incentre of a triangle, 
construct the triangle. 

186, The altitudes BE, CF, of a triangle ABC meet its circum- 
circle in G, H: prove that (i) gH is parallel to EF, (ii) A is the 
centre of the circle GOH, where O is the orthocentre. 

*187. If S is the circumcentre of a triangle ABC, prove that 
SA» SB, SC are perpendicular to the sides of its pedal triangle. 

188. The line joining the midpoint of BC to the orthocentre O 
of a triangle ABC meets the circumcircle in R : prove that ARO is 
a right angle. 

189. The triangle ABC is right-angled at A, and a straight line 
he perpendicular to BC meets AB in c and AC in h : find the locus 
of the point of intersection of B^ and Cc. 

*190. Prove that the six lines joining the incentre I and the 
excentres b, b b, of a triangle ABC, are bisected by the circum- 
circle ; and that the radii of the circumcircles of the four triangles 
formed by these centres are each double the radius of the circum- 
circle of the triangle. 
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19 1. Construct a triangle of sides 2, 2*4, 3*2 cm. and carefully ’ 
draw its nine-point circle. How is it situated with regard to the 
incircle of the triangle ? 

192. If the nine-point circle of a triangle bisects one of the 
perpendiculars, the triangle is right-angled, 

193. The base BC and the angle A of a triangle ABC are fixed, 
and BE, CF are its perpendiculars : prove that EF is of fixed 
length. 

*^194. Given the angles of a triangle to be Of, 0 , 7, find those of 
its pedal triangle. Examine the results when the triangle is 
right-angled or obtuse-angled. 

*195. In a triangle ABC, O is the orthocentre : prove that the 
circumcircles of OBC, OCA, OAB are equal, and that their centres 
form a triangle identically equal to ABC. 

*196. With the notation of the exercise above prove that 
‘(i) A02 + BC 2 = B02 + CA 2 = C02 + AB 2 = 4R2; and (ii) 2 (AD.AO 
-hBE.BOH-CE. CO) ^24-^2^ where D, E, F are the vertices of 

the pedal triangle. 


197. AD, BE, CF being the perpendiculars of a triangle ABC, 
0 KL is drawn at right angles to DE to meet BE in K and BA in L : 
prove that LB^ = LK.LD. 

*198. If O is the circumcentre of a triangle ABC, 1 , h, h, I3 the 
centres of the four circles touching its sides, and R the circum- 
radius, prove that (i) + = + = = i 6R2, and 

<ii) Ol2 4 -Oli 2 + OU 2 -FOl 32 = x2R2. 

Solution, It may be easily shown that Tl = Tli = TC. [See the 
solution of Exer. 167.] Hence Ih = 2TC. 

Similarly |olj = 2TiC. + - 4(TC2 + TiC 2 ) =4(7X12) 

-i 6 r 2 . [Compare the result (i) in Exer. 196.] Again, as T is 
the midpoint of ili, Ol^-f Oli2 = 2(OT2-FTl2) =2 (R^+TC^) ; 

soalso, OI,2-FOIj2 = 2(OT2 + Til>2)«2(R2-i-TiC2). /. Ol^ + Oli^ + Oli^ 
+ 0132 = 2(2 R2 + TTi2) =2(2R2+4R2) =I2R2. 

199. If from any point P perpendiculars PD, PE, PF are drawn to 
the sides bc. CA, AB of a triangle ABC, prove that Bp 2 + CQ 2 + AR 2 
“PC 2 +( 2 A 2 + RB 2 . Conversely, if p, Q, R are points in BC, CA, AB 
satisfying the above relation, the perpendiculars to the sides at 
Jthese points are concurrent. 

200. Apply the result obtained above to prove that, in any tri- 
angle, (i) the bisectors of the angles, (ii) the perpendicular bisec- 
tors of the sides, (iii) the perpendiculars from the vertices on the 
aides, are concurrent* 
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201. The angular points A, B, C, of a triangle are joined to N 
the nine-point centre, and on AN, BN, CN produced Si, S2, S3 are 
taken such that NSi = AN, NS2 = BN, NS3 = CN; prove that S2, 
are the centres of the circles described about the triangles BOG, 
COA, AOB, where O is the orthocentre. 

202. With the notation of the exercise above prove that, S beipg 
the circumcentre — 

(i) BSCSi, CSASo, ASBS3 are rhombuses; 

(ii) S is the orthocentre and O the circumcentre of the triangle 

818283 ; 

(ill) A, B,C are respectively the circumcentres of the triangles 
SS2S3, SS3S1, SSiSo; and 

(iv) the triangles BOG, COA, AGB, StSSj, S3SS1, SiSS,, ABC, 
S 18383 all have the same nine-point circle. 

■^203. If P is any point on the circumclrcle of a triangle and O 
its orthocentre, prove that the Simso 7 t line of P bisects GP. 

Solution, PL, PM, PN are perp. to the 
sides, so that LMN is the pedal line 
of P; AD perp. to BC, contains the 
orthocentre O. Join OP meeting LN 
in H. 

Let AD meet circumclrcle in 0 , so that 
DG = 0D. Join GP meeting LN in E 
and BC in F; also join PB, GT. 

Then L PLN = L PBA = L AGP 
= ^ LPE; and L PLF, being right, 

« L. LPF+ L LFE. 

/. Z. ELF = ^ EFL, so that EP = EL = EF. 

Again LOFD=z.GFD, V the As OFD, GFD are congruent; 

Z. OFD= L LFE= L ELF; OF and LMN are pari. 

Hence, as PE = EF, and EH is pari, to OF, PH = HO. 

*204. The Simson lines of the ends of a diameter of a circle with 
respect to any inscribed triangle, intersect on the nine-point circle 
of the triangle. 

205. I is the incentre of a triangle ABC : prove that it is the 
orthocentre of the triangle formed by the circumcentres of BIC, 
CIA, AIB. 

206. A', B', C' are the midpoints of the sides BC, CA, AB of a 
triangle, and D, E, F are the feet of the respective perpendiculars : 
prove that^ the lines joining A', B', C' to the midpoints of EF, FD, 
DE respectively, all meet in the centre of the nine-point circle. 

207. Given one vertex of a triangle and two of the four points 

■ — the circumcentre, the orthccentre, the nine-point centre, the- 
centroid : Construct the triangle. 
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Miscellaneous Examples 111* 

1. Describe a circle so as to touch three given straight lines 
two of which are parallel. How many solutions are there? 

2. In a parallelogram aBCD, 30 = 2 cm., L BCD = 60® ; describe 
a circle to touch AB, BC, CD, and calculate its radius. 

3. If one angle of a triangle, the radius of the incircle and the 
radius of one of the excircles are given, shew how to construct the 
triangle. 

4. Given one angle of a triangle and the perimeter, construct 
the triangle so that the side opposite to the given angle may pass 
through a given point, 

5. Two circles intersect at A and B : draw another circle touch- 
ing the two circles and such that the line joining the points of 
contact may pass through A or B. 

6. ^ If points X, Y, Z be taken respectively in the sides BC, CA, AB 
ofatriangle so that the quadrilaterals BZYC, CXZA^ AYXB are cyclic, 
prove that AX, BY, CZ are the perpendiculars of the triangle. 

* 7 * The pedal triangle is the triangle of least perimeter which 
can be inscribed in a given triangle. 

8, ^ The circumcircle and orthocentre of a triangle being given, 
describe it so that one side may pass through a given point. 

Solution, Let ABC be a triangle, O its orthocentre; draw AODQ 
to meet the cirumcircle (of centre S): then OD = DG\ If QOSR is the 
diameter through O, and M 
and N the midpoints of OQ, 

OR, it is known that D lies 
on the Q on MN as diame- 
ter. If BC passes through 
the given pt. P, L PDO is a 
right angle, and D also lies 
on the Q on PO as diameter. 

Hence the construction : 
draw the diameter QOSR; 
bisect OQ in M, OR in 
N; draw the Q on NM as 
diameter to meet the Q on 
OP as diameter in D; draw OD and PD meeting the given Q in A 
(in DO produced), and in B and C. 

There is a second triangle corresponding to the intersection D' 
of the two circles. 

9. Given two of the angular points of a triangle and the centre 
of one of the circles touching its sides, construct the triangle. 
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*io. The circumcentre, orthocentre, incentre of a triangle ABC 
are 8, O, 1 respectively: prove that the l. 8 A 0 = the differelice of the 
angles ABC and ACB, and that Al bisects it, 

11, Construct a triangle whose base and vertical angle are 
given and the difference of whose base-angles is known. 

12. AD, BE, CF are the perpendiculars of a triangle ABC, and 
Al, Bi, Cl the midpoints of BC, CA, AB respectively: construct the 
triangle, when (i) D, E, Ai are given, (ii) Ai, F are given. Can 
the triangle be obtained when D, E, Ci are known ? 

*13. Four straight lines form four triangles when taken three 
and three : prove that the orthocentres of the four triangles are 
collinear. 

Solution, Let the str. 
lines (i), (2), (3), (4) 
form the four As ABE, 

BCF,CDE,DAF; letOi,Oo, 

O3, O4 be the respective 
orthocentres. 

Draw Qs about the 
As ODE, ADF, meeting 
in P, and let K, L, M, N 
be the feet of the per- 
pendiculars from P on \ 

AB, CD, AD, BC respec- 
tively. As P is on the 
QcDE the pts. L. M, N 
are collinear [ XVI ] ; 

and from the ^ collinear, .*. KLMNf 

is a str. line. As LMN is the Simson line of P for the A and 
^ O3 is the orthocentre, PO3 is bisected by the line KLMN [Exer. 203J; 
so also POi, POo, PO4 are bisected by the same str. line. 

But K,L,M,N are collinear, .% Oi, O,, Oj, O4 are collinear. 

14. If P is a point on the circumcircle of a triangle ABC, the 
pedal line of P cannot be in the same direction as BC, except when 
P is diametrically opposite to A, and then it coincides with BC. 

15. ^ Shew that the pedal line of the point in which the circum- 
circle is cut again by the perpendicular to BC from A, is parallel to 
the tangent to the circle at A, 

*16, The pedal lines of three points P, Q, R, on a circle with 
regard to any inscribed triangle, form by their intersection a triangle 
equiangular to the triangle PQR. 

17. Let P be a point on the circumcircle of a triangle ABC, and 
QR any chord of the circle parallel to the Simson line of P : prove 
that PR is parallel to the Simson line of Q, and PQ to the Simson 
line of R. 




CHAPTER V. 


RATIO AND PROPORTION. 

§ !2. DEFINITIONS AND ELEMENTARY THEOREMS. 

The ratio of two magnitudes of the same kind, A and B, is the 
number showing how often one of them A contains the other B, 
or what part or parts A is of B. 

This ratio is written in the form A : B, and is known to be 
measured by the fraction kjB j k is called the antecedent of the 
ratio and B the consequent. 

If A and B are geometrical magnitudes, e, g.y two lines or areas 
or angles, they may be expressed in terms of the same u?iit (unit 
length or area or angle ) by the 7 tumbers a and 6 respectively ; 
then the ratio A : B is conveniently measured by the ratio a : 6 or 
the fraction a/6. 

In many cases it will not be possible to find the fraction ajb in 
finite terms. The ratio of two lines of lengths 3^^ ^tnd 5I" is that 
of the numbers 39 and 68 when is the unit ; but it is not 
possible to express the ratio of the diagonal of a square to one side 
by such numbers, however small the unit may be. In such cases, 
when no common unit can be found to measure both terms, the 
magnitudes are said to be incommenstirahle. Similarly, as the 
square root of 3 by the ordinary process does not give a terminated 
result, the ratio ^3 : i is incommensurable. It may, however, be 
expressed to any required degree of approximation ; for it will be 

found that 173 and < 174; >1732 and <1733; >173205 
and <173206 ; and so on. 

When the ratio of two magnitudes of the same kind, A and B, 
is equal to that of two other magnitudes of the same kind, C and 
D ( but not necessarily of the same kind as A and B ), the four 
magnitudes are said to be proportionals or to form a proportion. 
The equality is thus expressed, — 

a:b»c;d or a:b::c:d. 
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A and D are called the extreme terms, B and C the mean terms 
of the proportion. Again the antecedents, A and C, of the two 
equal ratios are said to be homologous or corresponding terms ; so 
also the consequents, B and D. 

The antecedent and consequent of each ratio must be terms of 
the same kind, so that such a result as A:C = B:D cannot occur, 
unless C and D are of the same kind respectively as A and B. But 
when the numerical measures of the ratios are employed, the terms 
may stand in any order algebraically admissible, and we can have 
the numerical proportion a:c=^b:d» 

When four magnitudes are in proportion, the fourth is said to 
be the fourth proportional to the first three. 

When three magnitudes are in continued proportion, so that 
A : B = B : C, the third (C) is said to be the third proportional to the 
first two, and the second (B) is said to be the mean proportional 
to the first and third. 

The square, A^B*, of a ratio, a/B, is often called the duplicate 
ratio of A : B. 

When quantities are in proportion, many other proportions and 
inferences can be derived by the laws of Algebra : the more 
important of these are given below 

(i) When four quantities are in proportion, the product of the 
extremes is equal to the product of the means. 

Let a, c, d be the numerical measures of the quantities. 

Then ajb = cjd, by definition • 

multiply each side by bd ; /. ad =* be. 

Cor. I. If c, d are the measures of straight lines, it is 
known that ad^ be are the square units contained in rectangles 
with sides a and d, b and c. Hence, when four straight lines are 
in proportion the rectangle contained by the extremes is equal to that 
contained by the means. 

Cor. 2. When three straight lines are in proportion, so that 
A : B « B : C, the rectangle cofitained by the extremes is equal to the 
square on the mean, 

(ii) Conversely, if the product of one pair of quantities is 
equal to the product of another pair, the four quantities are in 
proportion so that the quantities of either pair are both extreme 
terms or both mean terms. 
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Let ad—hc\ divide each side by bd ; 

. , ^ ~ or a\h = c,d, 

b d 

Cor. If the product of a pair of quantities is equal to the 
square of another quantity, the three are in continued proportion, 
the latter quantity being the repeated mean term. 

(iii) li a\h ^c\d^ h\a—d\c. 

For a/b = cld: divide unity by each ; /. b/a — dlc. 

The use of this theorem is generally indicated hy the term 
mvertendd\ 

(iv) If a : 6 =* c : (i, than a\G — b'.d [alfernandd]. 

For ad=^hc, by (i) : divide each side by cd\ 

• CL b L • j 

. . ~ , or a : c = 0 : a. 

c d 

(v) If a\h=^c\d, then a±:h:h — c-^d\d. 

For ajb — cld: add and subtract unity; 

/. ? ± I = ^ ± I, or adz6:6 = 

b a 

The inference is indicated by componendo or dividendo^ accord- 
ing as the positive or negative sign is taken : in the latter case 
a> b and c> d. 

Cor. 1. Similarly we can infer a :a±6 = c:cdb^^* 


Cor. 2. By componendo, 
and by dividendo, 


a-\-h __c-¥d 
'~b 'd' ’ 

a - b - d 

~b dT ' 


divide the first equation by the second, term by term, and 

^ a-hb G-{-d 

we get 

a - 6 c-d 

or a + 6:a--6 = c4-d:c-ci [ coviponendo and divide ndo\ 


(vi) If three quantities are in continued proportion, the ratio 
of the first to the third is the duplicate ratio of the first to the 
second (or the second to the third). 

Let a : 6 = 6 : c, then ac * 

. ^ . a a h 

• • Q * ^*5 '"ft ; «i • 'T 

c be 
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(vii) When several ratios are equal, mch of them is equal to the 
ratio of the sum of the antecedents to the sum of the consequents. 

Let ^ 

p q^ s' 

then each of these « 

p+q+r+s 

For let the common value of the ratios be m\ 
then a ^ pm, 

P 

So also h » qm, c — d = sm. 

Hence a-\-h-^c+ d^sm (^ 4 -^ + ^ + ^); 

, a-^h c d uru 

, . each of the given ratios. 

p q r-^ s ° 

^7 7 ^ 

It can be similarly proved that each ratio =» = , etc. 

p-q 


g 13, PROPORTIONAL DIVISION OF STRAIGHT LINES. 

In g 4 we have given the definition of the segments of a straight 
line made by a point and shown how these have to be taken with 
proper algebraical signs to make up the given line. 


If A, B are 

the 


extremities 

0 f 


the line and 

C 

A^ 

the point 

of 


section, the ratio 



HB 


B. 


hO 


i 

of the segments 

is AC:CB; and the line AB is said to be divided at C in this ratio. 
It is seen that in the first case the ratio is positive, while in the 
second it is negative as CB is of opposite sign to AC. 


In case (i) the ratio may be made to have any positive value by 
making C, the point of division, move along AB irom A to B, the 
value rising from zero in the beginning to a number larger than any 
assignable quantity. In case (2) by making C move from B to* 
infinitely distant points in AB produced, the ratio majr be altered 
from a negatively infinite value to a value as nearly unity as possi- 
ble and negative ; while by taking C in BA produced, the values ot 
AC : CB range from O to — i. 
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The following theorem gives an important result about the 
point of division of a line in a given ratio. 

Proposition XX. Theorem. 

• A given straight line can he divided in a given ratio in only 
one point either internally or externally, 

A* ig Fig. I 

Ai — )C Fig. 2 

Let AB be the given finite line, and let it be supposed to be di- 
vided, internally in Fig. i externally in Fig. 2 in a given ratio. 
Then there will be only one pt. of division, C, in each case. For, 
if possible, suppose D to be a second pt. of division in the same 


. AC AD 
ratio, so that q3 = db' 


. /,\ AC + CB AD + DB. 

•• — CB DB— ’ 

[Componendo'] 

and (2), aC“CB AD-DB 

CB ^5B • 

Hence in both cases ^ = gg 5 

\pividendo\ 


CB =» DB, which is impossible, unless C and D coincide. 
/, there is only one such point of division. 


Del. When a finite straight line is divided internally and ex- 
ternally in the same ratio, it is said to be harmonically divided. 


h 


B 




Thus if in the accompanying figure AC:CB equals AD:db, the 
line AB is said to be harmonically divided at C and D. It should 
be remembered that the ratios are only numerically equal, as one 
is positive and the other negative ; and the correct algebraical 
statement is *“ Qg* 
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Proposition XXI. Theorem. 

If a straight line is drawn parallel to one side of a triangle, 
) divides the other two sides, internally or externally, in the 
ame ratio. Conversely, if a straight line is drawn so as to 
livide in order two sides of a triangle, infernally or externally^ 
n the same ratio, it is parallel to the third side. 



(i) Let ABC be any A, and let PQ pari, to BC cut AB, AC in 
>,Q respectively : to prove that AP . PB=>A(3 : QC. 

Take KL a common measure of AP and PB, so that AP contains 
t p times and PB, g times. 

/. AB can be divided into ^ + g ox p-q parts, each — KL, and 
> is one of the pts. of division. 

Through each pt. of division draw str. lines pari, to PQ, and let 
CM, LN be two consecutive pari, lines out of these. 

Then AC is also divided intoj^-f ox p - q parts, each=» MN 
19], and Q is one of the pts. of division. 

HpnrP ^ . 

PB q.KL q' QC ^,MN q' 

Pe-SU’ 0'^AP;PB = A(3:QC. 

(ii) Let the sides AB, AC of a A ABC be divided proportionally 
n order, so that AP : PB = aq : QC : to prove that PQ is pari, to BC. 

If PQ is not pari, to BC, draw, if possible, PQ' pari, to it. 

Then AQ' .* Q'C=ap:pb, by the first part: 

)Ut AQ ; QC = AP : PB ; [Hyp.] 

.•.aq':q'c = aq:qc, 

hat is, AC is divided at Q and Q' in the same ratio, either 
nternally or externally. 

.•.Q and Q' coincide, [XX ] 

md hence PQ is pari, to BC. 
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Cor 1 . We shall have also AP:ab = AQ: AC, by reasoning as 
in the first part of the proposition. Or this result may be obtain- 
ed by componendo or dividendo. [ See § 12, v, Cok z.] 

Cor. 2. If any two str. 
lines are cut by any number 
of pari. str. lines, the cor- 
responding segments are 
proportional. If AB, A'B' 
are so cut by pQ, RS, TU, 
then, drawing PFG pari, to 
QSU, we have PR : RT = PF : FG, 
by the Prop.; but PF^QS, 

FG*=SU [16]. 

Hence PR ; RT = QS : SU. 

Exercises. 

208. Prove Prop. XXI in the case when P is in BA produced. 

209. AD^BC are the pari, sides of a trapezium ABCD, and points 
P and Q are taken in AB, CD respectively so that AP : PB= DQ : QC : 
prove that PQ is parallel to AD or BC, 

210. In a quadrilateral ABCD the diagonals intersect at O and 
AO : 00=5 DO : OB : prove that two sides of the quadrilateral are 
parallel. 

21 1. Draw to scale a line 45' long and divide it (i) internally 
in the ratio 2 ; 3, (ii) internally as well as externally in the ratio i :5, 
Verify the results by calculation. 

212. Inthe two figures of Prop. XXI, AP = 9", a (3 = 2PB : 

find AB and AC. 

213. D, F and E, G are points on the sides AB and AC respectively 
of a triangle ABC, such that DE, FG are each parallel to BC^ if AD = 4, 
DB = 3, AE = 6, GC = i, find DF and EG. 

214. D is any point in the side BC of a triangle ABC; a straight 
line parallel to BC meets AB,AD, AC (produced it necessary) in M, 0 ,N 
respectively. Prove thiit MO : ON = BD : DC. 

*215. ABC is a triangle, and any line MN parallel to BC meets AB 
in M and AC in N: prove that the locus of the intersection of BN and 
CM is a straight line. 

216. The straight lines AOB, COD meet in O so as to make 
AO:OB==CO:OD: if P, Q are the midpoints of AB,CD respectively, 
prove that PQ is parallel to AC or BD. 

217. Two circles touch (internally or externally) at A, and a 
straight line through A meets them again in P and Q severally : 
prove that AP^AQ equals the ratio of the radii of the circles. 

215. D is any point in the side BC of a triangle ABC, and DE,DF 
parallel to AC,AB respectively meet AB,AC at E,F respectively: find 
the locus of the midpoint of EF. 

219. ABCD is a parallelogram; p is a point in aD such that 
Ap;pD = 3:8. If BP and AC meet in L, find the ratio AL:LC. 
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220. ABCD is a parallelogram; H and K are points in aB and CD 
such that AH = ^AB^ CK = ^CD. Find the ratios of the segments of 
AC made by hD and KB. 

221. In a triangle ABC, BD is taken along BC equal to ^ of BC;AD 
is joined and bisected in F. If BF meets AC in q, find the ratio AG : AC. 

222. ABCD is a parallelogram, and P is taken in BC so that 
PC is -J of BC;aC and AP cut the diagonal BD in O and E* Prove 
that OE is of BD. 

223. In the exercise above, ifOE is i of BD how does p divide BC? 

224. ABC is a triangle, and d is the midpoint of BC ; any straight 
line through C meets aD in E and AB in f. Prove that rect. 
AE.FB = 2 rect. AF-ED. 


Proposition XXII. Theorem. 

The straight lines bisecting internally and externally the 
vertical angle of a triangle^ divide the base internally and ex- 
ternally into segments lohich have the same ratio as the ad- 
jacent sides of the triangle. 



Let the str. lines AD, ADi bisect the vertical angle BAC and the 
external angle CAK at A in any- A ABC, and meet BC in D, Du 
BD BA BDi 
^ DC AC GDI 

Through C draw CK, CKi pari, to AD, ADi respectively, meeting 


AB in K, Ki. 

[I2l 

Then i- ACK- ^CAD 

= /.DAB - ^CKA; 

[1*3 

and l. ACKi - ^ CADi - L. DiAK - L CKiA. 

fs] 

/. AK-AC-AKi. 


Now DA is pari, to CK, 


«Qd SQ also 


BD_BA 
DC AK 

ir * ACi 



BA . 
AC' 



V.] 


GEOMETRY. 


79 


Proposition XX 111. Theorem. 

The straight lines drauon Jrom the vertical angle of a triangle 
to divide the base internally and externally into segments hav- 
ing the same ratio as the adjacent sides of the triangle, bisect the 
vertical angle internally and externally. 



' — : to prove that AD, ADi bisect the angle at A 

CDi 


Let the str. lines A D, A Di, drawn from the vertex A of any 
A A B C, divide the base in the ratio of the adjacent sides, so 

DC AC 

internally and externally. 

If AD does not bisect the l BAC, draw AE the bisector of the 

[XXII] 

DC“ Ac l^^yP*^* *• DC EC* 
i. e. BC is divided internally at D and E in the same ratio. 

This is impossible [XX] ; 

/. AD bisects the l bac. 

Similarly can ADi be shown to bisect the l BAC externally. 


angle. Then = . 

BD _ BA r-rr "1. 
DC ACL^^P’J* 


Cor. As ;bd:DC =BDi:CDi, it follows that the base of a 
-triangle is divided harmonically at the points where it is met by 
the internal and external bisectors of the vertical angle. 


Exercises. 

225. Apply Prop. XXII to divide a given line internally and 
externally in the ratios i \2 and 3 :2, 

226. Draw a triangle with sides 20, 15, 18 mm. Find points 
in the side 18 dividing it in the ratio 4 ; 3, and in the side 15 
.dividing it in the ratio 10:9, by means of the Proposition. 

227. In the exercise above, find the distance between the two 
points (of internal and external section) obtained in each side. 

•228. Give the construction of Prop. XXII when AB is less than 
AC; and examine the case of external section of the base when 
AB = AC. 

229. By the help of Props. XXII and XXIII prove that (i) the 
three internal bisectors, (ii) one internal bisector and two external 
bisectors, of the angles of a triangle are concurrent. 
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230. In the figure of Prop. XXI II, BC = a, CA = ^, = : 

find BD, DC, DiC, and prove that DD, = 

•231, In the figure of the same proposition let M be the midpoint 
of BC ; prove that 

MD :BG = AB-AC ; 2 (AB+AC), 

and MDi : BC = AB- 1 -AC : 2 (AB-AC). 

232. The straight lines bisecting the angles B and C of a triangle 
ABC meet the opposite sides in D and E : prove that if DE is parallel 
to BC the triangle is isosceles. 

233. From the vertex A of a triangle ABC perpendiculars AK, AL 
are drawn to the external bisectors of the angles at B, C ; prove that 
KL is parallel to BC and equals the semi-perimeter of the triangle. 

234. In a quadrilateral ABCD, the bisectors of the angles at 
A and C meet on BD : prove that the bisectors of the angles at B 
and D meet on AC. 


235. The lines trisecting an angle of any triangle cannot 
divide the opposite side into segments which are all equal. 


236. AD is a median of a triangle ABC; the straight lines bisect- 
ing the angles ADB, ADC meet the sides AB, AC in p, Q respectively. 
Shew that pQ is parallel to BC. 

237, AD is the bisector of the angle A of a triangle ABC ; AC 
meets the circle described about the triangle ADB in a second point 
P, and AB meets the circle about the triangle ADC in Q. Prove 
that BQ is equal to CP. 


238. If I is the incentre and J the excentre with regard to the 
side BC of a triangle ABC, and X the point where IJ meets BC, prove 
that AI-A4. AB.AC 


IX“JX' 


BC 


239. Prove that the radius of the incircle of an isosceles trian- 
gle bears to its altitude the ratio which the base of the triangle has 
to the sum of its sides. 

Solution, Let ABC be the Aj AB = AC. Bisect 
BC in D, join AD : then the A s ABD, ACD are con- 
gruent, and AD bisects the L. A. 

the incentre I will be on AD, and such that 
Bl, Cl bisect the s B, C respectively. 

Hence we have = [XXII] =§f ; 

[vii, § 12] 

. in BC . . ID BC P 2 1 

•• IA^CA + BA* •• 1 D + IA“"CA + BA + BC LV, cor. i, g i2j 

ID base 

Thus we get So = perimeter' 

240. CD is a chord of a circle and AB the perpendicular diame- 
ter ; A and B are joined to any point Q in CD, and AQ, BQ produced 
cut thecirclein X, Y respectively. Shewthat rect. CX.DY = rect. DX.CY. 
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§ 14. ELEMENTARY RATIO CONSTRUCTIONS. 

Proposition XXIV. Problem. 

To divide a given straight line internally and externally in a 
given ratio, 

A 

X 

L 

M 

Fig-. I Fig. 2 

Let AB be the given str. line, and the ratio of the lengths L, M, 
the given ratio. 

Draw a str line AX to make any convenient angle with AB. 
Along AX mark off AP =- L, PQ = M, the latter being m the same 
sense (or direction) as AP Fig. i, and in the opposite sense to AP 
in Fhg. 2 . Join QB and draw PC pari to QB to cut AB or AB 
produced in C. Then AB shall be divided at C in the given ratio. 

V PC IS pail, to QB, •*. CB=^ 

Cor. By an exactly similar construction we can divide a given 
straight line similarly to a given divided line, or into any number 
of parts having given ratios to each other. 


B A 


B 


T'C 


N 


r 

X'''- • 
''Q 




XX 
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Proposition XXV. Problem. 


To Und the fourth proportional to three given straight lines. 



Let L, M, N be the given str. lines, l^raw two str. lines AB, AX at 
any convenient angle. Along AX mark off AP == L and pQ =* M, and 
along AB, AR = N, 

Join PR and draw QS pail, to PR to meet AB. 

Then RS shall be the fourth proportional. 

V PR IS pari, to QS, .. 

•. and RS is the fourth proportional. 

M RS 


Cor. By taking N = M, we shall have l:m=M .‘RS; thus the 
third proportional to L and M is obtained. 

If the lengths L and M are large, PQ = M may be set off in the 
opposite sense to AP, in order to give the figure conveniently small 
dimensions. 


Exercises. 

24 c. Divide a straight line of length two inches into three parts 
which shall be to each other as 1:4:7. 

242. Draw a triangle of perimeter 9 cm. with sides as 214^:5^, 
Can the sides be proportional to 2 *.3^:6^ ? 

243. Divide a straight line of length externally in the 
ratios 2:9 and 9:2, Measure the parts and verify by calculation. 
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244. A straight line APB is such that AP=i 75 ', PB=»’25'. 
Divide it externally at Q so that AQ:BQ = AP:PB, and by measure- 
ment show that — + — = I. 

AP AQ 

*245. A straight line AB is divided internally and externally at 
p ^nd Q in the same ratio, and M is the midpoint of AB : prove that 
rect. MP.M(2 = MA2. 

246. Construct the second figure of Prop. XXIV when M is 
greater than L, and examine the case when M = L. 

247. Find X geometrically in the following proportions, and 
verify the answers by calculation : — 

(i) i-2:3 = s:;»r: (2) i-2:s = x:5; (3) a::2-5 = 2-s;6. 

248. Find by geometrical construction the values of 

and 

3*9 4*5 


249. The sides BC, CA, AB of a triangle are of lengths a, c 
respectively: find by construction the fourth proportionals to 
(r) a, b, c; (2) c, b, a ; (3) a, c, b. 


250. On a given base draw a rectangle equal in area to a given 
rectangle. 


Solution. Let 
PQ be the given 
base and ABCD 
the given rect- 
angle. Produce _ 0 

BA, take AO = PQ; 
draw any line 
OEF, take 
OE = AD. Join 
AE, draw BF pari, to AE- then 



F 

is the other side of the rectangle. 


Draw QR perp. to PQ and = EF, and complete PQRS, which is the 

required figure. As we require P( 3 .qR = AB. AD- .-.’^5 = ^^, so that 

* * * AB OR 

< 2 R (or EF) is the fourth proportional to PQ, AB, AD: hence the 
construction. 


251. On a base long construct a rectangle equal in area to 

a square of side i Measure the other side of the rectangle and 
verify the result. 

252. The sides of a triangle are 17, 21, 24. Construct on a base 

of length 30 an equivalent rectangle, drawing the figure to any 
suitable scale. ^ 
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*253. Two points P,Q, on the same side of a line OX, are at dis- 
tances jvi, f2i froni it : if H is taken in PQ so that PH : HQ = c : 

prove that the distance of H from OX is 

C+d 


Sohdwn, Draw the distances 
PL, QM, HK from the given line OX, 
and PEF, HG pari, to it ; let HK =r. 


,Tr . FG-.-PH f 
We have qq-Rq^^; 


HE = f 
GQ d' 


z, e.i 


yzli=i. 


J'2 -y d 
Multiply out and sohe forj. 



254. Solve the problem above when (i) P and Q are on opposite 
sides of OX, (2) H is in PQ produced. 

*255. The centroid, G, of three points P, Q, R, is tlius constructed: 
bisect PQ in A, and divide AR in G so that AG:GR=i:2. U Xu 
ATo, X] are the distances of P, Q, R from a i>i\en straight line, find 
the distance of G from the same line. 


256. ACB is a given arc of a circle: find a point P on it such that 
the chords AP, PB may be in a given ratio. 

Solution. Complete the Q of which ACB 
is the arc ; bisect the remaining arc at M 
[57], and divide the cliord AB in the given 
ratio, say 2 13 [XXIVJ. Join M to the pt. A 
of division, D, and let MD meet ACB in P. 

V arc AM = arc BM, z.APD==z.BPD \ \ / 

[38, 44]; 

AP :PB = AD : DB [ XXII ] = 2 : 3 IVl 

[C0715.^. 

257. Through a given point 0 within a given angle BAG draw 
a straight line XOY terminated by AB and AC, and such that XO .OY 
is equal to a given ratio. 




CHAPTER VI. 


SIMILAR FIGURES • CENTRES OF SIMILARITY. 


§15. SIMILAR TRIANGLES. 

Del- Two rectilineal figures are said to be eqiitajigular to 07 ie 
afiother when the several angles of one taken in order are equal 
respectively to the several angles of the other taken in the same 
order. 


More briefly such figures are called equia^igular ; and this term 
does not necessarily imply equality among the angles of either 
figure. 

The angles which arc equal in pairs are said to be corresponding 
angles of the figures , and a side of one is said to be correspondmg 
or homologous to a side of the other, when the two sides terminate 
in pairs of corresponding angles. 


Two rectilineal figures are said to be similar when they are 
equiangular to one another and have also their corresponding 
sides 'projportionaL 


Thus in the accompany- 
ing figure the two poly- 
gons are similar (i) if 
L A L Pi', LB', 

..., LE^ LE', and (2) it 



also 


AB 


B^C 

B'C'" 


A'B' 
Alter^iando 


E A 

e'a'’ 
we have 


EA^ 

ab' 


E'A' 

’ A' B'’ 


AB^ 

BC 


A'B' 

B^’ 


hence the sides about each of the equal angles are successively in 
proportion. 


Both conditions of similarity are essential ; but it will be seen 
from the immediately following propositions that either condition 
alone is sufficient for triangles. This is due to the fact that the 
triangle is the simplest of rectilineal figures. 
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In the case of other figures both are 
necessary. For instance, the annexed 
diagram shows two pentagons which 

are equiangular but not similar, as 
B C PC 

equal ratios- 



Again a square and a rhombus have 
their sides in proportion, but are not 
equiangular ; they are therefore not 
similar. 



Propositloa XXVI. Theorem. 

If two triangles are e(quiangular to one another^ their corresp 07 id- 
ing sides are proportional^ and the triafigles are similar. 



Let the A s ABC, A'b'C' be equiangular, so that Lk^ 
z. B — z. B', ^ C = LQ,'\ to prove that they are similar. 


Apply the A A'B'c' to ABC so that l b' coincides with the equal 
Z.B and A' falls along BA (produced if necessary) at some pt. 
then C' falls along BC at E, so that DE is the new position of A'C'. 
z. D « z. A' — z. A, DE is pari, to AC. 


Hence = [XXI, 


Similarly, by applying the A a'b'c' to ABC so as to make l c' 

coincide with l c, it may be proved that ^ q 

B C AC 

. ^ BC _ CA 
•• a'b'"b'c' C'A'’ 
also the A s are equiangular, 
they are similar. 


{Hyp:\ 

VDef.-\ 
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Cor. 1* Two triangles are similar if two angles of one are 
severally equal to two of the other; for then the third angles 
are equal. 

Cor. 2. Two right-angled triangles are similar if an acute angle 
of one is equal to an acute angle of the other. 


Proposition XXVII. Theorem. 

If two triangles have their sides proportional when taken in 
order, their angles opposite to corresponding sides are equal, 
and the triangles are similar. 



Let the As ABC, A'B'C' have their sides proportional in order, 
AB BC CA 

SO that ~7— = — = : to prove that they are similar. 

A'B' B'C' C'A' 


From BA, BC (produced if necessary) cut off BD =» B'a',BE *B'C', 
and join DE. 


.. BA BC^ .BA_BC 

b'a'"^c'’ ’*^~be’ 

DE is pari, to AC. [XXI, ii] 

Hence the As BA C, BDC are equiangular, and similar. [XXVI] 


BD 

DE 


BA B^A^ 1 . 

^ = [Hyp.], 


butBD = B'A' [Cons.\ de = a'c'. 

the As BDE, B'a'C' are congruent [5]; 
their corresponding angles are equal. 

But the A BAC is equiangular to BDE [Frovedl', 
/. the As BAC, B'a'C' are equiangular : 


also their sides are proportional in order \Hyp.\ 
/. they are similar. 
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Exercises. 


258. Construct a triangle of sides 51^, 60^-, 72 mm., and mea- 
sure its angles. Hence find the other sides of a triangle whose 
largest side is 18 and whose angles are 45°, 55°, 8o“. 

259. Construct two triangles of different size whose sides are 
as I : 3 : 3I ; show by measurement that they are equiangular. 

260. Any point D in the base BC of a triangle is joined to the 
vertex A, and AD is divided at O so that AO : OD — 5:7 ; POQ is 
drawn parallel to the base and terminated by the sides ot the 
triangle. If BC = i *2", CA = -8", AB= i ’4", find PQ by measurement 
and verify by calculation. 

261. Draw two right-angled triangles each having an acute 
angle of 48^ ; measure the ratio of the hypotenuse to the side 
opposite the given angle in each triangle. 

262. Draw two straight lines inclined at an angle of 70*^, and 
find a series of points within the angle whose distances from the 
lines are in the ratio 3 : 4. 

263. Within a triangle ABC find a point P such that its distances 
from BC, CA, AB, are as 7 1 1 • 16 respectively, and measure BP and 
CP. 

264. A man 5 ft. 8 in. high observes that his shadow cast by 
the sun is i yd. 4 in. : calculate the height of a tower which 
casts a shadow of 357 ft. at the same instant. 

265. Draw two circles of radii i" and 2 cm.; circumscribe tri- 
angles of angles 50^ 55^, 75'’ about each, and compare their 
corresponding sides. 

266. Prove the results of (VIII, Cor, i) and (IX) by means of 
similar triangles. 

267. By help of Prop. XXVI prove that the medians of a triangle 
concur at a point of trisection of each. 

268. In a triangle ABC, AD and CE are the perpendiculars to 
the bisector of the angle ABC : shew that AD.BE = CE.BD. 

*269. In two similar triangles prove that two corresponding sides 
are proportional to (i) the altitudes drawn to them, (2) the bisectors 
of the opposite angles terminated by them, (3) the radii of the 
circumcircles. 

*270. Two right-angled triangles are similar if the hypotenuse 
and one side of one are proportional to the hypotenuse and one 
side of the other. 


Solution. In the 
As ABC, A'B'C', 
rt. -angled atB, B', let 
AC: A'C' = AB: A'B'. 
Suppose BA>B'A'; 
from BA cut off 
BD = B'A', and draw , 
DE pari, to AC. ® 
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V the As ABC, DBE are equiangular, 


AC^ AB 
DE BD 


AB 

B'A' 


T T A C 


Wyp.]; 


.-. DE= A'C'. Also DB = A'B', LB= lB’, 

the As DBE, A'B'C' are congruent [ 7 , « ], and equiangular. 

But the A s DBE, ABC are equiangular ; 

the As ABC, A'B'C' are equiangular, and hence similar. 

271. Two circles touch at a point A, and any straight line 
through A cuts them at Pand Q; prove that AP, AQ are in the ratio 
of the corresponding diameters. 

272. Two circles intersect at A and B, and any straight line 
through A cuts them again at Pand Q: prove that BPjBQ are in the 
ratio of the corresponding radii. 

273. A chord BC of a circle cuts off an arc whose midpoint 
is A ; any straight line APQ cuts BC in P and the circle again in Q. 
Prove that rect. AP.AQ-^sq. on AC. 

274. The straight line joining the midpoints of the parallel 
sides of any trapezium passes through the point of intersection of 
the diagonals ; and the straight line through this point parallel to 
the parallel sides and terminated by the other sides, is bisected at 
the point. 

275. In the parallel sides AD, BC, of a trapezium the points 
p, Q, are taken such that AP . PD = BQ : QC : prove that AB, CD, PQ 
are concurrent. 


276. ABCD is a quadrilateral having right angles at A and C, 
and BK, DL are drawn perpendicular to AC : prove that AK = CL. 

*277. Four straight lines AK, BL, CM, DN meet in a point O, 
and ABCD, KLMN are parallel straight lines cutting them : prove 
that AB : BC : CD = KL : LM ; MN. 


278. Apply the e'cercise above to divide a given straight line 
into 71 parts having given ratios to each other. 


SoJiition. Let AB be the given 
str. line, and suppose it is re- 
quired to divide it into four parts 
proportional to c, d. 



Take a pt, X and draw XS pari, to AB ; with any convenient unit 
mark off XP, PQ, QR, RS of lengths a, b, Cy d units respectively. 
Let XA, SB meet in O ; join OP, OQ, OR to cut AB in C, D, E res- 
pectively. 

It may be proved, as in the previous exercise, that AC: CD:DE : 
£B=XP :PQ:QR:RS = ^z:<5:i;;^/. 
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279, AB, AC are two chords of a circle, and AT is a tang^ent ; 
CD is drawn parallel to AT to meet AB in D. Prove that AD is the 
third proportional to AB and AC. 

280. A square is inscribed in a right-angled triangle with one 
side on the hypotenuse and the two opposite angular points on the 
two sides of the triangle: prove that the three segments of the 
hypotenuse are in continued proportion. 

*281. X, Y are points on the sides AB, AC of a triangle ABC, such 
that XY is parallel to BC ; find the locus of the point of intersection 
of BY and CX. 

*282. A point p moves so that its distances from two fixed 
straight lines AB, AC are in a given ratio : prove that the locus of P 
is a straight line passing through A. 

283. ABC, DBC are two triangles of equal area on the same 
side of the base BC : prove that the parts, intercepted within the 
triangles, of any straight line parallel to BC are equal. 

*284. From a point O on the circumference of a circle perpen- 
diculars OP, OQ, OR are drawn on two tangents AC, BC, and their 
chord of contact respectively: prove that rect. OP.OQ = OR 2 . 

*285. O is a fixed point and XY a fixed straight line ; lines are 
drawn from O to various points of XY and divided in a fixed ratio. 
Find the locus of the points of section. 

*286. O is a fixed point in the plane of a fixed circle of radius 
r ; lines are drawn from O to various points of the circumference 
and divided in the fixed ratio/: m. Prove that the locus of the 

points of section is a circle of radius - 

I 

287. Through one of the points of intersection of two circles 
draw a chord which shall be divided at the point in the ratio of the 
radii. 


Proposition XXVIII. Theorem. 

If two tria?tgles have one angle of 07 ie equal to one angle of the 
other and the sides about these angles proportional^ the triangles 
are similar. 



Let the A s ABC, A'B'C' have l l and AB : A'B' = AC :A'C': 
to prove that they are similar. 
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Apply the A A'B'C' to ABC so that the equal angles A', A coin- 
cide, and B' falls on AB at D; then c' falls on AC at E, and DE is 
the new position of B'c'. 

.. AB ^ AC ^ . AB AC^ 

“ A'B'^A'C'* “ AD AE 

, /. DE and BC are pari. [XXI, ii] 

A.B' ^D= LB, LC- LC. [I2] 

Hence the As ABC, a'b'C' are equiangular ; 

they are similar. [XXVI] 


Proposition XXIX. Theorem. 

If two triangles have two sides of one proportional to tivo sides 
of the other a7id have likewise the angles opposite to one correspond- 
ing pair of these sides equals then the angles opposite to the other 
corresponding pair are either equal or suppleifientary ; and in the 
former case the triangles are similar. 



Let the As ABC, a'b'c' have ^ B= z. B' and also AB:a'b' 
=» AC : a'c' : to prove that z_ C =■ z. c' or z. c + z. C' = 2 rt. angles. 

(i) If Z- A = z. a', then ^ c - ^ C' ; the A s are equiangular, 
and therefore similar. 

(ii) But if z. A is not «* A', suppose z. A greater ; 

cutoff Z.BAX- Z-B'A'C'. 

The As BAX, B'a'C' are equiangular, and therefore similar. 


Hence 


AB 

A'B' 


AX 

A'C' 


[XXVI] ; but 

A B 


AC 

A'C' 


{Hyp,'] ; 


.AX AC 

••—,--7-7, i,e., AX = AC. 

A'C' A'C' 

/. Z. ACX=» L AXC [8], 

**suplt. of Z. AXB»SUplt. of L a'C'B'. 
L C + z. c' = 2 rt. angles. 
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Cor If the given equal angles B, B' are right, the angles C, C' 
are necessarily acute [ I o], and cannot be supplementary; they 
are therefore equal. Hence if the given angles are both right, 
the triangles are similar. [See Exer. 270.] So also, if the given 
angles are both obtuse the triangles are similar. 


The student should notice the close correspondence of the 
conditions which determine the congruence with those which deter- 
mine the similarity of triangles. The chief difference is that in the 
case of similarity no linear equality is given ; for neither lengths nor 
areas are necessarily equal, the triangles being only required to be 
of the same shape. We thus have — 

(a) two sides equal and included angles equal [4], two sides 
proportional and included angles equal [XXVIII] ; 

(^) three sides equal [5], three sides proportional [XXV'II] ; 

(c) two angles equal and one side equal [6], two angles equal 
and therefore the third angles also equal [XXVI] ; and 

{d) two sides equal and angles opposite to one pair of them 
equal [7], two sides proportional and angles opposite to one pair of 
them equal [XXIX]. 


Exercises. 

288. Construct three triangles each having two sides in the 
ratio 3 : 4, and the angle opposite to the smaller of these an angle 
of 32^ Are all such triangles similar ? 

289. Construct as many different kinds of triangles as possible 
each having two sides in the ratio 5 : 3 and an angle of 32® oppo- 
site to the larger of these. 

290. Two straight lines AB, CD intersect at O so as to make rect. 
AO.OB = rect. CO.ODiprove by Prop. XX VI 1 1 that the points A, C, B, D 
are concyclic. 

291. ABC, A'B'C' are similar triangles, AD and A'D' being cor- 
responding medians : prove that AD; A'D' = BC:B'C'. 

292. In the exercise above if D, D' are points in BC, B'C' such 
that BD:DC = B'D':D'C', prove that the result still holds good. 

293. OABC...is a straight line; through A, B, C,... parallel straight 
lines AP, BQ, CR..., in the same direction, are drawn so as to make 
AP:Bg:CR.., = OA;OB:OC.... Prove that the points O, P, Q, R...are 
collinear. 
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294. AB is the diameter and C the centre of a semicircle; N and 
T are points in CB and CB producedsuch that AT:AC = AN:CN, and 
TP is the tangent from T. Prove that the z. CNP is right. 

*295. O is a fixed point and XY a fixed straight line; on the 
lines drawn from O to various points of XY triangles similar to a 
^iven triangle are similarly described. Find the locus of the vertices 
of the triangles. 


Solution. 

Let ABC be 
the given A • 

Draw OP 
perp. to XY, 
and describe 
on it the A 
OPV equian- 
gular to ABC. Then the A OPV 
fixed line and V a fixed pt. 



is similar to ABC, also OP is a 



Take other pts. Pi, P2,...on XY, and draw similarly the As OPiVi, 
OP.jV^, ...equiangular to ABC, and therefore similar to it. 

Join VVi,VV2,... 

The As OPV, OPjVi are equiangular, and therefore similar; hence 


”p^ = ^-*Alsov z. VOP= ViOPi, z. VOVi= Z.POP1. Hence 

in the As OVVi, OPPi, two sides of the first are proportional to two 
of the second, and the included angles are equal; 

/. these As are similar [XXVIII]. 

.'. Z. OVVi = z. OPPi = one rt. angle. 


Thus Vi lies on a str. line through V perp. to OV, i.t\ on a fixed 
str. line. Similarly Vj and the other vertices are seen to lie on the 
same fixed line, which is therefore the required locus. 
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§ 16. MEAN PROPORTIONAL. 

Proposition XXX. Theorem. 

In a right-angled triajigle the j^eryendictday drawn from the 
right angle to the hypotenuse divides the triangle into two triangles 
similar to the given triangle and to one another. 



Let ABC be a Art.-angled at C, draw CD perp. to AB : to prove 
that the AsADC^BDC are similar to the A ABC and to one 
another. 

In the As ADC, ABC, z. A is common; z. ADC = z. ACB, each 
being right; and z_ ACD = z. ABC, each being the complt. of zl a. 

Hence the As are equiangular, and therefore similar. 

In the same way the As BDC, ABC may be proved similar. 

.*. the A s ADC, BDC, being similar each to the A ABC, are 
similar to one another. 

Cor. 1. V As ADC, BDC are similar, AD:DC = CD:db 

[XXVI]; /. rect. AD.DB-CD^ [ 12, i ]. 

Hence, if a perp. is drawn jro 77 i the right angle of a rt-angled 
A to the hypotenuse, the square on the perpendicular is equal to 
the rectangle of the segments of the hypotenuse, [ See V, Cor,, 
and Exer. 59.] 

Cor. 2. V As ADC, ABC are similar, AC: AB=» AD! AC ; 

rect. AD.AB=«AC 2 . So also rect. BD.BA = BC^. 

Hence, the square on either side of the rt-angled triangle is 
equal to the rectangle of the hypotenuse and the adjacent segment of 
it made by the perpendicular from the right angle, [See Exer. 60.] 
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The student should see that the three triangles in the figure are 
really similar, though they are not similarly situated. Thus the 
^ BDC may be made to occupy a position like that ot the ^ ADC 
by being turned in its plane through a right angle ; the A ABC 
will further require to be turned about AB as axis. 


Proposition XXXI. Problem. 

To find the mean proportional to two given straight lines. 



Place the given lines, AD, DB, end to end in a straight line as 

ADB; on AB describe the semi-OAXB, and draw DC perp. to AB 
to meet it in C • then DC is the mean proportional. Join CA,CB. 

•/ L ACB = rt. angle [46], and CD is perp. to AB, 

CD is the mean proportional to AD, DB [XXX, Cor, i] 

When the given str. lines are so large that the length ADB is 
inconvenient to draw, they should be placed as AB, AD, so that AD 
falls on AB ; making the same construction, AC will now be found 
to be the mean proportional. 

The proof gives another solution of Prop. V ; the student should 
read the note on that problem, and solve Exers. 43, 46 and 47. 


Exercises. 

296. In the figure of Prop. XXXI, AC = 2 *4", BC=*7"; calcu- 
late AD, BD,CD. 

297. One side of a rectangle is 13 mm. long ; find the other side, 
if the area is the same as that of an equilateral triangle of side 2 cm. 

298. Draw a rectangle equal in area as well as perimeter to a 
triangle of sides 1*5, 2, 2*5 cm., and measure its sides. 

299. Divide a given straight line (i) externally, (ii) internally, 
so that the rectangle contained by the segments is equal to the 
square on another given straight line. 
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300. In a triangle ABC, right-angled at C, the prep^ndicular 
CD drawn to AB divides it in extreme and mean rato so that 
AB : AD = AD ; DB : prove that AC is the mean proportonal to 
AB and BC. 

*301. Two parallel tangents of a circle meet a third tangent in 
A and B : if T is the point of contact of this tangent, prove that 
rect. AT.TB= sq. of the radius. * 

302, Two circles touch externally and an exterior common 
tangent meets them at A and B : prove that AB is the mean pro- 
portional to the diameters of the circles. 

Solution, Let P, Q be the 
centres of the Qs, C their pt. of 
contact; draw CM the common 
tangent at C to meet AB ; 
join MP, MQ, AP, BQ. 

As MC, MA are tangents to 
the same Q, 

MC = MA and ^ AMP 
= L CMP. 

So also MC = MB and L BMQ = L CMQ [ 42 ] . 

Hence CM = ^. AB, and -i PMQ= i PMC+ ^ CMQ 

= ^( z. AMC+ L BMC) = one rt. angle. 

Now MC i'^ the perp. of the rt. -angled AMPQ ; 

MC is the mean proportional to CP, CQ, the radii. 

Hence AB, ^ r., 2 MC, is the mean proportional to the diameters 
of the O''’* 

*303, From any point T outside a circle tangents TP, TQ are 
drawn to the circle, and O is its centre : if PQ meets OT in N, prove 
that ON, OP, OT are in continued proportion. 

304. AB is the diameter of a semicircle and BP the tangent to it 
at B; any straight line through A meets the semicircle in Q and BP 
in P. Prove that AQ, AB, AP are in continued proportion. 

305, AB is the diameter of a semicircle and P any point on its 
arc; a straight line perpendicular to AB at C meets AP, BP (produc- 
ed if necessary ) in D, E, and the arc in F. Prove that 
CD ;CF = CF:CE. 

306, In the exercise above if the line CDE falls outside the semi- 
circle, prove that rect. CD. CE = sq. of the tangent from C to the 
circle. 

307. Construct an isosceles triangle on a given base so as to 
have a given area. 
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§ 17. CENTRES OF SIMILAiRlTY. 

Proposition XXXI 1 . Theorem. 

If two unequal similar polygons are placed so that their correspond- 
ing sides are parallel^ the lines joining their corresponding vertices 
all meet m a pointy whoso distances from any two corresponding ver- 
tices are in the ratio of the coYvespondmg sides of the polygons. 


d 



Let ABODE; abode be similar unequal polygons. If ab is placed 
so as to be pari, to AB, then be is pari, to BC, as z. B =» z. 3 ; so 
also the other corresponding sides are pari. 

To prove that ka, Bb^ ..Ee are concurrent. 

Let Aa, Bb meet in S ; join SC, Sc. 

The A s ABS, abS are equiangular ; 

•••f [XXVI]. 

If and ^SBC- L%bc [12]. 
bB be 

the AS SBC, She SLXQ similar. [XXVIII] 

Hence z. BSC — ^S^*; SC,S^ are in one str. line, i.e., the line Oc 
goes through S, 

So also S, D, d and S, E, e are collinear : 

the lines joining corresponding vertices concur in the pt. S. 

G. 7 
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Again, from the similar As SAB, Sa^, so also 

SB SC BC AB _ ^ 

.*. the distances of S from corresponding vertices are in the 
ratio of any two corresponding sides of the polygons. 

Cor* If the straight lines joining any point to the vertices of a. 
polygon are divided, all internally or all externally, in the same 
ratio and order, the points of division form the vertices of a 
polygon similar to the given one and the corresponding sides of 
the two are parallel. 

Dels. The polygons ABODE, abcde of the Proposition are said 
to be similarly situated or homoihetic , the point S, where the lines 
joining corresponding vertices concur, is said to be a centre of 
similarity or homothetic ce^itre of the two figures. In the first 
figure, S, which divides A(2, B^,... internally, is called the internal 
or inverse centre of similarity; when S lies in Aa, produced, 
as in the second figure, it is called the external or direct centre 
of similarity. 

In either case S may be within both figures. Thus take any 
point O within the figure ABCD ; divide 
OA, OB, OC, OD internally in the same 
ratio at a, by c, d: then abed is similar and 
similarly situated with ABCD. It will be 
seen that AB and ahy BC and bcy ... are 
drawn parallel in the same direction. But g 
suppose AO, BO, CO, DO, are produced to 
py qy r, Sy SO that Op \ pk = Oq : qB — Or\ rO 
= Oj*:jD: then pqrs is still similar to 
ABCD, but is now oppositely situatedy so 
that, although AB, pq are parallel, they are 
drawn from A and p respectively in op- q 
posite directions. In the first case, O is 
the direct centre of similarity, in the second 
the inverse centre. The ratio Oa:OA or 
Op\Oky with its proper sign, is called the ratio of similarity of the 
figures. 

If the two polygons are regular figures of the same number oi 
sides, they are necessarily similar : if then they are placed with 
their corresponding sides parallel, they will have a centre of 
similarity, direct or inverse. Let circles be described about the 
figures ; and suppose the circles remain fixed while the sides of the 
figures increase in number and diminish in magnitude, the figures 
remaining regular all through. When this process is continued 
indefinitely, the limiting forms of the regular polygons will be the 
oircumcircles themselves. Hence it is seen that two circles have 
also two centres of similarity: an independent proof of this fact is 
given in the following proposition. 
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Propositloo XXXlll. Theorem. 

The straight lines joining the extremities of any two parallel 
%adii of two circles pass through one or the other of two fixed 
points on the line of centres of the circles* 



Let C, D be the centres of two given Os» CX any radius of the 
first; draw YDZ the pari, diameter of the second, and join XY,XZ, 
cutting the line of centres, CD, in S, s': to prove that S and S' are 
fixed points. 

From the similar As CSX, DSY, 

fixed ratio (that of the radii); 

S divides the fixed line CD externally in a fixed ratio, and there- 
fore is a fixed pt. [XX] 

So also 8' divides the fixed line CD internally in the ratio of the 
radii, and is therefore a fixed pt. 
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Cor. I. The Q whose centre is C and the pt. S or S' being 
given, Y or Z may be obtained by joining SX, S'x, and dividing 
these internally or externally in a constant ratio: hence, if the straight 
lines joining any fixed point to points on the circumference of a 
given circle are divided, all internally or all externally, in the same 
ratio and order, the points of division lie on another circle, the 
corresponding radii of the two being parallel. [ See Exer. 286 . ] 

Cor, 2> If common tangents to the two circles can be drawn, 
it is seen that the outer common tangents pass through S and the 
inner through S'. 


Def. The points S and S' in the figure of the Proposition are 
called the centres of simiktude (or similarity) of the two circles ; 
S is the external or dirctt centre of similitude and S' the internal 
Qx inverse. It should be noted thatSY.'SXis a positive ratio, 
while S'Z:S'X is negative. 


In the first figure of the Prop. let the outer common tangent, 
TU, be drawn ; it divides CD externally in the ratio of the 
radii and, therefore, goes through S. Let SXY cut the Qs 
again in X', Y' ; join CX', DY'. Thenz.DY'Y= Z.DYY'= L CXX^ 
= L CX'X. Thus ex', DY' are parallel radii, as was to be expect- 
ed since the line joining their extremities goes through S. We 
have also SX.SX'=:ST2, SY.SY' = SU2 [IX]. 


As the pairs of As SCT and SDU, SCX and SDY, SCX' and SDY' 
are similar, 


ST_ 

su' 


SX. 

SY 


_ SX' 

'SY'* 


each being = 


CT 

CU‘ 


From 
we get 


ST2 = SX.SX' and the equal ratios given above, 
ST . 

SX' ST SU ' 


SX'.SY = ST.SU. 


Similarly we have SX.SY = ST.SU. 


the products of the distances of X and Y' and of X' and Y 
from S are constant. The result is seen to be true for any line 
through S or S' cutting both circles ; and holds good even when 
the Qs have no common tangents as in the second figure. In the 
latter case, a line through S at right angles to CD cuts the tw# 
Qs in T and U so that SX.SX' = ST2, SY.SY'^SU^ [VIII, Cok 3 ]. 
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Proposition XXXI V* Problem. 

On a given straight line to mistrud a polygon similar to a 
given polygon. 



Let a'B' be the given str. line and ABODE the given polygon. 
Join one angular pt. of the polygon, A, to the opposite pts. C, D. 
At a' and B' make the l s b'a'c', a'b'c' respectively equal to 
BAG, ABC, thus obtaining c' ; at A' and c' make the L s c'a'd', 
A'c'd' respectively equal to CAD, ACD ; and at A', D' the L s 
D'a'e', a'd'e' equal to DAE, ADE. Then a'b'c'd'e' shall be the 
required polygon. 

It is readily seen that the several z. s of a'b'c'd'e' are equal 
to the corresponding ^ s of ABODE. 


The AJ 

> A'B'C', 

ABC 

Also 

IS 

II 

C'A' 


BC 

CA ' 

we have 

C'A' 

c'd' 





AB BC 


B^C' 

BC 


CD' 

S 

CD 


c'd' d^e' 

In the same way we can prove . — « ; 

^ CD DE 


E'A' 
; 

EA 


A^B^ g'C^ E^A* 

Thus I- — , ,... are all equal, and the sides about 

AB BC EA 

the equal angles are proportional : 

the figure a'b'C'D'E' is similar to ABODE. 
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Cor. 1. If A'B' is placed parallel to AB, the above construc- 
tion will make a'B'C'D'E' similar and homothetic to ABODE. In 
this case we can also proceed thus : join aa', BB', meeting in O ; 

on OC, OD, OE take pts. C', D', E' so that = = = 

OC OD OE OA 

OB^ 

or — > then a'B'c'd'e' is the required polygon [XXXII, Cor.f. 


Cor. 2. Similar polygons can be divided into the same 
nuiUber of similar triangles by joining corresponding vertices 
in the figures. 

From propositions XXXII, XXXIV, and their corollaries, it 
will be seen that a rectilineal figure similar to a given one can 
always be constructed so that the two have a given point as a centre 
of similarity. This fact may often be utilized in the inscription or 
circumscription of figures of given shape in and about a given 
figure. An illustration is given in the following proposition ; 
others will be found in the exercises. 

y Proposition XXXV. Problem. 

To inscribe a square in a given triangle : that is, to construct a 
square one side of which lies along one side of the triangle, a 7 id the 
two opposite angular pouits fall severally on the remaining sides of 
the tria^tgle. 



Let ABC be the A , and BC its side along which a side of the re- 
quired sq. is to lie. Draw any str. line pari, to BC meeting AB, AC 
in D, E ; on DE draw the sq. DEFG [55]; join AF, AQ, meeting BC 
in R, 8; draw RQ, SP perp. to BC to meet AC, AB. Then PQRS is 
the required square. 

V QR, EF are perp. to pari. str. lines BC, DE, 
they are pari. ; so also are PS and DG. 

Hence AE: EQ^AF: FR-AG :GS-AD:DP; 

A PQ is pari, to DE [XXI], i,e,, to BC. 
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And the l s RSP, QRS are rt. angles, the l s SPQ, PQR are 
also right, and the figure PQRS is rectangular. 

Again v the A s AEF and AQR, AFG and ARS, AGO and ASP are 
similar, 

. ef_af_^_^_dg. 

** QR^AR^RS - AS'^SP ^ 

' but EF =» FG = GD ; [Cons.] 

QR « RS ~ SP ; and, V PQRS is a parlm., PQ — QR. 

Thus the figure is equilateral ; 
it is a square. 


Instead of DE we can take BC itself, and on it describe a square 
outwardly. It is evident that there are 

two other solutions, in which a side of ^ -p 

the square lies on CA, AB successively. j \ ' 7 f y' 

Moreover, the points P, Q, instead of ; ^ \ / }''' 

falling on AB, AC, may fall on these j * 

lines produced ; in this case, the square • 

on DE or BC is to be described so as to • 
be towards A, as in the accompanying / v 

diagram. In each diagram A is the B r q 5 ’ 

centre of similarity of the two squares. 


Exercises. 

308. Draw a quadrilateral ABCD from the data AB= i, BC = 2, 
CD = 2 *5, DA = 4, AC=:2 ; take any convenient point, O, in 
its plane and join OA, OB^ OC, CD ; from a point a in OA draw ab 
parallel to AB to meet OB, from b draw be parallel to BC to meet 
OC, and from c draw cd parallel to CD to meet OD. Prove that 
ad is parallel to AD ; measure the ratios OA : Oa, BC : be, and show 
that they are equal. 

309. In the preceding exercise construct the quadrilateral abed 
so that each side of it may be (i) (ii) ^ of the corresponding 
side of ABCD. 

310. The sides of a triangle are 1*3, 2, 2*1 in. ; find by construc- 
tion the sides of the inscribed squares having in succession one 
side lying on each side of the triangle. 

* 31 1. The base of a triangle is a and the perpendicular to it 
from the vertex is p : prove that the side of the inscribed square 

standing on the base is or according as the opposite 

a+p a-p 

angular points of the square fall on the remaining sides of the tri- 
angle or on these produced. 
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312. The sides of a triangle are 3, 4, 5 ; a square is drawn with 
two sides lying on the sides 3 and 4 and the opposite vertex on the 
side 5. Find its side (i) when both sides fall within the sides of 
the triangle, (ii) when one of them falls on one side produced. 

313. In an equilateral triangle of side 4 cm. inscribe a square: 
measure its side and also find it by calculation. 

314. The sides of a triangle are 4, 5, 7: inscribe an equilateral 
triangle with one side parallel to the side 7. 

315. In a triangle ABC inscribe an equilateral triangle so that 
two of its sides meeting in AB are equally inclined to AB. 

316. In a sector of radius 15 mm, and angle 72®, a square (with 
two angular points on the arc ) and an equilateral triangle ( with 
one angular point on the arc) are described : find their sides. 

317. Draw a semicircle of radius *6 in., and inscribe in it a 
square one side of which lies along its diameter : measure the side 
of the square. 

318. In the preceding exercise, if = the diameter of the 
semicircle and x =» the side of the square, prove that 


319. O is a fixed point and P any point on the perimeter of a 
given triangle ABC; OQ is drawn at a constant inclination to OP 
and such that the ratio OQ : OP is fixed. As P moves on the 
perimeter of ABC, prove that Q traces out a similar triangle. 

320. Construct any equilateral triangle with its vertices on 
three given concurrent straight lines. 

321. Solve the problem above when further one side of the 
equilateral triangle goes through a fixed point. 
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Solution, Let OA,OB,OC be the concurrent lines, P the given pt. 
Draw any equilateral A xyz ; on xy^ xs describe segments of Qs 
containing L s respectively equal to AOC, AOB [63], and let these 
intersect in w. On OA, OB, 00 take 0 ^, Or, Os respectively equal to 
O.r, Oy, It is readily seen that the A s Oqs and wx^, Qqr and 
wxy^ are congruent : hence qs^xs^ qr^xy^ Lrqs= Lyxs, and 

^ the A qrs is equilateral. 

Thus an equilateral A of any size may be placed with its vertices 
severally on the three given lines. Next, through P draw PQR pari, 
to qr, cutting OA, 00 ; and take 08 : 0 ^ = 0 ( 2 : 0 ^ or OR: Or. Then 
the AQRS is similar to^r^ [XXXII, Cor.], and is equilateral ; 
and its side OR passes through P. There are two other solutions 
in which the side going through P is pari, to qs and rs successively. 

322. Construct any square with three of its vertices on three 
concurrent straight lines. 

323. Solve the problem above when a side cf the square is of 
given length. 

324. Inscribe a square in a given segment of a circle. 

325. Prove that the point of contact of two touching circles is 
one of their centres of similitude, and find out whether it is the 
internal or external centre. 

326. are diameters of two circles touching at C, and AB 
is bisected in D ; any circle described with D as centre meets one 
of the given circles in Ei, Fi, and the other in E2, F2. Prove that 
El, C, F2 and Ej, C, Fi are collinear. 

327. Construct a triangle ABC, given the vertex A, and the 
points where BC touches the incircle and the excircle opposite to A. 

328. Draw a circle to touch two given straight lines and to 
pass through a given point. [See Prod, vi, § 9 ; the solution 
there given may be shortened by employing centres of similarity,] 

* 329. The vertices of a triangle are the direct centres of simi- 
litude of its incircle with its excircles ; and the inverse centres of 
similitude of its excircles with each other. 

330. In the preceding exercise find the inverse centres of 
similitude of the incircle with the excircles, and the direct 
centres of the excircles with each other. 

331. Find the internal and external centres of similitude of the 
circumcircle of a triangle and its nine-point circle. [See XIX, 
Cars, I and 2.] 

332. Any secant through a centre of similitude of two circles 
divides each of them into pairs of similar segments. 

333* A variable circle PQR touches two given circles at P and Q : 
prove that the straight line PQ always passes through a fixed point. 
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* 334. Apply the exercise above to draw a circle to touch two 
given circles and to pass through a given point. [See also Exer, 155.] 



Solution, Join C, D the centres of the given Qs, and draw a 
common tangent TU meeting CD in S, a centre of similitude. 
Let E be the given pt,; draw the Q ETU, and let SE meet this Q 
again in K. Then the Q passing through E and K and touching 
either circle (§9, Prob. iv) also touches the other circle. 

Let the Q through E and K be drawn to touch the Q of centre 
C at P. Join SP, cutting this circle again at CJ, and the Q of 
centre D at Q' if possible. 

Then SP.S (2 = SE.SK = ST.SU ; 

but as 8 is a centre of similitude, ST.SU = SP.SC 2 ' [XXXIII, 
Note]. 

Hence SP.SQ' = SP.S( 3 , Q and Q' coincide, and the Q EKP 
touches the second Q at Q. 

335. A point A and two straight lines XOx'> YOY' are given : 
construct an equilateral triangle having one vertex at A and the 
other two severally on XX', YY'. 

336. Solve the problem above when the given straight lines 
XX', YY' are parallel. 
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Miscellaneous Examples IV. 

1. The ratio of the perimeters of two similar polygons equals 
the ratio of any pair of corresponding sides. 

2. In the side BC of a triangle ABC a point D is taken such that 

BI?= L of BC ; in AD a point E is taken such that AE = ^ of AD. If 
n in 

BE is joined to meet AC in F, find the value of the ratio AF : AC. 

3. Find by geometrical construction the side of a square whose 
area is 2*7 sq. in., and verify your result by calculation, 

4. Two circles touch internally at a» and BC a chord of the outer 
touches the inner at T : prove that BT : TC = BA :AC. 

5. If D is any point in the side BC of a triangle ABC, prove 
that the radii of the circumcircles of the triangles ABD, ACD are 
in the ratio AB : AC. 

6. ad is drawn to touch the circumcircle of a triangle ABC and 
to meet BC produced : prove that the radii of the circumcircles of 
the triangles ABD, ACD are as AD to CD. 

7. The vertex of a triangle standing on a given base moves on 
a fixed straight line . prove that the locus of its centroid is a 
straight line. 

8. Find a point such that the perpendiculars from it to the 
three sides of a given triangle are proportional to three given 
lengths. [See Exer. 282.] 

9. A fixed point O is at a distance of i *5 in. from a given straight 
line AB; P is any point on AB, and Q is taken on OP so that rect. 
OP.OQ=3 *i 5 sq. in. Find the locus of Q. 

*10. A fixed point O is in the plane of a given circle; OP is drawn 
to any point of the circumference, and Q is taken on it so that rect. 
OP.OC 2 = a given area. Prove that the locus of P is a circle. 

11. Take a point O on a given circle, and plot any curve 
similar to the circle, O being the centre of similitude. 

12. Through a given point draw a straight line meeting three 
given concurrent straight lines so that the two intercepts between 
the concurrent lines may be in a given ratio. 

13. Describe a rectangle equal to a given square and having its 
sides in a given ratio. 


/r9 

// / I ' X 


Solution, Let S be a side of the given 
sq., and hm the given ratio. Take any 
str, line AB and divide it at O so that 
A0;0B = /:;;2 [XXIV]; on AB describe a 
semicircle, and erect oP perp. to AB. 

On OP ( produced if necessary ) take 
‘OQ = 8; draw QH, QK pari, to PA, PB, to meet AB. Then HO, OK are 
the sides of the required rectangle. 


SH-jf- 


-J. 
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V L HQO = L APO and l KQO = L BPO, 

L HQK = L APB « one rt. angle. 

Hence rect, H0.0K = (202 [XXX, Cor. i]=»S2s= [C(7W5.]. 

^ AO 1^0 BO Cor. i.j, 

altemando, ^ “ Bd ~ ^ ^ Cons. ] ; 

HO, OK are the sides of the rect. required. 

14. From a point A outside a given circle draw a straight line 
APQ meeting the circle in two points p, Q, so that AP = PQ. When 
is the solution not possible ? 

15. A point A and a straight line BC are given in the plane of a 
fixed circle ; draw a straight line APQ to cut BC in Q and the circle 
in P, so that AP = PQ, and find when the problem is impossible. 

16. Prove that the area of a regular polygon of 7^ sides inscribed in 
a circle is n times the area of the rectangle contained by the radius^ 
of the circle and one-fourth of the shortest diagonal of the polygon, 

17. Describe a triangle similar to a given triangle, so as to have 

one of its vertices at a given point and the other two severally 
on two given straight lines. [See Exer. 335.] 

18. Describe a semicircle to touch two sides of a given square 
and to have the ends of its diameter on the other two sides of the 
square. If a is one side of the square, prove that the radius 
of the semicircle is nearly 

*19, BAB' is a given angle, and P and Q are points within it such 
that L PAB= L QAB'; if PM, PM' and QN, QN' are perpendicular res- 
pectively to AB, AB', prove that rect. PM.QN = rect. PM'.QN'. 

20. Prove the converse of the preceding theorem, — that if with 
the previous notation rect. PM.QN = rect. PM'.QN', then AP, AQ are 
equally inclined to AB, AB' respectively. 

•21. ABC is a triangle right-angled at C; BC is bisected in M 
and BM in K; the straight line Ml parallel to AC meets AB in N and 
the line through K parallel to the bisector of the angle BAC in I. 
Prove that IN = BN — IM, 

22. The incircle of a triangle ABC touches the side BC in D, and 
the excircle opposite to the angle A touches it in D': if DIX is a 
diameter of the incircle, prove that A, X, D' are collinear. 

23. The midpoint. A', of the side BC of a triangle is joined to 
the incentre I; A'l is drawn to meet the perpendicular from Aon 
BC in L. Prove that AL equals the radius of the incircle, and 
enunciate the corresponding result for the escribed circles. 



VI.] 


GEOMETRY. 


109 


24. With the notation of Prop. XVII and Exer. 167, prove 
thatAl.lT = 2Rn 


Solutwn. Join TC, TiC, 1C; draw perp. 
to AC, and let 01 meet the circumOinj', z. 

•Now A TIC = Z.IAC+ ^ICA = ^(A + C); 
and z.TCI= /-TCB+ ^ICB= ^TAB+ 
Z.1CB = J{A + C): 

.-. Z.T1C = ^TCI, and TC = TI. 

Also, z.TTiC = IAAr, and z.TCTi = 9o‘’ 

= l;«rA, 



TCTi, lA.v are equiangular. 

Hence = AI.TC = TT, l:»r, /•<’., AI.IT = 2Rr. 

Again, as v:: is bisected in O and divided at I, 

.•.Jl.l;/ = 0y2-0|2; 

012 = Oy^ - z\.\y = Oy2 ~ AI.IT = R2 - 2Rr. 

By a similar method we can show that AIi.1iT = 2Ra'i, and 
OIi2 = R2 4-2R;'i. 


25. With the notation of § lo, Ch, IV, prove that AI.AIi = ^i;, 
= ClC\i = ab; Al.lh = Bl.ll2 = Cl.llj = 4R/'. 

*26. With the same notation prove that 

rri = {s--d)is-c), r.ri = s{s-a)i 
and - [See Exer. 8.] 

27. ABDE is a quadrilateral having BD parallel to AE; 
through C, the point of intersection of AD and BE, FCG is drawn 
parallel to BD or AE and terminated by the other sides. Prove that 

JL-uJL — i JL 

AE'''BD~CF CQ' 



CHAPTER VII. 

APPLICATION OF PROPORTION TO AREAS AND 
RECTANGLES. 

§ 18. AREAS OP SIMILAR PIQURES. 

Proposition XXXV L Theorem. 

Two triangles having equal heights have their areas propor^ 
tional to the bases. 



Let the As ABC, a'B'C' have equal heights, AH, a'H' : 
to prove that area ABCI area a'B'c' »»BC;b'C'. 

V area ABC = ^ rect. AH.BC, 

and area A'B'C' — ^ rect. a'h'.B'c', 

... ■ J . f „ .H - 

A ABC ^AH.BC BC 


[^ 4 ]' 


Cor. I. Triangles having equal bases have their areas pro- 
portional to the heights. 

Cor- 2. Parallelograms having equal heights have their areas 
in the ratio of the bases; for they are the doubles of triangles 
with equal heights. 



CHAP. VII.] 


GEOMETRY. 


HI 


Proposition XXXVII. Theorem. 

Two triangles having one angle of one equal to one angle of the 
other have their areas proportional to the rectangles contained by 
th? sides about the equal angles. 



Let the As ABC, a'B'C' have l ABC =» l a'B'C' : 
to prove that area ABC: area A'B'C' =rect. AB.BC: rect. a'b'.B'C', 

Draw AH, A'h' the altitudes of the As. 

V L ABH = L A'B'H' {Hyp ], and L AHB =• L A'H'B' » rt.angle, 
/• As ABH, A'B'H' are equiangular, 

and = [XXVI] 

A'H' A'B' ■' 


Now 


A ABC _ ^AH.BC ^ AH BC 
A A'B'C' * |a'H'.B'C' a'h' ’ B'C' 
^ AB# BC 
A'B' ’ B^'* 

A ABC : A A'B'C' = AB.BC I A'B'.B'C'. 


{Proved\ 


Cor. 1 . Two triangles are equivalent if one angle of one 
equals one angle of the other and the rectangles of the sides 
containing these angles are equal. 

Cor. 2. Equiangular parallelograms have their areas in the 
ratio of the rectangles of the sides about the equal angles. 
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Proposition XXXVIII. Theorem. 

Two similar triangles have their areas proportional to the 
squares on corresponding sides. 



Let the As ABC, A'B'C' be similar, the sides BC, B'C' being 


homologous : to prove that area ABC : area A^B^C^^BC^ : B^C^^. 


, . , AB BC 

V the As are similar, ^/g/^ 3 'q/* 

[Def.] 

But V the A s have z. ABC = z. a'b'C', 


A ABC _ AB.BC 
•' A a'B'c' A'B'.B'C' 

[XXXVII] 

_ AB^ . BC _ BC BC . 

A'B' B'C' B'C' ’ B'C'’ 

\_Proved'\ 

/. AABc: aa'b'c' = bc*:b'c'* 



«ab2:a'b'2 = ac2;a'c'2 


Proposition XXXIX. Theorem. 

Two similar polygons have their areas proportional to the 
squares on corresponding sides. 



Let ABODE, A'b'c'D e' be similar polygons, the sides AB, A'B' 
being homologous: to prove that area ABODES area A' b'c'd'E' 

Join A, a' to the non-adjacent vertices of the polygons; then 
the As ABC, ACD, ADE are respectively similar to the As A'B'C', 
VC'D', A'D'E'. [XXXIV, Cor. 2] 
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A ABC 


AB 


‘ AA'B'C' A'B 
and 

A A'D'E' 


~ [XXXVIII]- 

PE^ ^ AB2^ 
D^E'-* A'B^ ' 


A ACD _ CD^ 
A A'C'D' 


hence 

Thus 


^ ABC+ A ACD + A APE 
A'B'2 a A'B'C'+ a A'C^P' -h AA'P^E * 
area ABCPE _ AB^ 
area A B C'P'e' A'B'^* 

^ BC^ CP 2 

q/q^2’ 


AB^ 

aTb^ 


W-\) 


[§ 12, vii] 


Cor* thiee straight lines L, M, N, arc in continued propor- 
tion, any rectilineal figure described on the first is to the similar 
figure described on the second as LIN. 



Tor, area of the first fig area of second =L^IM^. 

But V l:m«m:n, l^im^^l.n [§12, vi] 

Hence area of first fig , : area of second 

= first str. line I third str. line. 


The results of the two preceding piopositions may be thus 
enunciated . similar rectilineal figures aie to one another m the 
duplicate ratio of their corresponding sides. 

It is seen from the second note to Prop. XXXII, that a circle is 
the limiting form of a regular polygon inscribed in it wlien the 
number of the sides of the polygon is indefinitely increased and the 
length of each side is indefinitely decreased. 

Now, in the diagram 
here, polygon ABCPE...: 
polygon abode — kB’i-\ah‘^y 
as regular polygons of the 
same number of sides are 
similar. But the As OAB, 

O' ah are evidently similar; 
hence AB : ab=-OA : O' a. 

polygon ABCPE... : 
polygon abode. . . = OA^ : O’ or- 
Making the number of sides infinite, we see that in the limit 
OaBCDEF Qabcd^'f .. = 0!^- : O V ; t.e., the at'cas of circles arc 
proportional to the squares of their radii^ 

G. 8 , 
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Exercises. 

337. The areas of two similar triangles are 192, 588 sq. ft. res- 
pectively, and one side of the former is i sft. : find the length of the 
corresponding side of the latter. 

338. Find the length of a straight line drawn parallel to the 
base of an equilateral triangle of side 1*8 cm. and cutting off at tne 
vertex a triangle having of its area. 

339. Prove that the area of the triangle formed by joining the 
midpoints of the medians of a triangle is of the area of the 
triangle. 

340. Through the vertices A,B,C, of an equilateral triangle 
straight lines are drawn respecti\ely perpendicular to the sides 
AB,BC,CA, so as to form another triangle: compare the areas of 
the two triangles. 

341. The sides AB,AD, of a parallelogram aBCD> are bisected in 
E, F, and CE,CF are joined: find the ratio of the area of the 
triangle CEF to that ot the parallelogram. 

342. CD is drawn perpendicular to the hypotenuse AB of a 
right-angled triangle ABC ; prove that A CAD ; A CBD = CA^ : CB*. 

343. Prove that similar triangles are in the duplicate ratio of 
the radii of their inscribed circles. 

*344. Prove that similar cyclic polygons are to one another as 
the squares of the radii of their circumscribed circles. 

345. Through the centroid of a triangle a straight line is drawn 
parallel to one side and terminated by the other two sides : compare 
the areas of the two parts into which the line divides the triangle. 

346. Within a given triangle ABC find a point D such that the 
triangles ADB, BDC, CDA may be equal in area. If AD produced 
meets BC in X, find the ratio AX^DX. 

347. Two triangles ABC.DBC, of equal area, are on the same 
side of the base BC; AC, BD meet in E and AB, CD in F. Prove that 
EF (produced if necessary) bisects both AD and BC. 

348. Two straight lines ACD, BCE intersect in C, and AB, DE 
are joined : from the greater of the two triangles ABC, DEC, cut off 
a part equal to the less by a straight line drawn through C. 

*349. A triangle ABC is right-angled at C, and CD is perpendi- 
cular to AB ; on AB, AC the equilateral triangles ABX, ACY are de- 
scribed, and DX is drawn. Prove that the triangles ADX, ACY are 
equivalent. 

Solution. V CD is perp. to the hypotenuse, 

.-. rect. AD.AB = sq. on AC. [XXX, Cor. 2] 

rect. AD.AX = rect. AC.AY so that in the A s ADX, ACY,. 

z, dAX= ^ CAY» and the rectangles of the containing sides are 
equal ; 

these As are equivalent. [XXXVII, Cor. /} 

This is a particular case of the more general theorem given below. 
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*350. Similar and similarly described figures are drawn on the 
sides of a right-angled triangle : prove that the figure on the 
hypotenuse is equal to the sum of the figures on the sides about 
the right angle. 

351. A triangle ABC is right-angled at C, and CD is perpendi- 
cular to AB ; a polygon described on AB is equivalent to ABC. 
FVove that the similar polygon similarly described on AC is equi- 
valent to ADC. 

352. Draw a triangle with area equal to the difference of the 
areas of two given similar triangles and similar to each of them. 

353. Draw a polygon with area equal to the sum of the areas of 
two given similar polygons and similar and similarly described to 
each of them. 

354. Draw an equilateral triangle of side 1*5" and cut off at one 
corner an equilateral triangle of side •5"- describe an equilateral 
triangle equivalent to the remaining trapezium. Measure the side 
of this triangle and also find it by calculation. 

355. In the diameter, pQ, of a circle produced a point O is 
taken; OT is a tangent to the circle, PN another tangent cutting 
OT in N, and C is the centre. Prove that A OPN : A OTC =■ OP:OQ. 

356. To the circumcircle of a triangle ABC the tangent at A is 
drawn to meet BC in D: prove that DB:DC = AB^: AC-. 

Solution, V Z.DAC=«^ABD [48], and z. s ADC, ADB are the 
same, As ADB, ADC are equiangular and similar. 

Hence A ADB; A ADC - AB‘: AC*. [XXXVIII] 

But A ADB : A ADC =■ DB: DC, for they have the same height ; 

/. db:dc*- ab*:ac^ 

357. Two circles intersect at A and B ; the tangents at A to each 
circle meet the other circle in X and Y. Prove that 

A ABX : A ABY - AB* + BX* : AB* + BY*. 

358. Construct any triangle with sides proportional to 12,14,17; 
bisect its area by a straight line parallel to the mean side, and 
measure the length of this line. 

359. Construct a triangle ABC, given BC = i *2'', ^ B =« 50^, 

^ ^ “ 73^ i divide it into three equal parts by straight lines parallel 

to BC. 

*360. Bisect a given triangle by a straight line parallel to one of 
the sides. 
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*361. Describe a polygon similar to a given polygon and such 
that its area is to that of the given polygon as 5 to 4. 


Solution. Let ABCD be the given polygon. 
Bisect AB in M, draw MN perp. to AB and equal 
to it ; join AN, and mark off AB' = AN. 

Draw B'C' pari, to BC to meet AC, and C'D' 
pari, to CD to meet AD. 

The polygon AB'c'D' is evidently similar to 


ABCD. 

Also, AB'“ = AN2 = AM2 + MN“ = AM2 + AB2 = 
5AM2, and AB2 = 4AM2. 


Hence 


fig, ab^c'd ' ^AB'2 
fig ABCD 


= .5 

AB2 



The side AB' is \4, if AB is the unit : thus the process amounts to 
finding the surd 4 ^5* I*' the preceding exercise the surd }j\2 is 

required. For the construction of such surds see the Note to 
Prop. V. 


362. Bisect the area of a given triangle by a straight line (i^ 
perpendicular to a given side, (li) parallel to a given straight line. 

363. Two regular hexagons are respectively inscribed in and 
described about the same circle: compare their areas. 

364. The middle points of the sides of a regular octagon are 
joined successi\ely to form another regular octagon : compare 
the areas of the two figures. 

365. Prove that the area of a regular octagon inscribed in a 
circle is the mean proportional between the areas o( the inscribed 
and circumscribed squares. 

366. Construct an isosceles triangle equivalent to a given tri- 
angle and having its vertical angle equal to one angle of the given 
triangle. 

367. Construct a right-angled triangle equivalent to a given 
triangle and having one angle equal to one angle of the given 
tjflangle. 

H *368. Construct an equilateral triangle equivalent to a given 
triangle. 



Solution, Let ABC be the given A 
Draw AD pari, to BC, and at B make the 
L CBD = 6o® by a line meeting AD. Join 
CD ; between BC, BD take a mean pro- 
portional [XXXI J, and on these lines 
mark off BK, BL equal to it. 
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Then the A BKL is the required triangle. 

V BK = BLand ^KBL = 6oO, each of the ^sBKL.BLKis 60®, 
and the A BKL is equilateral. 

Again in the As DBG, BKL, the L at B is common, and rect. 
BC.gD = BK2 = BK.BL, .*. the A s are equivalent, [XXXVII, Cor. /] 

But ABDC« A ABC [24, a]; .’. the A BKL is equivalent to the 
A ABC. 

369. Draw a parallelogram with adjacent sides of lengths 32 
and 27 mm. and included angle of 70 ': construct a rhombus of equal 
area having also an angle of 70"*, and measure its side. 

370. Draw a parallelogram of area 3 '6 sq. in having adjacent 
sides in the ratio 3:5 and included angle of 75'’. 

371. Construct a triangle of area 5*8 sq. in. with sides propor- 
tional to 2, 3, 4. 

372. Divide a given square into three parts of equal area by 
straight lines parallel to one of the diagonals. 

•373. Construct a triangle similar to a given triangle and 
equal in area to another given triangle. 
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§ 19. RECTANGLES IN CONNECTION WITH PROPORTION. 

Proposition XL. Theorem. 

In any triangle the rectangle contamed by two of the sides is 
equal to the rectangle C07itained by the diameter of the circumcircle 
of the triangle and the perpe7idicular dratvn from the point of 
intersection of the two sides to the third side. 



Let ABC be a A ; draw AD perp to BC ; circumscribe the Q 
ABEC and draw its diameter ae: to prove that rect. AB.AC«rect. 
AD.AE. Join EC. 

L AEC - L ABD, being angles in the same segment, and 
L ACE= L. ADB, being rt. angles, 

/. the As AEC, ABD are equiangular. 

/. rect. AB.AC = rect. AD.AE. 

Cor. The numerical value of the product of the three sides 
of a triangle is equal to that of twice the product of its area and 
the diameter of the circumcircle. 

V AB.AC« AD.AE, multiplying by the numerical value of BC, 
we get AB. AC. BC*BC. AD.AE. 

But BC.AD represents twice the area of the triangle ; 

/. AB.BC.CA = 2 (area) x diameter of circumQ. 

With the usual notation, this result may be written thus — 
ahc » 2 A ^ or 4 A R. 
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Proposition XLI. Theorem. 

In any triangle the rectangle contained by two of the sides is 
equal to the square on the bisector of the angle contained by them 
terminated by the third side^ together with the rectangle of the 
segments of this side made by the bisector. 




Let ABC be a A ; draw AD bisecting the l BAG, and meeting 
the side BC! to prove that rect. AB.AC = AD*4- rect. BD.DC. 

Draw the circum Q triangle, produce AD to meet it in 

E, and join EC. 

L AEC « L ABD, and L EAC « L BAD [ Hyp, ], 

/. the As AEC, ABD are equiangular. 

Hence ^£==^0’ AB.AC=rect. AD.AE. 

But rect. AD.AE = AD. (AD + DE) 

«AD2 + AD.DE 

= AD2 + BD.DC. [VIII, Cor, i] 

/. rect. AB. AC « AD^ + rect. BD.DC. 


Cor. If ad bisects the exterior angle at A and meets BC 
produced ( as in the second diagram), it can be similarly shewn 
that rect. AB.AC =* rect. BD.DC - AD®. 

The results of the Prop, and its Cor. may be included under one 
statement thus : the square on the bisector ( terminated by the 
base) of the internal or external vertical angle of a triangle is 
equal to the difference of the rectangles contained by the sides ot 
the triangle and by the segments of the base made by the bisector. 
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Proposition XLII. Theorem. 

The rectangle cofitained by the diagonals of a quadrilateral in- 
scribed in a circle equals the sum of the rectangles C07itained by the 
pairs of opposite sides. 



Let ABCD be a cyclic quad. ; to prove that 

rect. ACBD= rect. AB.CD+ rect. AD.BC. 

At B draw BE meeting AC and making l ABE == l DBG, so that 
4 ABD=- Z.EBC. 

In the As ABE, DBC, ^ ABE - z. DBG, 1. BAE - C. BDC [45] ; 
these A s are similar, so that ^ ; [XXVI] 

/, rect. AB.DC = rect. AE.BD (i) 

In the AS ABD, EBC, c. aBD- z. EBC, z. ADB= l ECB [45] ; 

/. these As are similar, so that [XXVII] 

A rect. AD.BC — rect. EC.BD (ii) 

Hence rect. ac.BD = rect. (AE + EC).BD 


= rect. AE.BD + rect. EC.BD 
- rect.AB.DC+ rect. AD.BC, from (i)and(ii). 

j 

Cor. If the quadrilateral is not cyclic, the rectangle contained 
by the diagonals is less than the sum of the rectangles 
contained by the pairs of opposite sides. 

Make Z.ABE- -^•DBC, and, as z. BAG is not 
equal to l BDC, make also l bae = l BDC. 

Join CE. 

Then the As ABE, DBC are similar, and rect. 

AB.DC - rect. AE.BD, as before. 
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Also from these A s ^ and l abd =* l eBC ; 

the As ABD, EBC are similar [XXVIII], and rect. AD.BC — 
rect. EC.BD, as before. 

Hence rect. AB.DC+ rect. AD.BC= rect, (AE + EC). BD, which 
is rect. AC.BD, V AE + EC is >'AC. 


Exercises, 

374. Draw a triangle of sides 12, 25, 30 cm., bisect its smallest 
angle, and measure the length of the bisector and the segments of 
the opposite side made by it. Hence verify Prop. XLI. 

375. In the exercise above find the diameter of the circumcircle 
of the triangle, and hence verify Prop XL. 

376. ABCD is a cyclic quadrilateral, and AC, BD meet in E*. 
prove that AB-BC : CD.DA = BE:ED 

377. The areas of two triangles inscribed in the same circle 
are to one another as the continued products of their sides. 

378. Construct a triangle, given the base, the vertical angle 
and the rectangle contained by the sides. 

379. ABC is a triangle ; from A two straight lines AD, AE are 
drawn equally inclined to AB, AC, the former meeting the base and 
the latter the circumcircle of the triangle. Prove that 

rect. AD, AE = rect. AB. AC. 

380. A circle is described about an equilateral triangle ABC, and 
P is any point on its arc BC ' prove that PA = PB+PC* 

381. ABCD is a cyclic quadrilateral, and rect. AB.BC = rect. 
CD.DA: prove that AC and BD intersect at a point which bisects 
one of them. 

382. The diagonals of a cyclic quadrilateral are at right angles: 
prove that the sum of the rectangles contained by the opposite 
sides is equal to twice the area of the figure. 

383. In a cyclic quadrilateral ABCD, BD bisects the angle at B: 
prove that AB-f BC : BD = AC : CD. 

384. ABCD is a cyclic quadrilateral, and rect. AB.CD = rect. AD.BC 
prove that the tangents to the circumcircle at A and C meet on BD 
produced. 

*385* Construct a triangle, given the lengths of two sides and 
the length of the perpendicular on the third side from the opposite 
v'ertex. 

386. The bisector of the vertical angle of a triangle terminated 
by the circumcircle is bisected by the base of the triangle : prove 
that the square on either side is twice the square on the adjacent 
segment of the base. 
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*387. ABCD is a cyclic quadrilateral : find a point P on tlie 
circumcircle such that (i) rect, PA.PC = rect. PB.PD, (ii) rect, PA.PD 
= rect. PB.PC. 


Solution. Joining AC» BD, it is seen that 
rect. PA.PC = rect. of diameter of Q and 
perp. from P on AC [XL] ; so for rect. PB.PD. 

Hence the perps. from P on AC andBD are 
equal, and P lies on one of the bisectors 
of the angles between these lines [42]. 

Hence the construction* let AC, BD inter- 
sect in o; bisect the angles at O by lines 
meeting the in Pi, P,, P3, P4; these 

are the positions of the pt. required. 

In the second case the angle between AD and BC produced has to 
be bisected ; there are only two solutions. 

*388. Construct a triangle, given the lengths of two sides and the 
length of the bisector of the included angle terminated by the base. 

389. ABODE is a regular pentagon and AC, BD meet in o: 
prove that (i) 2AC = (^5 + i)AB, (ii) AC is divided at O in extreme 
and mean ratio. 



"^390. The lengths of the sides AB, BC, CD, DA, of a cyclic 
quadrilateral are a, c, d, respectively: prove that 

ah-\-cd ’ ad-\-hc 


Solution, Let AC = ^?, BD = /; and let R 
be the radius of the O* Eroni the A ABC, 
a(^^ = 4R ( AABC), [XL, Cor,]; 
so also, <;r/c = 4R( A ADC). 

By addition, e (ab+cd) (Quad.). 

By similar reasoning, / (ad-{-hc) — 
(Quad.). 

Hence, e(ab-\-cd) =^f{ad-\-bc) y and 
^2 {ab-^cd) —ef {ad-\-bc), 

^wtef^ac^bd [XLII]; 

{ab-\-cd) = {ac-\-hd) {ad^bc). 

So also may be found. 

It is seen that c f=ad-\-hc:ab-\-cd. 



391. AB is a fixed chord of a circle, Q the midpoint of the minor 
arc AB, and p any point on the major arc : prove that PA-f PB 
varies as PQ. 

392. a' is the midpoint of the base of a triangle ABC, and AA' 
meets the circumcircle in K ; prove that rect. AB.BK= rect. AC .CK. 
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Miscellaneous Examples V. 

1. The radii of two circles are 5 to 6, and the area of the second 
is 25.2 sq. cm. : find the area of the first. 

2. A semicircle is described about a right-angled triangle, and 
on the two sides about the right angle two other semicircles are 
drawn outside the triangle : show that the areas ot the crescents 
formed between the first semicircle and the other two are together 
equal toi the area of the triangle. 

3. Transform a given triangle into an equivalent isosceles right- 
angled triangle. 

4. In a given triangle inscribe a rhombus with an angle of 45^, 
so that one side may fall on one side of the triangle and the 
opposite vertices lie on the other two sides severally. 

5. In a triangle the squares on two unequal sides are in the 
ratio of their projections on the third side : prove that the triangle is 
^right-angled. 

*6. A point O within a triangle ABC is joined to the Vertices, 
and OA, OB, OC meet the opposite sides of the triangle in K, L, M 

respectively: prove that + I. Investigate the result 

when O is outside the triangle. 

7. ABC, AD are triangles of equal area with the angle at A 
common : if BCi DE meet at F, prove that AF bisects both BE and 
CD. 

8. Construct two squares or two equilateral triangles, whose 
areas shall be in a given ratio and whose sum shall be equal to a 
given square or a given equilateral triangle. 

9. Construct two straight lines of given difference, so that the 
rectangle contained by them shall be equal to a given square. 

*10. Divide a given straight line into two parts such that one 
part is to the line as a/ 2 is to 


Solution. Let AB be the 
given line. Take any str, 
line PRQ, mark off PR = 3, 
.RC2z=2on any convenient 
scale, and construct the 
mean proportional RS to 
PR and RQ. 



Through A draw any 

convenient line, mark off AD = PR, AE = RS, join DB, 
\parl. to DB. 



and draw EC 


.. ^^RS . PR^^PR RS^3, . = 

RS RQ* “ RS^ RS * RQ 2’ RS"^* 


Hence = [XXVII] =|5[ro«f.] 

AB AD RP ‘ >^3 
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11. ABC is a triangle: two circles are drawn, one touching ABat 
\ and passing through C, the other touching AC at A and passing 
hrough B. If the common chord of these circles meets BC in D, 
5 rove that BD:DC = AB2.AC2. 

12. ABC is a triangle inscribed in a circle ; AD and AE are 
irawn parallel to the tangents to the circle at B and c respectively 
o meet BC. Pro%e that BD: CE = AB 2 : AC^. 

13. Draw a semicircle in a given sector of a circle so that the 
wo arcs touch one another and the ends of the diameter of the 
;emicircle lie on the radii of the sector 

14. The sides AB, AC, of a triangle are 4" and 5'' long, and 
he bisector of the angle A is 3^ in.: find the segments of the base 
nade by the bisector, drawing the triangle to any convenient scale. 

15* Ei F, G, H are the midpoints of the sides AB, BC, CD, DA, 
3f a square, and AF, BG, CH, DE form by their intersections an- 
other square PQRS : if a, b, c, d are the midpoints of PQ, QR, RS, SP, 
:ompare the areas of the figures ahcd^ ABCD. 

*16. On the sides AB, BC, of a triangle ABC the parallelo- 
grams ABDE, BCFG are outwardU described ; DE, FG are produced 
to meet in H, and on CA a parallelogram is described whose 
second side is equal and parallel to BH. Prove that the area ol 
this parallelogram is equal to the sum ot the areas AD and BF. 



Solution. Let CAKL be the paralgm. described on CA, and^ 
let HB meet AC, KL m p, Q Join BE, AQ ; draw AM, DN perp. 
to HQ. 

V the As APQ, DBH are on equal bases HB, PQ, 

. A APQ __ AM 

ADBh dn’ 


Now the As ABM, DHN are equiangular. 


AM./^ 
*• DN DH 


But 


ADBE 

aobh 


[XXVII] =^[I6]; 
^ [XXXVII], 


. AAPQ ^DE 
‘ ■ A DBH DH 
A APQ _ APSE 
A DBH A DBH ' 


Thus AAPQ= ADBE, and .'.fig, A(2 = fig. AD- 

Similarly, fig. C(2 = fig. BF ; hence the paralgm. CAKL is the sum. 

fVic APi f\t\A RP 
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17. C is any point in a straight Jine AB; on AC, CB similar 
right-angled triangles ACE, CFB are similarly described, E and F 
being the right angles. Prove that AC.CB = AE.CF + CE.BF. 

18. D, E, F are points on the base BC of a triangle ABC such 
that AF bisects the angle A, and AD, AE trisect it: prove that 
AB.DF.EC = AC,EF.DB. 

19* P; Q, R are points in the sides BC, CA, AB respectively, of a 
triangle ABC, such that BP PC = CQ QA = AR RB, and RQ meets BC 
in S. prove that BS:SC = CP- BP-. 

20. A a', BB', CC' are three parallel line-segments such that 
ABC, a'b^C^ are straight lines; AB', A'C meet in p and AC^ A'B in 
Q. Pro\e that PQ is parallel to BB'. 

21. Given of a triangle the base in magnitude and position, and 
that the rectangle of the sides varies as the area of the triangle: 
prove that the iocus of the vertex is a circle. 

22. On the base BC of a triangle ABC hnd a point p such that 
( reel. BD DC+ sq. on AD ) may be equal to a given square. 

23. From any v^ertex of a triangle ABC the perpendicular is 
drawn to the opposite side; from F, the foot of this perpendicular, 

and FQ are drawn perpendiculars to the other sides. Prove 
that PQ IS a fixed length. 



CHAPTER VIII. 

MISCELLANEOUS PROPOSITIONS INVOLVING 
PROPORTION. 


^ 20. HARMONICAL SECTION. 

In Prop. XXIV a method has been given by means of which a 
finite line may be divided, internally or externally, in a given ratio. 
When it is thus divided in the same ratio numerically^ the line is 
said to be liarmomcally divided (S 13, and JVofe), 

If AB is the finite straight 

line, P and Q the points of in- ^ ^ ^ q 

ternal and external section in ^ p B 
the same ratio, the four points 

A, B, p, Q are said to form a harmo7iic raftge, which is briefly 
denoted by the symbol ( AB, PQ) The ends of the line and the 
points of section are shown separately, and P and Q are said 
to be harfnonically conjugate to one another with regard to A and 

B, or to separate A and B harmonically. 


If P and Q separate A, B harmonically, A and B separate P, Q* 
harmonically also. For, by definition numerically; 

hence ^ = {inveriendo),mA^’^^ {alternando), so that 

B and A are harmonically conjugate points with regard to p and Q, 
or PQ is harmonically divided at A and B. 


The reason for calling such section of the line harmonical is 

that the lengths AP, AB, AQ form a harmonical progression as 

defined in Algebra. For, 

.Q^_PB. .AQ-AB_aB-AP 

• Pb"qb’ ‘•aq“ap’ •• AQ “ AP ’ 

or and 1 

^ AQ AP 2 AQ^AP^ ••^""AP + AQ’ 

SO that AB is the harmonical mean between AP and AQ. 
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Again, ^ length is to the first 

length as (the third - the second) is to (the second - the first). 

If any point O is joined to the four points A, B, P, Q, of a 
harmonic range, the figure thus formed is called a harmofiic pe7icil ; 
O is said to be the vertex of the pencil, and OA, OB, OP, OQ are 
called its rays. The pencil is denoted by the symbol 0(AB, PQ), 
the rays OP, OQ being harnumically co?ijtigate with regard to 
OA, OB. 


/■ 


The following results gi\e the fundamental properties of a har- 
onic pencil. 

(i) Any straight line parallel to one ray of a harmonic pencil is 
divided into equal parts by the other three rajs. 


Let EOF pari, to OA 
meet the other three raj^s 
of the harmonic pencil 
O ( AB, PQ):then DE = DF. 
Draw KBM pari, to EDF. 



o • ‘1 A EP__D0_DF . ED_BK 
By similar As, bk^BO^BM’ •* DF“BM‘ 

Again, g|^“PB* BM~BQ’ similar As; 

but (AB, PQ) is harmonic. 

^ = BM’ BK = BM; and ED = DF. 

(ii) Any straight line meeting all the rays of a harmonic pencil 
is divided harmonically at its points of intersection with the rays 

Let the str. line XYDZ meet the rays of the harmonic pencil 
0(AB, PQ) : then it is harmonically divided. Draw EDF pari, to 
the ray AB of the pencil ; then ED = df, as proved above. 

Now ^ = the similar As XYO, DYE ; 


and 1^ = ^. from the As XZO.DZF. 

R.,. XO_XO. . XY_XZ 
®“‘DE“bF’ •• YD~ZD’ 

SO that (XD, YZ) is a harmonic range. 
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Proposition XLIII. Theorem. 

jThe locus of a point whose distances from tzvo fixed points are in 
a constant ratio is a circle. 



Let A, B be the fixed pts , l\m a constant latio. 

Let C be any pt. such that CA CB = t m to prove that C 
moves on a fixed circle. 

Divide AB internally and externally at P and Q in the ratio 
L m[XXlV] , then P, Q are fixed pts. [XX]. Join CA, CB, CP, CQ. 

V ^ = Z = AP CP bisects z. ACB [XXIII], 

CB m PB L j ^ 

so also, [Cons]j /.CQ bisects ^ ACB externally. 

CB QB 

Hence the c. PCQ is right ; and C lies on the Q described on 
the fixed line PQ as diameter [46, «]. 

The same is true of any othci pt. satisfying the condition. 

Conversely, if (AB, PQ) is the constructed harmonic range and 
the circle on PQ as diameter is described, it can be shewn that 
every point on this circle has its distances from A and B m the 
constant ratio. 

/, the locus of the pt. C is a fixed circle. 
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Exercises. 

393. In the figure of the Proposition take a point not on the 
circumference of the circle PCQ, and prove that it does not satisfy 
the condition of the theorem. 

394. (AB, PQ) is a harmonic range and the circle on PQ as 
diameter is described: prove directly that every point on the 
circumference has its distances from A and B in a constant ratio. 

395. The base of a triangle is 3 cm. in length and its vertical 
angle contains 52,^^: construct the triangle so that the ratio of its 
sides may be 5:4. 

396. Draw to a suitable scale a triangle ABC withBC = ^'^^ 
CA= I *5', AB= i', and find a point whose distances from A, B ,0 
are respectively as 3, 4, 5. 

397. Construct a triangle, given the base, the ratio of the sides, 
and (i) the altitude, (ii) the length of the external bisector of the 
vertical angle. 

39^. AB is a chord of a given circle: find a point on the circum- 
ference whose distances from A and B are in a given ratio. 

399. ABCD is a trapezium with AB and CD parallel, and AC,BD 
meet in O: prove that the straight line through O parallel to AB or 
CD and terminated by BC and AD, is the harmonic mean between 
AB and CD. (See Misc. Ex. IV, 27.) 

400 If a straight line parallel to one of the rays of a pencil is 
divided into equal segments by the other three rays, then the pencil 
is harmonic, 

401. If (AB, PQ) is a harmonic range, and O is the midpoint of 
AB, prove that OP, OB, OQ are in geometrical progression. 

*402 If o is the midpoint of a finite straight line AB and P and 
Q are taken in AB and AB produced so that rect. OP.OQ = OB^, prove 
that (AB, PQ) is a harmonic range. 

403. ABC is a straight line: find two points in it, H and K, 
equidistant from C and such that (AB, HK) is a harmonic range. 

404. From a point P outside a circle (centre O) the tangents 
pg pY afe drawn; PO meets ST in Q and the circle in A and B. 
Prove that (AB,PQ) is a harmonic range. 

405. Given three points of a harmonic range or three rays of a 
harmonical pencil, show how to find the remaining point or ray. 

406. In the preceding exercise if one of the points is midway 
between the other two, what is the position of its conjugate point ? 
(See Excr. 228.) 

407. If (AB, PQ) is harmonic, prove that 

^ rect. AB.PQ= rect. AQ.BP=» rect. AP.BQ. 
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408. If (AB, PQ) is harmonic, and O is the midpoint of AB, prove 
that 

(i) rect. AQ.QB- rect. OQ.QP, 

(ii) rect.AP.PB = rect OP.PQ, 
and (iii) OP ; OQ = AP’ : AQ*. 

409. From a point P outside a circle the tangents P8, PT are 
drawn ; any straight line through p meets the chord 8T in Q and 
the circle in A and b. Prove that the range (pg, AB) is harmonic. 

Solution. Let C be the 
centre of the O : then the A s 
PTC, P8C are congruent, and 
the As PTN, PSN also. 

Hence APNT= rt. angle ; 

also L PTC is right. 

PT* = PN.PC [XXX, 

Cor. 2]; and PT* = PA PB [IX]. 

Thus PA.PB = PN PC, and 
A, B, C, N are concyclic [VIII, 

Cor. a\. 

L ANP = L ABC = L BAC 
= ^BNC. 

But ^TNP= ilTNC ; 

the remainders, L ANT 
and Z.BNT, are equal, and 
TN bisects the z. ANB. 

Also CNP, being perp. to 
TNS, bisects the suplt. of the 
L ANB. 

pa;PB = AN;NB = AQ:QB [XXII] ; i. e., (pQ, aB) is harmonic. 

410. In a harmonic pencil if one ray bisects the angle between 
two other rays, it is perpendicular to its conjugate ray. Conversely, 
if two conjugate rays are perpendicular to one another, they bisect 
the internal and external angles between the other two rays. 

Solution {pi Converse). In the fig. of the preceding Exer., 
suppose N (PQ, AB) a harmonic pencil with two conjugate rays 
NP NO at rt. angles. From any pt. R in NQ draw KRH pari, to NP ; 
then KR = RH [Theorem i, § 20]. Also A KRN = i RNP ■= 90“ 
- i. HRN; hence the A s urn, KRN are congruent, and Z.KNR = 
Z.HNR. Thus nQR bisects the z. ANB and CNP bisects the angle 
exterior to it. 

41 1. The diag^onals of a parallelogram and the straight lines 
through their point of intersection parallel to the sides of the 
parallelogram, form a harmonic pencil. 

'-"412. Construct the arithmetical, geometrical and harmonical 
means between two given lengths. 

Solution, Draw any str. line PC, and mark off PH, PK, ^e 
two lengths. Bisect HK in C, and on HK as diameter draw a Q > 
draw PT. P8 tangents, and join TS, cutting PHK in N. 
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Then it is easily shown that 
(PN, HK) is a harmonic range; 

PN is the H. M. between 
PH and PK [ § 20 ]. 

Also v pt 2 =ph. PK [IX], 
PT is the mean propor- 
tional, i €. Q.M. between PH, PK. 

Again PK- PC= CK= CH = 
PC - PH; 

PC is the A.M. between 
PH,PK. 



413. A, B, C, D being four points in a straight line, find two 
points, H, K, in the line so that the ranges (AB, HK), (CD, HK), 
are both harmonic. 

414. If a range ( AB, PQ ) is harmonic, then the circle on AB 
as diameter cuts orthogonally every circle through P and Q; 
and that on PQ as diameter cuts orthogonally every circle through 
A and B. 

415. If two circles cut orthogonally, any diameter of one of 
them is cut harmonically at the points where it meets the other, 

416. A, P, B, Q are four collinear points: if the circle on AB 
as diameter cuts orthogonally a circle through p and Q, then the 
range (AB, PQ) is harmonic. 

417. The incircle of a triangle ABC touches the sides BC, CA, AB 
in X, Y, Z respectively, and YZ produced meets BC in X': prove 
that the range ( BC, XX') is harmonic, and state the correspond- 
ing result for an excircle. 

418. In a triangle ABC, H is the orthocentre, O the circum- 
centre, li, Ij, Ij are the centres of the four circles which touch 
the three sides; and a 1 meets BC in K. Prove that the pencils 
A (HO, IP), A (HO, Ilj), and the range (AK, lb), are all harmonic. 

419. With the notation of the preceding exercise, if AD, IX, liXi 
are perpendiculars to BC^ and Ai is the midpoint of BC, prove that 
(DK, XXi) is a harmonic range and that AiX“ = AiK. AiD. 
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Solution, V Cl, Oil bisect the angles at Ci 
Al :IK«AO: CK = Ali : I, K; 
thus the range (AK, II i) is harmonic. 

But Al : IK = dX • XK, and Ah: *1 K = DXi : XiK; [XXI] 

the range (DK, XXi) is also harmonic. 

Now BX«^ — and CXi=-y — [A^o//, Prop. XVII] 

and BAi = AiC. A,X = AiXi* 


Thus, as 

XK XiK KX 
. KXi-hKX DXi + DX 




DXi . 

DX 

2AiX _ 2AtD 

2AiK“"2AiX* 


KXi-KX DXi-DX* 

Hence AiX2 = AiK^A^D; see Exer. 401. 


I 21. POLE AND POLAR. 

Def. If on any radius of a given circle two points are taken, 
one within and the other without the circle, so that the rectangle 
contained by their distances from the centre is equal to the square 
on the radius; then a straight line through 
either point at rt. angles to the radius is 
called the polar of the other point, and 
this point with regard to the polar is 
called its pole. Thus if C is the centre 
and r the radius of the circle, and 
OA.CB-r*, and AX, BY are perpendicular 
to CAB, BY is called the polar of A, and A 
is the pole of BY. So also B and AX are mutually pole and polar. 

Two points like A and B above are said to be each the inverse of 
the other ; the given circle is called the circle of inversion, and 
its radius the radius of inversion. If AB meets the circle in P and 
Q, it is readily proved that (AB, PQ) is a harmonic range. 
(See Exer. 402.) 
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Proposition XLIV. Theorem. 

If a point lies on the polar of another^ the second point lies on 
the polar of the first. 



Let the pt. B lie on the polar ol A with regard to a Q of centre 
C and radius => r : to prove that A lies on the polar of B with 
regard to the Q- 

Let CA meet the polar of A in M ; then l CMB- rt. angle [Def], 

Draw AN perp. to CB. 

V L BMA + L ANB = 2 rt. angles, 

pts. A, N, B, M are concyclic. [47] 

Hence CN.CBaCA.CM [VIII, Cor, / ]='•*• [ffyp-] 

Also NA is perp. to CB ; 

NA is the polar of B [Def ], /. r., A lies on the polar of B. 


Cor. 1. If B' is another pt. on the polar of A, it can be simi- 
larly proved that AN', the perp. from A to CB', is the polar of B' ; 
and so also for other pts. on the line MB. Hence, if any number 
of points B, B',..,, btcollinear, their polars are concurrent^ the point 
of concurrence, A, being the pole of the line on which they lie. 

Cor. 2. Conversely, it is seen that if any number of straight 
lines be concurrent,, their poles are collinear^ the line of collinearity 
being the polar of the point at which they meet. Thus in the fig., 
if AN, an', an".. ..are all concurrent, their poles B, B', B"«..all lie 
on MB, the polar of A. 
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Cor. 3. If we take MB in the fig. as the line joining B,B', we 
see that its pole is at the intersection of AN, AN' ; thus the line 
joining any two points is the polar of the point of intersection oj 
the polar s of the two points. Conversely, the poi7it of intersection 
of any two lines is the pole of the line joining the j^oles of the 
two lines. 

Del. Two points, as A and B in the fig., such that the polar of 
either passes through the other, are said to be conjugate points 
with regard to the circle ; and two lines, as AN and BM, such that 
the pole of either lies on the other, are said to be conjugate 
straight lines. 


Proposition XLV. Theorem. 

The locus of the intersection of tangents^ drawn to a circle at 
the extremities of chords ivhich all pas's through a given point ^ is 
the polar of the point. 




Let C be the centre and y = the radius of the given Q » A 
the given pt. ; let PY, QY be tangents at the extremities of any 
chord PQ passing through A I to prove that the locus of Y is the 
polar of A with regard to the Q • 

Join CY, cutting pQ in K ; join CP, and draw YB perp. to CA, 
produced if necessary. 

VPY = QY, ^PYK- ^QYK [42], and YK is common to the As 
YPK> YQK, these A s are congruent. 

.*• L YKP « YKQ « rt. angle, and .*. l PKC » rt. angle. 
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Also L CPY =• rt. angle ; [41] 

OP* « OK. C Y. [XXX, Cor. 2] 

Again, v i. YKA - rt. angle* z. YBA, 

Y, K, A, B are concyclic [45 or 47] ; 
and .•.CB.CA*CK.CY [VIII, Cor. i]«CP* = r^ 

Further BY is at rt. ^ s to CAB ; 

/. BY is the polar of A. [-^^O 

So also any other pt. of intersection may be shown to lie on the 
polar of A. 


Cor f • Conversely, it can be proved in the same way that 
if from points in a given straight line tangents are drawn 
to a given circle y the chords of contact all pass through a fixed pointy 
which is the pole of the given line. 

Cor 2 * If from an external point tangents are drawn to a 
circle, the chord of contact produced is the polar of the given 
point. 

In the first fig. of the Prop., all points of BY form the locus; in 
the second fig. , the points of BY within the circle form no part of 
the locus, as the tangents cannot intersect within the circle. 
When the given point is on the circle, the polar is the tangent at 
the point. 

Del. When each side of a triangle is the polar of the opposite 
vertex with regard to a circle, the triangle is said to be self-conju^ 
gate or self-polar with regard to the circle, and the circle is 
said to be the polar eirole of the triangle. 


Exercises. 

420. Prove that the point of intersection of two straight lines is 
the pole of the straight line joining their poles. 

421. Prove the corollaries of Prop. XLV independently. 

422. Find the locus of the poles of all straight lines passing 
through a given point. 

423. Draw a circle of radius 12 mm. and take a point P at a 
distance of 21 mm. from its centre: construct the polar of P. If 
this polar meets the circle in 3 and T, shew that P 8 and PT are 
tangents to the circle. 
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' 424. Draw a circle of diameter i’5" and take a straight line at 
a distance of 1*2" from its centre: take any three points on the 
line and draw from them the three pairs of tangents to the circle. 
Verify that the chords of contact are concurrent, and find the 
position of their point of meeting. 

425. What is the polar of the centre of a circle with regard to 
the circle ? And what is the pole of any given diameter ? 

426. Given a point and a straight line: construct any circle 
for which they are pole and polar respectively. 

427. Given two concentric circles: find the locus of the poles 
of the tangents of one with regard to the other. 

428. With regard to a circle the points A,B,C are the poles of 
the sides of the triangle PQR: prove that P,Q,R are the poles of the 
sides of the triangle ABC. 

429. The angle between the polars of two points is equal to 
the angle subtended by the line joining them at the centre of the 
circle of reference. 

430. If PM, QN be drawn perpendicular to the polars ofQ^P 
respectively with legard to a circle whose centre is O, prove that 
PM:QN = OP:OQ. 

Solution. Let AN,BM be the polars of 

P>Q; PM, 9 N perp. to BM,AN; and O i 

centre. If r = radius of the Q, OP.OA 

OQ.OB = ^2 {Def.\. 

Draw PF, QE perp. to OQ,OP. 

The pts. Q, F, E, p are concyclic [ 45 ] J 
OE OP = OF.OQ [Vlll]. 

But OP.OA = OQ OB ; 

.-.OP (OA~OE) = OQ(OB~OF), 

f. OP.QN = OQ.PM. 

Hence PM:QN = OP:OQ. 



*431. Any chord of a circle passing through a fixed point is cut 
harmonically by the fixed point and its polar with regard to the 
circle. [See Exer. 409. J 

432. On chords of a circle passing through a fixed point the 
points harmonically conjugate to the point are taken: prove that 
their locus is the polar of the fixed point. 

Solution. Let C be the centre of the 
given O and P the fixed pt. ; draw any 
chord, PAB, of the O and take Q in it so 
that (AB, QP) is harmonic: it is required 
to find the locus of Q. 
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Draw the diameter PDE, and let the O about CAB cut it in N. 

V PN. PC = PA. PB = PD. PE. 
and CP> PD, PE are given, 

PN is fixed, and N is a fixed pt. 

Further PD.PE = CP^- CDS 
and PN.PC = CP 2 -CN.CP, 

.•.CN.CP = CD 2 , and N and P are inverse pts. 

Now the radii CA, CB are equal, 

Z.CNB= Z.CAB- Z.CBA= Z.PNA [47]* 
so that NP bisects the angle adjacent to ANB. 

But N (AB,QP) is harmonic; 

/. HQ bisects the ^ ANB, and L PNQ=»rt. angle. 

Similarly, the harmonic conjugate of P on any other chord is 
shown to lie on the str. line through N perp. to CP, on the 
polar of the pt. p, (See Exers. 409, 410.) 

433. From a point A outside a given circle the chords APQ, 
ARS are drawn equally inclined to the diameter through A: prove 
that PS,QR intersect in a fixed point. 

434. Prove the following construction for drawing the polar 
of a point P with regard to a circle having its centre at C: — draw 
any chord, AB, of the circle, as also the diameter DE, passing 
through P; let AE, BD meet in x, and AD, BE in Y ; then XY is the 
polar of p, 

435. If two circles cut orthogonally, the extremities of any 
diameter of either are conjugate points with regard to the other 
circle. 

436. If two conjugate points with regard to a circle are taken, 
the circle described on the line joining them as diameter cuts the 
given circle orthogonally. 

437. The square of the distance between two points conjugate 
with regard to a circle, is equal to the sum of the squares of the 
tangents drawn from the points to the circle. Prove this result, 
and examine the case when one of the points is inside the circle. 
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§ 22. GENERAL THEOREMS ON CONCURRENCY AND 
COLLINEARITY. 

Proposition XLVI. Theorem. 

If the straight lines joining any point to the vertices of a 
triangle^ A, B, 0 , meet the opposite sides of the triangle in the 
points X, Y, Z, respectively, then BX.CY,AZ=XC.YA.ZB. 

Conversely, if x, Y, Z are points in the sides BC, CA, AB 
respectively such that XB.CY.AZ = XC.YA.ZB, then the straight 
lines AX, BY, CZ are concurrent. 


A 



( i ) Let any pt. P be joined to the vertices of the A ABC, and 
let AP, BP, CP meet the opposite sides in X, Y, Z to prove that 
BO.CY.AZ-XC.YA.ZB. 


BX 

V the As BPX, XPC have the same height,^* 

, BX A BAX 
XC AXAC 

. B - ABAX- ABPX . jj , ^ ^ A BA P 

*• CX AXAC-AXPC^ ’ ■' APAC' 

Similarly it can be shown that 
CY^ACPB AZ_ AAPO 

YA APBA Zb“apCb‘ 

by multiplication, — . — . — ■ i, 

XC YA ZB ’ 

i. e., BX.CY.AZ-CX.YA.ZB. 


ABPX. 

A pox' 

[XXXVI] 
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( ii ) Let X, Y, Z be pts. in the sides BC, CA, AB, such that 
BX.CY.AZ = XC.YA.ZB : to prove that AX, BY, CZ are concurrent. 
Join BY, CZ, meeting in P ; let AP meet BC in O, if possible, 
the lines AP, BP, CP meet the opposite sides in O , Y, Z, 
we have BO.CY.AZ=-OC.YA.ZB. [Proved] 

But BX.CY. AZ XC.YA.ZB ; [ Hyp,] 

[Aliernando] 


BO^BX 
BX XC’^^55"*XC 


Thus BC is divided at O and X in the same ratio, which is 
impossible. [XX] 

.•.O and X coincide, and AP, BP, CP are concurrent. 


With the convention of signs adopted in § 4, it will be found 
that the two products have always the same sign, or that 
By PY A7 

X/ A* TO “ "b Thus all the segments are positive in the given 
XC XA Zd 

figure ; but if P is taken at Pi, XC and AZ will both 
be negative, and the product of the ratios will still be 
+ 1. So also other positions of P (as P2) may be considered. It 
will be found that the sections of the sides are either all internal 
or one internal and two external. 
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Proposition XLVIl. Theorem. 

If a straight line intersects the sides ^0^ 0^^ AB, ^ a triangle 
/« X, Y, Z, respectively y then BX.CY.AZ = CX.AY.BZ. Conversely^ 
Y, Z are points in the sides BC, CA, AB respectively^ such 
that BK.CY.AZ — CX.AY.BZ, then the points are collinear. 



(i) Let any str, line (L) cut the sides of the A ABO at 
X, Y, Z : to prove that BX.CY.AZ- CX.AY.BZ. 

Draw any pari, lines through A, B, C, to meet (L) at D, E, F, 
respectively. 


the As BXE, CXF are similar, 
^ AZ AD 
AD» BZ”BE- 


SO also ^ 


. BX 
•• OX 


BE 

CF^ 


[XXVI] 


by multiplication, 

i, (?., BX.CY.AZ « CX.AY.BZ. 


(ii) Let X, Y, Z be pts. in the sides BC, CA, AB, such that 
BX.CY.AZ -CX.AY.BZ: to prove that X, Y, Z are collinear. 

Join YZ, and let it meet BC in O, if possible. 

V ZYO is a str. line, 

we have BO.CY. AZ - CO. AY.BZ. [Proved] 

But BX.CY.AZ « CX.AY.BZ ; [ddyp-] 

^ ii “ [Alternando] 

Thus BC is divided at O and X in the same ratio, which is 
impossible. [XX] 

6 and X coincide, and X, Y, Z are collinear. 
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With the usual convention of signs, it will be found that the 

^ RY OY A7 

products have always the same sign, or 

in the figure given AY and BZ are negative, the other segments are 
all positive. 


If the line is taken as Li, the signs will be different, but the pro- 
duct of the ratios will still be -|-i. It will be found that the sections 
of the sides are either all external or one external and two internal. 
It should be noticed that in the enunciations of XLVI and XLVII 
the right hand sides are differently written. 


Exercises. 

438. Draw a triangle ABO withBC = 28, CA=ai5, AB=i9; in 
BC, CA take BL, CM each= 10, and let AL, BM meet in O. If CO 
and AB meet in N, calculate AN and NB, and verify by measuring 
their lengths. 

439. The straight lines joining the vertices A, B, C, of a triangle 
to any point 0 meet the opposite sides in D, E, F, respectively ; 

if = = and prove that AO = 3 OD. 

440. Draw the figure of the preceding exercise when E divides 
CA externally, and shew that the results still hold good. 

441. In the figure of Prop. XLVI, join ZX, ZY, and prove that 
the pencil Z ( BC,X Y ) is harmonic. 

Prove also that 4 - -f =s 2. 

AX^BX^CX 

442. X, Y, Z are points on the sides BC, CA, AB respectively of 
a triangle, and Z (BC, XY) is a harmonic pencil ; prove that AX, 
BY, CZ are concurrent. 

443. By means of Prop. XLVI or XLVII construct a ratio which 
shall be the product or quotient of two given ratios, a : h and c : d, 

444. In the sides CA, AB, of a triangle ABC points M, N, are 
taken so that CM : MA = AN : NB^a.*^; MN and BC meet in L. 
Prove that BL : LC =■ a?- 'M. 

445. With the figure of Prop. XLVI prove that AY-|-^_^P . 

YC ZB PX 

and hence construct a ratio which shall be the sum or difference 
of two given ratios. 

446. If Y, Z are taken in AC, AB respectively so that ^ 
(algebraically), and BY and CZ meet in P, prove that AP is parallel 
to BO, 
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447. Apply Prop. XL VI to prove the concurrence of the straight 
lines joining the vertices of a triangle to (i) the midpoints of the 
opposite sides; (ii) the points of contact of the incircle with the 
opposite sides; (iii) the points of contact of any excircle with the 
opposite sides; and (iv) the points of contact of the three excircles 
Severally with the opposite sides. 

448. Shew that the perpendiculars of a triangle are concurrent; 
and that two external bisectors and the third internal bisector ot 
the angles of the triangle are also concurrent. 

449. The three external bisectors of the angles of a triangle 
meet the respectively opposite sides in collinear points. 

450. If a triangle is inscribed in a circle, the tangents at its 
vertices meet the respectively opposite sides in collinear points. 

451. The incircle or any excircle of a triangle touches the 
sides BC, CA, AB in D, E, F respectively; BC and EF meet in X, CA 
and FD in Y, AB and DE in Z. Prove that XYZ is a straight line. 

452. A straight line cuts the sides AB, BC, CD, DA of a quadri- 
lateral at L, M, N, 0 respectively: prove that the numerical product 

of the ratios — , — , — , — , is unity. Extend the result to 
LB* MC’ ND* OA ^ 

a polygon of any number of sides. 

453. In the sides AB, BC, CD, DA, of a quadrilateral points 
L, M, N, Oj are respectively taken sothatAL.BM.CN.DO = BL.CM.DN.AO, 
prove that AC, LM, NO are concurrent. 


454. If from any point in the diagonal, AC, of a quadrilateral 
A BCD, two straight lines are drawn, one meeting AB,BC in X,Y 
respectively, and the other CD, DA in X', Y' respectively, then 
AX. BY. CX'.DY' = XB. YC . X'D. Y'A. 

455. The incircle of a triangle ABC touches BC, CA in X, Y 
respectively, and the excircle opposite to the vertex A touches AB 
in k: if XYZ is a straight line, prove that the L ABC is right. 

456. A circle cuts the three sides BC, CA, AB, of a triangle 
respectively at D^ and Dg, and E2, F^ and F2 *• if AD^, BEi, CFi 
are concurrent, so also are ADg, BEo, CFg. 

457. If X and X', Y and Y', Z and Z' are points taken respec- 
tively in the sides BC, CA, AB, of a triangle, so that XYZ, X' Y'Z' 
are straight lines, prove that the points of intersection of 

(i) BC and YZ\ CA and ZX', AB and XY', 
and (ii) BC and Y'Z, CA and Z'X, AB and X'Y, 
are collinear. 
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*458. If X, Y, Z are points on the sides, BC, CA, AB, of a 
triangle such that AX,BY,CZ are concurrent, prove that YZ> ZX, XY 
meet the respectively opposite sides in collinear points. 

Solution, Let YZ, ZX, XY meet BC, CA, AB in L, M , N, re 
spectively. 


V LYZ is astr. line, 

.•.BL.CY.AZ = CL AY.BZ[XLVI1]. 
But AX, BX, CZ are concurrent; 
.•.BX.CY.AZ = XC.YA.ZB. [XLVI]. 
Hence, by division, 

B L BX 

t, 6 , , — = , 

CL CX 

Similarly it can be shewn that 

CM_^and 
AM-YA^'^^B “"ZB- 



Hence by multiplication, ql*.aM.BN “■ XC. Y A.ZB ■" * * 

/. BL.CM.AN = CL.AM.BN, and L, M, N are collinear [XLVIl]. 

It is seen that BC is divided harmonically at X and L. Taking 
the quadrilateral BCYZ, it is found that the opposite sides intersect 
in A and L, and the diagonals in the point (O) of concurrence ; so 
that the lines joining A to O and A to L divide the side BC harmo- 
nically. (See Exer. 461 below.) 

459. If a straight line, LMN, cuts the sides, BC, CA, AB, of a 
triangle at L, M, N, respectively, and if AL, BM, CN form a triangle, 
the lines joining A, B, C to the corresponding vertices of this triangle 
are concurrent. 

If O is the point of concurrence, O and LMN are respectively 
called pole and polar with regard to the triangle ABC of the two pre- 
ceding exercises, 

460. It straight lines AP, BP, CP cut at X, Y, Z the sides, 
BC, CA, AB, respectively of a triangle, and if X', Y', Z' are harmo- 
nically conjugate to X, Y, Z with regard to BC, CA, AB lespec- 
tively, prove that 

(i) X', Y', Z' ; X, Y, Z', are collinear points, 

and (ii) AX, BY', CZ'; AX', BY', CZ, are concurrent straight lines. 

461. ABCD is a quadrilateral ; AB, CD meet in E and AD, BC in 
F. If AC, BD meet in O, then the pencil E (BC, OF) is harmonic. 

462. With the notation of the preceding exercise, if BD, EF meet 
in P and AC, EF in Q, then the ranges (FE, PQ), (BD, OP), (CA, OQ) 
are harmonic. 

The 6gure formed by the four straight lines EAB, EDO, FDA, FOB 
is called a complete quadttlateraL The six intersections of these 
four lines, A, B, C, D, E, F, are called the vertices of the figure ; and 
the three lines AC, BD, EF, joining j^airs of opposite vertices, are 
called its diagonals^ If EO meets BC in F^ (BC, F'F) is a harmonic 
range as shown above. 
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*463. Prove that the midpoints of the three diagonals of a 
complete quadrilateral are collinear, 

464. Pairs of points Di and Dj, Ei and Eg, Fi and Fg are taken 
respectively in BC, CA, AB, the sides of a triangle, so as to be equi- 
distant from the midpoints of these sides : if ADi, BEi, CFi are con- 
current, so also are ADg, BE2, CF2. 

*465. If two triangles, ABC, A'B'C', are such that AA', BB', CO' 
are concurrent, prove that the pairs of sides BC, B'C' ; CA, C'A' ; 
AB, A'B', intersect in collinear points. 


Solution, Let AA', BB', 
CC' meet in O, and the 
corresponding pairs of 
sides cut in X,Y,Z 
respectively, 

V B'C'X crosses the 
sides of the A OBC, 

• CC: 

■■ XC C'O' B'B 
(numerically ); 



so also ^ and^. 2^=,. 

YA A'O C'C ZB B'O A'A 


Hence, by multiplication. 


B X.CY AZ 
XC.YA.ZB 


.*. from the A ABC, X, Y, Z are collinear. 

466. If the corresponding sides of two triangles intersect in 
collinear points, the lines joining their corresponding vertices are 
concurrent. 

The triangles in the two preceding exercises are said to be in 
perspective ; the point of concurrence fer corresponding vertices is 
calM their centre of perspective, and the line of collinearity for 
corresponding sides is called their axis of perspective. 
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% 23. MISCELLANEOUS CONSTRUCTIONS. 

(i) In a given triangle to inscribe a triangle similar and similar- 
ly placed to a second given triangle. 



Q 



9 


Let ABC be the first A , PQR the A to which the inscribed A 
is to be similar. 

Across the L BAG draw the str. line p^ pari, to PQ ; make 
Lqpr^ LQPH, Lpqr^ PQR. Join Ar, and let it meet BC in 
D; draw DE, DF pari, to rp, rq to meet the other sides of the A 
ABC. Then DEF is the required A . 

AD DF 

a - aa , 

kr qr 

SO that the As DEF, pqv are similar. 

But the A s PCJR, pqr are equiangular ; 

the As DEF, PCJR are similar. 

Also the sides of DEF are respectively pari, 
and /. to those of PQR ; 

/. the A s DEF, PQR are similarly placed. 


Evidently l EDF = 


L prq\ also — * 
pr 


[XXVIII] 
[Cons,"] 
[XXVI] 
to those of PqVy 


We can also draw qr or rp across the ^ BAC so as to be parallel 
to QR or RP, and then complete the A pqr so as to be similarly 
placed to PCJR. Thus two more solutions may be obtained, and 
some of the points may fall on the sides of ABC produced. No 
new solutions are obtained by drawing the parallels across the 
L ABC or ACB. 


G. to. 
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(ii) To describe a square about a given quadrilateral , i.e., a 
zquare the sides of which j^ass severally through the vertices of 
the quadrilateral. 



Let ABCD be the quad.; on AB, CD as diameters describe 
and let E, F be the midpoints of the arcs of these Q)s within the 
quad. Join EF, and let it meet the Qs in P, Q; join PB, PA, RC, RD, 
forming the quad. PCJRS. 

L BPA = 90° in a semi-Q) 

/, L EPB 45®; so also A FRO 45 ''* 

/. the A PQR is an isosceles rt.-angled A . 

Similarly the A PSR is an isosceles rt.-angled A, and PCJRS 
is a square. 

If the quad, to be circumscribed is not a square, but is similar to 
a second given quad, pqrsj the following method may be adopted. 

Join pr; make ^ ABE = ^ rps, L BAE = l^Pq, L CDF » Lprq, 
U DCF « L prs. Join EF, and let it meet the Qs about the As ABE, 
CDFinP,R. JoinPA,PB,RC,RD, to form PQRS. The As PCJR, 
pqr will now be similar, and so also PSR, psr\ hence the quad. 
PQRS is similar to the quad, pqrs, . ^ , 

. Some of the sides of PQRS may pass when produced through 

the points A, B, C, D. 

( iii ) To inscribe a square in a given quadrt/ateralt t.e., a 
square the vertices of which he severally on the sides of the quadri- 
lateral, A 
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Let ABCD be the quad. Take any square fqrs, and about it 
describe the quad, abed similar to the quad. ABCD, as explained 
above. Divide the sides of the given quad., 
so that AP:PB = a/:M 

CH:HO=cr:rdy DS:S^^ds:sa. 

Then it is seen that the figure PQR8 is similar to pqrs^ and is 
therefore a square. 

Some of the points P, Q, R, S, may lie on the sides produced of 
ABCD. 


Exercises. 

467. Prove the following construction for describing a square 
about a given quadrilateral ABCD. Draw AO perpendicular and 
equal to BD ; then OC is the direction of the side of the square 
through the vertex C. Examine the case when AC is itself perpendi- 
cular to BD. 

468. Describe a square about a triangle ABC, so that one 
vertex is at A and the opposite sides pass through B and C severally, 

469. Describe a square so that (i) two vertices may lie on a 
given circle and the opposite side may touch the circle, (ii) two 
sides may touch the circle and the opposite vertex may lie on it. 

470. Construct a triangle similar to a given triangle so that the 
vertices may lie severally on three given concentric circles. 

471. Given a circle and a point : construct by means of the 
ruler only the polar of the point with regard to the circle. Hence 
draw tangents to the given circle from any external point. 

J *472. Find the harmonic conjugate of a point on a straight line 
with regard to the extremities of the line. 

Solution, If A, B are the extremities of the line, and P the pt. 
on it, the harmonic conjugate of P may be found as in [XXIV] by 
drawing parallel straight lines. This requires the use of the 
compasses or the set square ; the following method depends on the 
straight ruler only. 
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Join any pt. 0 to A, B, P, and on OP take a pt. X ; let AX, BX 
meet OB, OA respectively at K, L ; join KL, meeting AB in Q. 

V LKQ crosses the sides of the^ AOB, .*• 

But V AK, BL, OP concur at X, OL^j_ 

Hence ^ = and Q is harmonically conjugate to P with regard 
toA, B. ^ 


Miscellaneous Examples VI. 

1. Two points, P and Q, are equidistant from the centre of a 
given circle: if any circle through them cuts the given circle, prove 
that the common chord of the two circles is parallel to PQ. 

2. Divide a given straight line, AB, internally or externally at 
C, so that AC*-BC 2 may be equal to a given area. 

3. Prove that the geometrical mean of two given lengths is 
also the geometrical mean of their arithmetical and harmonical 
means. (See Exer. 412.) 

4. D, E, F are the midpoints of the sides BC, CA, AB, of a 
triangle ; EH parallel to AD meets FD produced in H, and BH, BE 
are joined. Prove that D is the centroid of the triangle BEH. 

5. The base of a triangle is given in magnitude and position 
and the vertical angle is known : prove that the centroid and the 
nine-point centre move on circles. 

6. The points A, B, C, D, lie on the circumference of a circle : 
prove that the orthocentres of the triangles BCD, CDA, DAB, ABC, 
lie on an equal circle. 

7. Prove that the pedal lines of three points on a circle with 
regard to any inscribed triangle form a triangle similar to that 
formed by the three points, 

8. From a given point straight lines are drawn to the circum- 
ference of a given circle and turned through equal angles in the 
same direction ; prove that their extremities in the new positions 
lie on an equal circle. 

*9, A triangle similar to a given triangle has one vertex fixed, 
and a second moves on a given circle : prove that the third vertex 
also describes a circle. 

Solution, Let the varying A be similar to the A PQR ; let O 
be the fixed vertex, C the centre of the given Q. Draw the 
diameter OACB ; take OM : OA = ON:OB = PR : PQ ; then the circle 
on MN as diameter is the locus of points which divide lines from O 
to the given O PR = PQ (Exer. 286). Now, take any pt. 

E on the 0 > A similar to the A PQR| and make 

00 =* OF. 
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V OG : OE = OF : OE = PR : PQ = OM : OA, 

G lies on the Q on MN as diameter. 

Also L GOF = L QPR and is constant, and OF = OG ; 

.\ by the preceding exercise, F moves on a Q equal to the Q 
mentioned above. 

10. Equilateral triangles are drawn on the sides of a square, 
either all internally or all externally: compare the area of the 
quadrilateral formed by joining their vertices with the area of the 
square. 

11. Draw a straight line parallel to one side of a triangle and 
meeting the base, so that the length of the line within the 
triangle is the mean proportional between the segments of the 
base. 

12. Given the sum of the squares of two straight lines and their 
ratio, construct the lines geometrically. 

13. Two circles, (a) and (B), intersect at M and N ; a third 
circle meets (a) in p and Q and (B) in R and S. Prove that 
MP.M( 3 :NP.N (3 = MR.MS:NR.NS. 

14. Any points A',b',C', are taken respectively on the sides 
BC, CA, AB, of a triangle, and circles on AA', BB', CC' as diameters 
are drawn : prove that their radical centre is the orthocentre of 
the triangle. 

15. If D, E, F afe the feet of the perpendiculars from the ver- 
tices on the sides BC, CA, AB, of a triangle, prove that 

AABC = |r(efH-FD+DE). 

16. The perpendiculars from the midpoints of the sides’ 
BC, CA, AB, of a triangle drawn respectively to the tangent to the ' 
circumcircle at A, AB, AC, are concurrent. 

17. The incircle of a triangle touches the sides BC, CA, ab 
respectively at X, Y, Z : prove that the perpendiculars from the 
midpoints of YZ, ZX, XY respectively to BC, CA AB meet at the 
nine-point centre of XYZ 
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*i8. If one triangle can be drawn so as to be inscribed in a 
given circle and circumscribed to another given circle, prove that 
any number of such triangles can be drawn. 

Solution, Let I and O be the 
centres of two Qs which are such 
that one ^ ABC can be circum- 

scribed to the first and inscribed in / \ 

the second. Take any pt. a on the K • \ 

circumference of the outerQ, and \ 

draw ab^ ac tangents to the inner \ \ .0/1 J j ^ 

circle : then be shall also touch \ / I 

this o- \ / 

Let a I meet the outer Q in M; 
draw the diameter MON. join M^ 
and Hb; also join I to P, the pt. 
of contact of ab with the inner Q. 

If rt R are the radii of the inner and outer Qs, we have 
0\2=:R2 — 2R/ [Mis. Ex. IV, 24], 

Now Ml.lrt = Xl.l Y = 0x2 - 0|2 = R2 - 012 = 2Rr = MN.IP. 

from tlie similar As I^^P, MN^. 

MN \a MN 

Thus Ml « M 5 ; /. LM\b^ L M^I; 

.•. L lAab+ t. \ba^ l. \Abc-\- l \bc=^ L \l[ac-\- L li^c. 

But Mac = Wlabf as ab, ac are tangents ; L\bc— L \ha. 

But ab touches the innerQ ; :,bc also touches it. [See 42.] 
Hence abc is a similarly described triangle ; and as a is any pt. on 
the outer circumference, any number of such A s can be drawn. 

19. PQR is a triangle right-angled at R ; a straight line parallel 
to the bisector of the angle p meets QR in K, and QX is taken the 
mean proportional to QK and QR. If XI perpendicular to QR meets 
the parallel at |, and N is the midpoint of PQ, prove that 
Nl«QN±IX. 

Solution, Let pS be the bisec- 
tor of the L P meeting QR ; M, N 

the midpoints of QR, Qp, so that 1 

MN is perp. to QR ; draw NH pari. / / I 

to QR to meet |X. I / / \ 

..QK_qx .qx_qx-qk_kx / 1 

•qX^^QR’ “QR QR-QX XR^ yf : / 1 

.-.QR.KX = QX.XR = QM* - MX= \ 1 

= QM2-HN2. L I I /s 

Hence HN2 = QM^“2 QM.KX...(«f). ^ ^ 

Now, from the similar As iKXi PSR» we have 

IX =PB=^ [XXII] 

XK R8 gs^ 

_PR+PQ r^,5 s _ NM + NQ QM(NQ+NM)_ QM 

QR ^ ^ QM “ NQ«-NM* NQ-NM' 

IX.NQ-IX.HX=QM.KX. 
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Substituting in (a)t we get 

HN2 = (3M2-2 IX.Ng‘f2 lX.HX 

= (2N2-HX2-2 IX.NQ-f2 IX. HX 
= (QN - IX)2 - (IX - HX)2 = (QN - IX)2 - IH2. 

(QN-IX)2=HN2 + IH2 = IN2; 1N = QN~1X. 

If X is in RQ produced or K in QR produced, it will be found that 
IN = QN-flX. It follows that the O about the APQRandtheQ 
whose centre is I and radius IX, have internal contact-see [43]; 
and the important theorem in the next exercise can be readily 
deduced. 

*20. The nine-point circle of any triangle touches the inscribed 
circle and each of the escribed circles. 

21. The incircle of a triangle touches the sides BC, CA, AB res- 
pectively in X, Y, Z, and XX', YY', ZZ' are its diameters through 
the points of contact ; prove that AX', BY', CZ' are concurrent. 

22. P is any point within a triangle ABC ; straight lines AX, BY, 
CZ are drawn so as to make L XAC = L PAB, L YBA = L PBC, 
L ZCB — L PCA* Prove that AX, BY, CZ are concurrent at a point Q. 

(The points P and Q are said to be isogonally conjugate with 
regard to the A ABC.) 

23. In the exercise above if perpendiculars are drawn from P 
and Q to the sides, prove that their six feet lie on a circle. 

*24. The tangents at B and C, C and A, A and B, to the circumcircle 
of a triangle ABC, meet inp, Q, R respectively: prove that (i) AP, 
BQ, CR concur at a point K; (ii) AP bisects straight lines parallel to 
QR and terminated by AB and AC; and (iii) if G is the centroid of 
the triangle, l GAB =» L KAC, L GBC = L KBA. 

(The point K is thus isogonally conjugate to G.) 

25. O is any point in the plane of a triangle ABC; the bisectors 
of the angles BOC, COA, AOB, meet BC, CA, AB respectively in p, Q, R; 
and OP', OQ', OR' perpendicular respectively to OP, OQ, OR, meet 
the same sides in P', Q', R'. Prove that (i) AP, BQ, CR are con- 
current ; (ii) P', Q', R', as also P, Q, R', are collinear. 

26. Any circle drawn through the limiting points of a co-axal 
system cuts orthogonally every circle of the system. 

27. The six limiting points of any three circles are concyclic. 

28. If L, L' are the limiting points of a co-axal system of circles, 
and C the centre of any one of them, prove that CL. CL' = (radius)2. 

29. The centres of similitude ot each pair of three circles form 
six points lying three by three on four straight lines. 

30. Four points A, B, C, D are collinear in order : find the locus 
of points at which the segments AB and CD subtend equal angles. 

31. The range (AB, PQ) is harmonic ; C is the midpoint of AB 
and R of PQ. If V is any other point in the line, prove that VA.VB 
.|-VP.VQ«2VC.VR. 
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32. The straight lines joining a point O to the vertices of a 
triangle meet the sides BC, CA, AB in P, Q, R respectively ; and 
straight lines AP', BQ*', CR' are drawn to the opposite sides so as 
to make the pencils A (BC, PP'), B (CA, QQ'), C (AB, RR') harmo- 
nic. Prove that P', Q', R' are collinear. 

33. The points A, B, C lie on a straight line ; P is the harmonic 
conjugate of A with regard to B and C, Q of B with regard to C 
and A, R of C with regard to A and B, Prove that (AP, QR) , 
(BQ, RP), (CR, PQ) are harmonic ranges. 

34. The straight lines joining the extremities of a chord of a 
circle to the midpoint of any chord passing through its pole, are 
equally inclined to the latter chord. 

*35. Any two points conjugate with regard to a circle and the 
extremities of the diameter on which they He form a harmonic 
range; and any two conjugate lines and the tangents to the circle 
from their point of intersection form a harmonic pencil. 

36. Prove that the orthocentre of a triangle is the centre of the 
circle with regard to which the triangle is self-conjugate. When 
can a real triangle be self-conjugate with regard to a circle ? And 
what is the length of the radius of the circle ? 

37. Prove that the polar circle of a triangle cuts the sides of 
the triangle harmonically. 

*38. If a quadrilateral is inscribed in a circle, the triangle formed 
by its three diagonals is self-conjugate with regard to the circle. 

39. The circle whose diameter is the third diagonal of a 
quadrilateral inscribed in a circle, cuts this circle orthogonally. 

40. PAP', QAQ' are two chords of a circle, and B is the inverse 
of A with regard to the circle : prove that PQ, P'Q' subtend equal 
angles at B. 

41. Two chords of a circle drawn through a point are at right 
angles, and tangents are drawn at their extremities to form a quad- 
rilateral: prove that (i) this quadrilateral is cyclic; (ii) its diago- 
nals pass through the given point; and (iii) the angles between the 
diagonals are bisected by the chords. 

42. AL, BM, CN are the perpendiculars of a triangle ABC, and 
MN, NL, LM, respectively meet BC, CA, AB, in P ,Q, R: prove that 
the circumcentres of the triangles ALP, BMQ, CNR are collinear. 

43. With the notation of the exercise above prove that (i) P, Q, R 
are collinear; (ii) the sides of the triangle LMn are respectively 
perpendicular to the lines joining A, B, C to the circumcentre; and 
(iii) the perpendiculars from A, B, C, respectively to MN, NL, LM, 
are concurrent. 

*44. A hexagon is inscribed in a circle: prove that its three 
pairs of opposite sides intersect in collinear points. 

45. Three alternate sides of a cyclic hexagon form a triangle, 
and the remaining three form another: prove that the two triangles 
are in perspective. 

♦46. A hexagon is described about a circle: prove that its three 
pairs of opposite Vertices lie on concurrent straight lines. 
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CHAPTER IX^ 

MEASUREMENT OF ANGLES. 

§ 24 . The word Trigonometry is derived from Greek, and 
signifies the measurement of triangles. The present science of 
Trigonometry is concerned with the general theory of angles, both 
geometrical and algebraical ; the measurement of triangles, 
however, forms its most important application in practice. 

An angle is measured, like any other physical quantity, by 
reference to an invariable unit of its own kind. One such unit 
is the right angle, which is known to be always of fixed magni- 
tude. As however it is inconveniently large, its ninetieth part, 
called a degree, is usually employed as the unit ; and the degree 
measure of any angle is obtained by finding the ratio of the 
angle to an angle of one degree. For estimating small angles 
the sixtieth part of a degree, called a minute, is employed; and 
this again is subdivided into sixty parts, each of which is called 
a second. 

On account of the occurrence of sixty in the subdivisions of a 
degree, the method above is called the sexageshtial method of 
measuring angles. Another way of subdividing the right angle 
will be found in Exer. 15 below. 

A different method is employed in the more algebraical treatment 
of the subject, called the radian method or the circular measurement 
of angles. The unit employed in it is the angle subtended at the 
. centre of any circle by an arc equal to its radius ; this angle is 
found to be invariable and is called a radian. 

Examples, r. Express *6155 of a right angle in degrees, 
minutes and seconds. 

The given angle - (•6155x90)° - 55 ' 395 '’ 

- 55 ° 23 ' 7 ' = 55 ° 23' 42". 

2. Find the degree measure of each angle of a regular 
polygon of 12 sides. 

Let X be the measure required; then 
\2 X ^ sum of all the interior angles 

= (2 X 12 - 4) rt. angles =* (20 x 90)*; 

X » 150“. 


<1. II. 
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3. Reduce an angle of 50“ 37' 30" to the fraction of two right 
angles. 

The given angle = 50° 37^ = (SOiVix^" 

“ =■ ® rt. angles; 

thus the result is 

Angles are measured as well as laid off by means of the 
Vrotractor. This is a thin semicircular disc of metal or stout 
cardboard, graduated along its outer circular edge in degrees 
from o to 180. Since equal angles at the centre stand on equal 
arcs, the marks on the semicircle are equidistant. The diameter 
of the semicircle, which evidently joins the graduations for o* and 
180*, may be called the initial line^ and its centre the origin^ of 
the instrument. 



In order to measure a given angle, place the origin, o, at the 
Tertex of the angle and the initial line, AB, along one of the arms 
of the angle ; the number at the point where the other arm of 
the angle meets the edge of the protractor, gives the measure of 
the angle (aop or AOQ of the figure ). Ir p does not coincide 
exactly with a graduation, the angle may be read to a fraction of 
a degree by estimation : but this is a matter of difficulty with small 
instruments, which should be read off to the nearest degree or 
half-degree at most. 

To lay off an angle of given magnitude at a point of a given 
straight line, place O, the origin, at the point, and the part OA of 
the initial line along the straight line, so that the arc of the 
protractor is above it ; prick off at the required number of degrees 
on the arc, and join the point thus obtained to the given point. 
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When two or more angles are to be compared, it is found con- 
venient to bring one arm of each in succession along OA, the 

vertex being at O; then the points p, Q, , where the other 

arm of each meets the protractor’s edge, at once give the 
measures of the angles. We should thus have angles like AOP, 
AOQ, AOB (=s iSo**), estimated. If the protractor is circular and 
transparent about the initial line, angles larger than two or even 
three right angles could also be laid off and estimated. Care 
should be taken always to measure the angles from the initial 
line OA in the direction of the graduations from A, going from 
right to left. 

Examples (Contd.). 4. A bicycle wheel has thirty-two spokes 
numbered consecutively : what angle is described by a radius in 
passing from the nth to the 30th spoke? 

The number of angular intervals passed over is 19 ; also each 
interval is of 360° ( t.e, the angle described by a radius in one 
complete revolution ). 

Hence the required angle = of 360° =» 213° 45'. 

5. What angle is described by the minute hand of a watch 
between 4 o’clock and the time when the; hour and minute hands 
are next together? 

At 4 o’clock the hour hand is 120° in advance of the minute hand. 
If .r= the angle required in degrees, the hour hand describes : 
hence x — i^^x=i2o^, .\x = jy of 1440°= 130® 54 iV* 


As in some problems angles are indicated by reference to the 
points of the Mariner’s Compass, the sketch of a compass card 
given in the annexed figure may prove useful to the student. 
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The whole circumference is divided into 32 equal parts, so 
that the right angle EON is divided into eight. The angle cor- 
responding to one part is called a point \ thus when the course of 
a ship is changed through of a right angle or ii® 15', it is said 
to be altered by one point. The directions ENE, NNE are midway 
between E and NE, N and NE respectively ; and N ^ E indicates 
the direction North altered by one point towards the East. 

When the course of a shijf or the bearing of an object from the 
point of observation is not exactly towards a point of the compass, 
fractions of a point may be employed. Thus NW by | W means 
the direction North-West altered by three quarters of a point 
towards the West ; it is therefore West of North. This 

direction may also be indicated by 53 ^V W of N, or by N 53“ 
26' 15" W. So also 12^ 4' North of East may be expressed as 
E 12® 4 ' N, and North by East as N ii® 15' E. 


Exercises. 

1 . Write down the complementary angles of 2* 33 ' and 52 ^ 
33 ' 21 "; and the supplementary angles of 100 ^ 11 ' and 52 ^ 0' 12 ". 

2 . Find in degrees and minutes the difference in bearing 
between E by S and NNE, and between SW by W and NNW. 

4 so RO Af 40// 

3 . Simplify 7 X 1 ° 25 ' 12 " and — 25/ 

4. A triangle HLK is drawn having L bearing ENE from H, K 
from L 12° w of S, and H from K W by N: find the angles of 
the triangle. 

5. One angle of a quadrilateral is half a right angle, and a 
second is 74° o' 45" ; find the remaining two angles when one of 
them is | of the other. 

6. The numerical measures ^f the angles of a quadrilateral 
when referred to units containing i°, 2°, 3°, 4° respectively are in 
Arithmetical Progression, and the second and fourth angles differ 
by a right angle : find the angles. 

7. The angles of an octagon are in A. P. and the least angle 
contains 95°: find the remaining angles. 

8. Find in minutes of angle the angle between the hands of a 
clock at half past five, quarter to nine and ten minutes past 
eleven. 

9. Find the angle described by the hour hand of a watch from 
3 a. m. to 1-50 p. m. 
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*10. The circumference of the Earth is 24900 miles, and two 
places 10 miles apart lie on the same meridian: find the difference 
of their latitudes. 

1 1. Find the distance in miles between two places on the equator 
of the Earth which differ in longitude by (P i8', 

12. An arctic explorer reaches a latitude of 88^ o' 30 find how 
many miles he is distant from the pole, supposing the Earth to be 
a sphere of diameter 7980 miles. 


13. At two consecutive milestones on a straight road running 
NNE the bearings of a distant object are 8^ 20' N of E and 
16'^ 40' S of E respectively : find the distance of the object from the 
first milestone, by drawing the figure to a convenient scale and 
measuring with the ruler. 

14. A ship is due W of a lighthouse and sails on a straight NNW 
course ; when it has proceeded 12 miles the lighthouse is found to 
bear SE 10^ N. Find by means of a diagram the distance of 
the lighthouse from the second point of observation, 

*15. In the centesimal measurement of angles the following 
table is employed : — 

I rt. angle = 100 grades C?), i grade = 100 minutes ('), 

I minutest 100 seconds ("), 

Find the centesimal measures of of a rt, angle, of 100° and 10® 

10' 10". 

16. Reduce 50^ 2' 50" to the decimal of two right angles, and 42^ 
2' 25" to sexagesimal measure, 

17. The number of degrees in one angle of a regular polygon is 
equal to the number of grades in one angle of a regular polygon of 
half the number of sides : find the number of the sides of each 
polygon. 
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Take an acute angle BAG of fixed magnitude in any position, 
and from anj^ point P in of its bounding arms draw PM per- 
pendicular to the other arm. It is seen that the triangle APM thus 
formed has always the same angles, and therefore that its corres- 
ponding sides have the same7atios when taken two and two [Prop. 
XXVI], We have thus six fractions, like and constant 
in value for all positions of P, referring to the angle BAG. 


If the angle changes ever so little, each of these ratios will 
change. Let the 
angle increase to 
B'AC; draw P'PM 
perp. to AC, on AB 
take AQ « AP, and 
draw QN perp. to 
AC. 



P 

\ N 1 

L ^ 
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It is evident that Q lies between A and P' at a greater distance 

from AC than P ; hence 

MP<.Ng<NQ / g rvvvTi 

AP^AP’ AQ’ • ^ AP* IXXVH 

Thus these corresponding ratios of the two angles are different ; 

so also for any other pair of corresponding ratios. 


Conversely, if the corresponding ratios for two angles are equal, 
the angles themselves are equal, as is seen from Prop. XXVIII and 
Exer. 270 (§15). So also, if the ratios differ the angles are 
different. 


The ratios being thus intimately connected with the angle, it 
is found that the properties of the angle are readily investigated 
by means of them. The following fu?idanie 7 ital definitions are, 
consequently, adopted in Trigonometry. 

Dels. If BAG is any given acute angle, P any point in either 
arm and PM perpendicular to the other arm, then the ratio 

is called the sine, ^ the cosine, 
the tangent, j5,p the cotangent, 
the secant, and the cosecant, 
of the angle BAG. 

As these ratios are continually employed in all branches of 
Mathematics, it is found \ery convenient to use the following 
respective abbreviations for them, denoting by A the value of the 
angle •— 

sinh^ cosh^ ta 7 iPK, co/Aj cosec A. 

The symbol sin A means “ the sine of the angle A”, and is not 
divisible into parts; so for the other symbols. These ratios are 
said to be the tritjofiornetrical ratios or functions of the angle. 

If we take the triangle APM formed by the perpendicular, we 
see that AP is the 
hypotenuse, and 
am and MP the 
sides respectively 
adjacent and oppo- 
site to the given 
angle BAG. Hence, 
in the present case^ 
we can also define 
thus : — construct 
the triangle APM, A 
right-angled at M, 
to contain the 
given angle A; then 
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«„A= ?PPiiiie, tanK „oPE^, 

hypot. hypot. adj. side 

^..A=.-tZP^, cosecf. .. j!y p°t- . 

opp, side adj. side opp. side 

Examples, i. To find the sine of an angle of 37°. 

Take a straight line AC, and at A lay off the angle (37°). In 
the other arm take P so that AP*= 100 mm., and draw PM perp. 
to AC ; it is found on measurement that MP = 6o^mm. 


Hence sin 37® 


[ = •605. 


By reading off the length AM, we can similarly find cos 37^,. 
tan 37°, &c. 

The larger the figure is drawn the greater will be the accuracy 
of the numbers found. But the construction will give the ratios 
at most to two places of decimals, as even with careful drawing 
we cannot lay off angles to within half a degree or lengths to 
of an inch. The values of the trigonometrical ratios are more 
readily and quite accurately calculated by means of formulae given 
in the higher parts of the subject, and entered in Tables like 
those given at the end, whence we obtain sin 37°= ’6018. 

2. To construct the angle whose sine is *34. 


Take a Q of 
diameter AOB 
— 1 00 mm.; 
from B draw 
the chord BC 
of length 34 
mm. Then BAC 
is the angle 
required- 
As L ACB 


90® in 
semi-Q , 

/, sinA = 


a 


CB 

AB 



100 


‘ 34 - 


On measuring 
with the pro 
tractor, the an- 
gle is found 
to be almost 
exactly 20®. 
The Tables 
give i9°53'. 
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An angle with a given cosine or cosecant may be similarly 
constructed. The construction when the tangent is given is 
different, as may be seen from the following example. 

3. The sides about the right angle of a right-angled triangle 
are 31 and 22 : find its acute angles. 

Let the AAPM (see fig., p. 159) have a right angle at M, and 

« 31, MP = 22. Measuring with the protractor, we get ^ A ■» 35° 
and ^P«6s°. 

Or, reducing to a decimal, we have tan A =>'7097; hence 
LA =*35^ 22' from the Tables, and /. lp«64° 38'. 

It is seen that such examples could be solved without the use of 
trigonometrical tables ; but the results would not be very accu- 
rate as pointed out above. 

4. A kite is flying at the end of a string 100 ft. long : if the 
string is taut and makes an angle of 40P with level ground, find 
the height of the kite. 

Taking the usual figure, we have now AP— 100, l A = 40^; and 
MP is the height required. 

Now ~ = sin A; MP =» AP sin A =» 100 sin 40^^ 

« 100 X ’6428 [Tables] 

■■64^ (very nearly). 

5. Two sides of a triangle are i| and 2 in., and the included 
angle is 53^ : find its area. 

In the figure, let AB — 2, 

AC-i-5, L A=*53''. Draw 
CM perp. to AB, and 
let A denote the area of 
the triangle; then A = 

^ rect. AB.MC. 

A 

But sin 53°; MC = AC sin 53°, 

and A AB.AC sin 53°. (i). 

Hence, from the Tables, A *• J (s) i'i 979 i 

SO that the area is very nearly i*2 sq. in. 

It is very useful to remember equation (i), which shows 
that the area of a triangle 

- i {rect. of twojides) {sine of included angle). 
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6. The hypotenuse of a right angled triangle is 2 ft. and the 
cosine of one of its acute angles is : find the angles and the 
sides of the triangle. 

As cosine and as here hypot. = 2, 

hypot. 

the adj. side is 

Take AB to represent i|; 
draw BM at rt. angles to AB. 

With radius 2 and centre A de- 
scribe a O , cutting BM in C. 

Then ABC is evidently the right- 
angled triangle given. 

On measuring, we find l a 
« 34^, « 56^^ ; also BC 

« I I. 


The second side may be thus found : — V ~ =sin'ix^. 

AC 

/. BC = AC sin 34°= 2( '559)= 1*12 nearly, from the Tables. 
Or again thus: — BC 2 = AC2 — AB2 = 4 — ^ = ; 

BC = ^Vi I = I *106 nearly. 


M 

I 



Exercises. 

18. Draw an angle of 72^ and measure the value of its sine. 
Compare with the result given in the Tables. 

19. Find as above 00524^30', tan56^, sec74°. 

20. AD is drawn perpendicular to BC, the hypotenuse of a right- 
angled triangle ABC : find three expressions for sin B , and prove 
them equal. Also w^rite down tan C in three different ways. 

21. Find from the Tables the angles with sine cosine 

tangent 2, cotangent What relation is there between the 

first and second angles, and between the third and fourth? 

22. Construct angles A and B such that sin A = *73, tan 8=1*4 ; 
and measure them to the nearest half degree. 

23. Find from the Tables sec 40°, cot 30^30', cosec 50^55'. 

24. Construct in two ways the angle whose sine is 

25. Construct the angle whose secant is and from the figure 
read off its other trigonometrical ratios. 
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26. An ibosceles triangle on a base 24" long has equal sides 20" 
long : And the value ol' either base angle, and write down its sine 
and cotangent, 

*27. The diagonals of a quadrilateral are of lengths £?,/, and 
include an angle a : prove that its area is ^^ysina. 

28. A rhombus has an angle of 55*^ and each side of 2" ; And 
its area and the lengths of its diagonals, having given 

55^= ‘819, sin 27^30' =*462 and cos 27^30^ = ’887. 

29. A ladder leaning against a wall reaches to a point 16 ft. 
vertically above the level ground, with which it makes an angle 
of 73^: find the length of the ladder. 

30. A column 32 ft. high casts a shadow of length 26 ft : 
find the altitude of the sun. 

31. A railway train is moving up a slope of i‘^3o': find the 
height through which it ascends in going miles. 

32. A fiagstalT subtends an angle of 20^ at a point distant 20 
metres from its foot: find the height ol the fiagstaff. 


33, From a point P , distant 2*5 cm. from the centre (O) of a 
circle of radius 1*750111 , two tangents PS, PT are drawn to the 
circle. Find the trigonometric tangent of the angle TPO, and 
thence find the angle between the tangents by means of the 
Tables. 

34, On a straight line 1*5'' long a segment of a circle is 
described to contain an angle of 51^ : calculate the radius ot 
the circle. 

35, From the fact that each angle of a regular pentagon 
contains 108^, obtain the ladius of the circumcircle of a regular* 
pentagon of side 2 cm. 

*36. Prove that the area of a regular hexagon inscribed in 
a circle of radius 18 mm. maybe expressed as 

972 sin 60"^ or 4S6 00130^ (bcj. mm.). 

37. The circumference of a circular ring, supported horizontally 
and having a diameter of 4 ft , is divided into eight equal parts ; 
from a point 5 ft. vertically above the centre of the ring, 
straight strings are attached to the points of division. Find 
the inclination (1) of each string to the vertical through the 
point, (ii) of two consecutive strings to each other. 
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g 26. OBTUSE ANGLES : RATIOS OF RELATED ANGLES. 


We now proceed to consider the trigonometrical ratios of ob- 
tuse angles. Tak- 
ing any such angle 
XOQ, place its ver- 
tex at O the centre 
of the protractor, 
and one of its arms 
along OA the dia- 
meter : then the 
other arm of the 
angle will cut the 
arc of the protractor in some point, Q, and AOQ will give the 
measure of the angle. Draw QN perpendicular to AOB : then, 
as in the preceding section, the six ratios 



^ 2!!!! ^ 29, 99 are respectively called the 

OQ OQ ON NQ ON NQ 

sincy cosinCy tangent, cotangenty secanty cosecant, of the angle XOQ. 

It is seen that these ratios remain fixed if the angle is given, 
no matter how the angle is drawn or where the point Q is taken 
in the radius OQ. The point might be taken even in the arm^ 
OX and a perpendicular from it drawn to QO produced. If the 
obtuse angle changes, each of the trigonometrical ratios will 
change. 

When the angle is acute, as AOP, the foot of the perpendicular 
PM lies in OX towards A ; but for the obtuse angle AOQ, the foot 
of the perpendicular PN lies on XO produced towards B, This 
is the fundamental difierence in the figures for acute and obtuse 
values of the angle. Both perpendiculars, NQ and MP, are seen 
to be drawn on the same side of AOB, here above it. 

After bringing the angle, AOP or AOQ, into position, andl 
drawing the perpendiculars PM, QN, let these perpendiculars 
as well as OM and ON be measured as in the graphical repre-- 
sentation of points. Then we see that MP, QN are positive for 
both acute and obtuse angles, but that OM is positive for acute 
angles while ON is negative for obtuse angles. (See the explana- 
tions and illustration 1 in § 4.) 

The acute angle XOP is an angle of the triangle OPM ; but the 
obtuse angle XOQ is not, and in fact cannot possibly be, an angle 
of the triangle OQN. We may not therefore define its trigonome- 
trical ratios in terms of base and opposite side aa in the previous 
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The perpendiculars MP, NQ correspond to the ordinates of the 
points P, Q, as defined in graphical constructions, and the inter- 
cepts of the diameter, OM, ON, to the abscissae of these points. 
Hence we may give the following general definitions of the ratios 
of any angle. Bring the angle into position as AOP ; take any 
point P on the arm OP, and find its co-ordinates, and call CP the 
revolving length : then 


sin ( ^ ) = 


ord. 

VTJ" 


cos ( ^ ) 


abs. 

VTT.' • 


tan ( ^ ) 


ord, 

abs,' 


cot ( ^ ) = 


abs. 


sec ( ^ ) 


r, 1. 
abs,* 


cosec( l) = 


r, 1. 

ord' 


It will be seen that we could even take the angle to be greater 
than two right angles, by moving OQ further so as first to coin- 
cide with OB and then pass beyond it, the total angle formed 
being the reflex angle XOR ; the functions of the angle may then 
be defined in terms of LR, OL, the co-ordinates of R, and the 
revolving line OR. 

Examples, i. Find the ratios for an angle of 105.® 


Let OA represent the base-ra- 
dius of the protractor ; make 
^ AOP *-105,° and take OP 
— 50 mm.; draw PM perp. to AO 
produced. On measuring care- 
fully, PM is found to be 48*5 
and OM to be 13. 

Hence sin 105® = = *97o> 

as MP is + ve; and cos 105° 
= — — = -*260, as OM is-ve. 

50 

We can similarly find tan 
105® (=«- 3731) and the other 
ratios. 



2. To compare the ratios of an angle of 75® with those of 

In the figure above make l AOQ^ 75”, take 0(3 = 50 mm., and 
draw QN perp. to OA. 

As i:. AOP =105®, MOP-» 180® - 105® = 75® s=NOQ ; 
hence the A s NOC3, MOP are congruent. 

Thus sin75“-5“3 = MP^.gyo . 

and cos 75° — =■ + ‘260 ; and so on for the other 

OQ OQ 


ratios. 
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We have shown that the ratios of an acute angle change when 
the angle changes, so that no two acute angles have any one ratio 
the same for both. But if we compare an obtuse angle with an 
acute angle, as in the preceding example, it may happen that the 
triangles 0PM, OQN formed for the two are congruent, and then 
some of the ratios may be the same for both. In this case it will 
be found that the angles bear certain relations to each other; and 
we are thus led to the following investigations. 

I. To compart the trigonometrical ratios of any angle and 
its supplement 



Bn o m ^ 


Let AOB be the diameter and O the centre of the protractor. 
Mark off A. AOP = A** and 21 AOQ = (i8o - A),“ the supplementary 
angle, so that lBOQ^A,” numerically, Take OP = OQ, and 
draw the perps. PM.QN to AOB. 

Then the A s POM, QON are congruent. 

Hence, the perps. MP, NQ are equal and of like signs; while the 
bases OM, ON, are equal but of unlike signs. 

.•.»ln(180-A)°-sm aOQ=>^ = ^ = A*; 

V 

and cos (180-Ar==— -CO® A*. 

OQ OP 

Similarly we see that 

tan (180 - A)® = - tan A", cot (180 - A)* = - cot A'^, 
sec (180 - A)“ =» - sec A% cosec (180 - A)“ =« cosec A®. 

Thus the ratios of the supplement of any angle have the same 
numerical values as the corresponding ratios of the angle; the 
sine and cosecant are of the same sign for both, the remaining 
ratios have opposite signs. 

It follows that if the cosine or tangent of an angle is a given 
negative quantity, we should find from the Tables the angle with 
the corresponding positive cosine or tangent, and take its sup- 
plement as the value of the angle. 



X.] TRIGONOMETRY. 167 

If L AOQ is denoted by A (in degrees), l AOP will be i8o - A, 
/. e. the supplementary angle : hence the relations given above 
are mutual^ as is seen from the formulae. It is found that they 
hold good even when A is a reflex angle. 


II. To compare the trigonometrical ratios of a 7 i angle of pC and 
^/ ( 90 + A ).* 

Drawing the centre-line of the protractor, mark off u AOP =* A*, 
and take l POQ ( in the same way round the arc ) « a right 
angle ; then z.‘AO(2 (9° + a)“. 



Set off OQ = OP, and draw the perps. PM, QN. 

V L, POQ=9o’, L POM + L QON -.90*; 

but L. NQO + i- QON = 90° also, /. L POM « L NQO. 

Thus the As POM, QON are congruent; 
hence NQ — OM, and they have like signs, — 
while ON =* - MP as they have unlike signs. 

• sin (90 + A)o=r?i9 = 2M=:CO8 AO 
OQ OP 

andco8(90+A)o = 21^=r^'’= - sin A®. 

OQ OP 

Similarly it is seen that 

tan (90 + A)° «= - cot A®, cot (90 + a)^ « - tan A% 
sec (90 + A)^« ~ cosec A^, cosec (90 4 - A)^» sec A?. 

Thus the trigonometrical ratios of 90 4 A are found by inter 
changing sin and cos^ tan and cot, sec and cosec, and keeping the 
signs of sin and cosec positive and changing the signs of the remain- 
ing ratios to negative. 

These formulae are found to hold good when A is obtuse and 
consequently 90 + A is reflex. 
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III. To compart the trigonometrical ratios of an angle and its 
complement 

As before, mark off l AOP « A® (acute) ; draw OD perp. to OA, 
and make l DOQ =■ a° within the right angle AOD. Then l aoQ 
- L AOD - z. DOQ = (90 - A)"^. Set off OQ-OP, and draw the 
perps. PM, QN. 



V L QON — (90 - A)'" = 90° - L POM = L 0 PM, 

/. the As POM, QON are congruent. 

Hence NQ, OM are equal in magnitude and sign ; and so also 
are ON and MP. 

/. sin ( 90 -A)o==yS = ?^ = cos A^ 

OQ OP 

and cos (90 - A)® » = sin A"*. 

OQ OP 

Similarly we get 

tan (90 - A)” « cot A"*, cot (90 - a)“ =* tanA", 

sec (90 - A)” = cosec A"*, cosec (90 - a)" = sec A^ 

Thus the trigonometrical ratios of the complement of any angle 
are found from those of the angle by interchanging the sine and 
county the tangent and cotangent^ the secant and cosecant^ without 
any change of sign. If the angle AOQ is A, then AOP is 90 - A ; 
the relations given above are, therefore, mutual, as is seen from 
the formulae also. These results explain the origin of the prefix 
CO in three of the ratios : for the cosine ^ A is and is the same 
as - ^ the sine of the complementary angle. So also, the <ri?tangent 

of A is the tangent of the complement^ and the cosQcmt of A the 
secant of the complement. 
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L. 


The formuhe may be proved from the triangle OPM itself. 
POM = A, /L OPM = 90 ~ A ; 


and sin (go — A) = sin OPM = 


opp. side to Z- P 


hypotenuse 

= OM _ adj. side to ^ O 

op-— — 


Also cos (90 — A) -^p = sin A ; and so for the other ratios. 


hypotenuse 


cosA. 


If 


Exercises* 


38. Construct an angle of 144°, and find all its trigonometrical 
ratios. 


39. Find from the Tables sin 47^30' ; and hence deduce sin 
i32°3o', cos i37'"3o'. 

40. By means of the Tables find the angle whose cosine is 
— *4848, and that whose tangent is — 2*1693, 

41. Given sin A = a, cos h=-b \ find the sine of the supplement of 
the complement of A, and the cotangent of the supplement of the 
supplement of A. 

42. Prove that the sine ot an angle is greater than the cosine 
when the angle lies between 45^ and 135“; but that when the 
angle lies between o'^ and 45^ or 135^ and 180^, the cosine is nume- 
rically greater than the sine. 

*43. Trace the changes in the value of the sine of an angle which 
varies, by finding the sines of 5^, 10^, 15^,.. 175^ from the Tables. 
Find also the variation of the cosine. 


44. Given sin 15^' = ^ (-V6— -v/2), cos 15^=^ (\'6 + V2), find all the 
trigonometrical ratios of 105° and 165°, 

45. Given tan 49°= 1*15, find by geometrical construction the 
sine and cosine of 51'^ and 131*^, Verify the results by referring 
to the Tables. 


*46. If A, B, C are the measures of the angles of a 
prove that 

sin (A-f-B) =sin C, cos (A-f B) = —cos C, 


cos 


A + B . c 

=sin 

2 2 


tan 


A 4 B 


cot 


triangle. 


G. 12. 



CHAPTER XI. 


TRIGONOMETRICAL RATIOS OF SPECIAL ANGLES. 

§ 27 . The ratios of some angles are constantly required in the 
subject, and the student should make himself perfectly familiar 
with them. This is best done by retaining in memory the 
figures of the right-angled triangles which contain the special 
angles severally. 

Batios of an a 7 igle < 9 /" 4 5 ° (i of a right angle). 



Ratios of angles of 30^ and 60^ and \ of a right angle). 



Let L BAG == 30^. From C draw CB perp. to AB ; then L acB 
«• Draw BD to make L ABD — so""- 

L CBD =* 60^, and hence z. BDC » 60^ also. 

Thus the A BCD is equilateral, and BD — DC CB. 
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But BD =. AD, as L DAB = Z. ABD ; 

/. AC = 2BC, =« 2a suppose. 

Hence AB^ = AC® - BC® == 4a® - a® « 3a®, /. AB = * 

BC 


/. sin 30^ 


- iL = i;cO8 30 ‘^ = ^ = ^3«,./3 

AC 2a 2 AC 2 a 2 


Also tan 30“= - - , cot 30^ « ^3, sec 30^= ^ ^ , cosec 30^*= 2. 

n/3 v/3 

Similarly, the second figure in which l BCA = 60^, gives 


sin 60 ' ” 


>/3 

2’ 


cos 60 '^ = 


2’ 


tan 60^= ,^3, cot 60'^ — , sec 60^=2, cosec 60^= . 

\/ 3 V 3 

In fact the angles of 30"^ and 60^ are complementary, so that 

the sine and cosine of one are respectively the cosine and sine 
of the other, as proved generally in the preceding article. 


Let a magnitude .v diminish indefinitely as it approaches a certain 
point and vanish at the point ; and let a be a finite fixed magnitude 
of the same kind. 


Then - will be smaller than any assignable quantity as x comes 
a 

very near the point, and will become t^ero at the point: while ^ 

X 

will then be larger than any assignable quantity, and will become 
infinitely large at the point. These results are thus shown — 

■^ = 0 and 00 , when .r = o. 
a X 


It should be remembered that 00 does not stand for a definite 
magnitude ; all that can be asserted about it is that it is larger 
than any magnitude which can he named. Hence, if^^ and 2 both 
tend to become infinite, we cannot assert that ^ = 2', as there is no 
definite limit to their increase. A similar remark applies to zero ; 


for if h is another definite magnitude, ^ will also become zero 


when X vanishes, but \ will not bear a ratio of equality to ^ unless 
h . a 

.a and h are coincident* 


Illustration, IfA:=-i— , - , -A-. ,... as it approaches a 

iQie 10^3 iQifl 

certain point, - becomes ,..., and becomes zero if the 

a 10^® 10^3 

•process is continued long enough. On the other hand, - becomes 

lo^® a, lo'® a, 10^® Uy ... and becomes larger than any conceivable 
•quantity in the limit when x vanishes. 
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Batzos of angles of and 



Take a very small angle BAG , with centre A and radius = 
draw' the arc PQR cutting the arms in P and R Let PM or QN, 
perp. to AB, be denoted by/. 

MP 

Then sm BAG - — , sin BAQ = - ; 

AP AP 

these have the value which is small when / is small, 
a 

and which becomes indefinitely smaller as p moves thiough Q to- 
wards R. In the limit, PM diminishes towards zero, until, when 
P actually coincides with R, PM /. e. f becomes zero. But in 
this case AC coincides with AB and the angle is also zero. We 
thus see that sin 0'^=0. 

Again, when L A vanishes, AM or AN becomes coincident 
with AR ; thus cos ~ I . 

Ch 

MP P • 

Also tan A = — = - m the limit ; 

AM a 

tanO° = 0. 

As to cot A, it is i.e., in the limit, ^ or - , and there- 
MP MP / 

fore is infinitely large when p becomes zero, as explained above : 
thus cot 0“ — 00 . 

So also we have sec 0° — r, cosec 0° — 00 . 

Similarly, by taking an angle very near to a right angle and 
increasing it to 90°, we can prove that 

sin 90° - 1, cos 90° = 0, tao 90'^ = <0 , 

cot 90° = 0, sec 90°= 00 , cosec 90°= I. 
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Or these results may be inferred from the fact that the angles 
of 90° and O ' are complementary. 

The triangle APM has hyp, =a, base =^a^perp, =0, when the angle 
is zero ; and hyp, perp, =a, hase^Oy when the angle is a right 
angle. 


Examples, i. Prove that 

2 (sin 45° cos 6o^-l-cos 45^ sin 60°) = a /2 (cos 30°+ sin 30^). 
Substituting the values of the functions found above, we get 

the left side = 2 = 

\ 2 V 2 2V2/ V2 

the right side ==^(2 J 4- * \ ^ • 

\ 2 2/ >/2 

Thus the identity of the two sides is proved. 


2. To find the trigo?iometrical ratios of an angle of 1 ^, 


^ A B 

Take l BAG = 30^, and draw CB perp. to AB. Produce BA to 
O, making AO « AC, and join OC. Then evidently l BOG = 1 5®. 
Let BC=»a^ then, as proved before, AB= *y3^r, AC = 2a. 

Hence OB = (2+ ^3) a\ 

and OC2 = OB2 4-BC2 = a* {7 + 4 ^3 + i) = (8+2 ^12). 

/. OC=»(^6+ ^2) a. 

Thus the three sides of the A OBC are known, and the ratios 
of the angle at O can be written down. 

mr . • n BC I ^/3 - I 

Wegetsin 15 ==^ — = — :: ~ = — - - or ^ 

OC ^6+ ^2 4 2 f 2 


cos 


= =.dl±AlQxjh±l- 


tj 2 4 ( ^/ 2 ) 


2J2 > 


tan 15° = -; — j- = 2- cot 15°= 2+ Jz- 
2 + V3 


The secant and cosecant can be similarly found. 

In the following example we employ a construction depending 
on Prop. XXII. 
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To Und the ratios for an angle of 22^ jo' (\ of po"^). 



Take L BAG = 45°; draw CB perp. to AB, and bisect ^ A by 
AD meeting CB. Then :i. BAD = 22^'^^ and if AB = a, BC = « and 
AB ** f 2 ,a, 


Also by Geometry ^ ~ : 

DC AC’ 

. BD^I^_BD + DC_ BC ^ a 
’* BA AC BA + AC BA + AC a J 2a' 

Hence BD *■ — «• ( J2 - i )a : 

I + J2 

and Ap* ■■ AB* + BD* = a*(4 - 2 ^2)^ so that AD =* a ^(4 -2^2). 
We thus get sin 2 2i° = — = ~ 

* 7(4-272) 74-272 

^ 7 ( _ 4 - ^ 7 £ ) , on simplification ; 

2 J 2 

cos .^->1°- ^ _ 7(4 + 2 72) . 

7( 4 - 2 72) 2^ 2 

tan 22^^= f2 - I ; cot 22^^^— J2 + i. 


By means of the formulae sin (180^ - A) =» sin A, cos (i8o°“ A) 
cos A, etc., the ratios of any obtuse angle may be obtained from 
those of the supplementary acute angle. We shall thus obtain 
results like the following : — 


sin 120^== sin( 1 80'^ - 60^) *» sin 60^ 



120 ^ 


] 

~ 15 - > 


sini35o-^, cosi35''= - i-, sin 150" = cos 150°=* 

sj 2 2 2 

Again we shall have sin 180° «■ o, cos i8o^«» - i, 
sini65<^- - ?/ - i~ cos 165° = - V 3 + i, 

27* 2 72 

These values are frequently required, and may be also obtained 
directly from the figures. 
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Powers of the trigonometrical ratios have often to be employed ; 

e, g, (sin a)^, (cos b)^» (tan x)h. In the case of the positive in- 
tegral powers, the indices are attached to the abbreviations of the 
ratios and put before the angle. Thus the first two powers above 
are written sin^ A, cos^ B. 


Exercises 

47. Write down the values of 

sin 90°, cos 180^, tan 150^^, cot 135'^, sec 120^, cosec o^. 

48. If a = 60"^, j8==90^, y = 120°, prove that 

sin- jS sin / -/- cos^jS cosy+sin ci=sa/ 3 ; 
and find the value of (cot a — cotyS) (cot^—cot y) (tan Y —tan a). 

49. I’rove the identities — 

(1) cos^ 60'-* 4- cos 6o^ = cos2 30^^; 

(2) 3 sin 45'^-4sin345^H-cos i35° = o; 

(3) tan 45^ — tan 30*^= (2->/3) (i+tan45^tan 30°). 

50. Find X from the equation 

X (cot*^ 30^ — tan 60^ — tan 150^’) =2 sec 0^+5 cosec 90^. 

*51. Show that the formula ‘‘area of triangle (product of 
2 sides) (sine of included angle),” holds good when this angle is 
right or obtuse. 


52* 


ABC is a triangle right-angled at C; prove that 


cot 


a_ab+ac 

2 ■” BC • 


53. The sine of an obtuse angle is draw the angle and mea- 
sure its cosine and cotangent. 


54. The ratio of the sine of an angle to its cotangent is — 

‘V2 

find the angle. 

55. Taking an angle of 135^ and proceeding as in Exam. 2 
solved above, prove that 

sin 671° = -^-*-—, cos 67!^== ^ L4~2>/2 j^ 

2 >/(4 — 2 \ 2 ) 2V2 


56. Write down the values of sin 112!^, cos 165®, tan 105^, 

57. Find the perimeter of a regular octagon inscribed in a cir- 
cle of radius V2, (i) by means of the Tables, (ii) by employing the 
values of the ratios of 221^'^. 

58. Find the perimeter of a regular figure of 12 sides described 
about a circle of radius i *2 inches. 


59. By proceeding as in Exam. 2 or 3 above, show that 

tan 1 1 >/(4-f-2V2) — V2 — I. 

60. By means of Prop. XXII or otherwise, prove that 

tan 7^° = -V6-f V2 — 2 — V3, 
and cot 7^^ = >/6>f ^24-2 + V3. 



CHAPTER XII 


ALGEBRAICAL RELATIONS : IDENTITIES AND 
EQUATIONS. 

§ 28. ALGEBRAICAL RELATIONS BETWEEN THE RATIOS 
OF THE SAME ANGLE: IDENTITIES. 


Let AOP be 


any angle of 
magnitude 6 , 
draw PM perp. 
to AOB. Then, 
by definition 


sin0 


OP 


cosec 0 = 


OP 

MP’ 



whether 0 is acute or obtuse; 

sin 0 X cosec 0 1 , 


and cosec 0 ~ — - — sin 0 = — . 

sin0 cosec 0 

Similarly, the definitions give at once 

cos 0 X «ec0 = 1 sec0 = — - — , cos 0 = — ^ ; 

COS0 sec0 

tan 0 X cot0 = I, cot0 = — - — tan 0 « ~ ^ . 

tan0 cot0 

Again, in both cases, 


. ^ ^ MP . OM 

sin 0 4- cos 0 = — 4- ^ : 

OP OP 


MP . 

= =» tan 0 , 

OM 


cos 0 4- sin 0 = — 4- =* cot 0 ; 

OP OP MP 


tan0 = 


sin 0 
COS0’ 


cot0 = 


COS0 

sin0 


Lastly, from either right-angled triangle OPM, we have 
OP* = OM®+ MP^ 
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Dividing throughout by OP^, we get 

X -('OMy + (^y=cos*0+ein=>e: 

\op/ ^op/ 

thus sin® 0 + cos® 0 = 1 . 

Dividing the same identity by OM® and MP- in turn, we get 


'OP> 

r= ^ +ry. 

that is, I +tan®0 =sec®0i 


VOM/ 


OP\ 


that is, 1 + cot ® 0 = cosec ® 0 . 

MP/ 

\Mp/ 



The student is advised to make himself thoroughly familiar 
with these idenitcaJ relations Tliey are not all independent, and 
may be shown to reduce to five. For instance, if the first three, one 
of the next two, and one of the last three, results are given, the re- 
maining three can be deduced. For, if tan 0 « , and cot 0 

cos 0 


«= — - — , then evidently cot 0 — Again, if sin^^ -f cos^^ = i 

tan 0 sin 0 

/cos / I \® 

dividing out by sin^ 0 we get i-f- ( ) ) > or 

\sm 0/ \sm 0/ 


I cos fi 

i-bcot2 0= cosec2 0, as cosec© == is given and cot0 = — 

^ 3*0 Q sin 0 

is proved. So also, dividing out by cob$, we get i+tan^^ =sec 2 0 . 

When the angle is obtuse, OM is negative ; but OM^ is of course 
positive, and the identity 0P“= CM ’ + MP^ holds good in all cases. 

These relations are identities^ that is, hold for any value what- 
soever oi the angle 0 . They m.iy be employed to prove more com- 
plex relations in the manner of the following examples. 

Examples, i. Prove the identity 

cosec2 A — sec^A = coPA — tan^A. 

The left side= (i + cot2A) ~(i -f tanZA) 

= cot 2 A — taiFA — the right side. 


Or we may proceed thus. 
The left side = 


also the right slde = 


1 

sin^A 
cos2 A 


I 

cos-^A 
«;in^ A 
cos2 A 


cos^A — sin^A 
sin^AcosZA 


siiF A 

cos^A — sin^A ,, , . 

~ TT— , as cos^A + siiFA = I, 

siiFAcoi>2A 

= ^ — . Thus the two sides are equal. 
sin-^A cob^A 


This process is longer than that given above ; but it has the ad- 
vantage of reducing the other trigonometrical ratios of A to sinA 
and cosA only. The student will find this reduction very convenient 
in most cases. 
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2. Prov’e that 

a + + sin 0 ^ — Z>^). cos 0 

d + ^{a^ + b^), cos 0 a — sm 6 

Multiply out by the product of the denominators : the right- 
hand side remains zero ; and the left-hand side becomes 
“ (a^ + 6^) sin^ 0 cos^0 

= (a^ + d^) - {a^ 4 d^) (sin^^ 4 cos®( 9 ) 

=»((2^ 4 b^) “ (a^ 4 as sin^0 4 cos ^0 = r. 

3. Prove that sin®0 4 cos ^(9 = i ~ 3 sin^0 cos^9. 

We have sin®0 4 cos^0 

= (sin ^0 4 cos^0) (sin*0 - sin^ 0 cos ^0 4 cos^0) 

= sin^6 4 2 sin^^cos'^^ 4 cos^0 - 3 sin^ 0 cos ®(9 
=* (sin^d 4 cos^ey “ 3 sin^Ocos^^ 

*=1-3 sin^0cos^0. 

The following method of establishing the result may be noted'. 
It is known that if rt-4^-4c = o, then + + ^ ^abc. Now 

sin20 + cos20+(“ i) = o, as we know; (sin2 0)34 (cos2 0)^-f- ( - i )3 
= 3(sin2(9)(cos20)(-i). 

This gives sin^0 -hcos®0 = i —3 sin20cos^0. 

The student should similarly prove 

sec® A — tan® A = 14-3 sec^A tan^A, 

and i-bcot^A4-cosec'^A = 2 cot^A-42 cosec^A-f2 cot^A cosec^A, 

We have seen that when any one of the trigonometric ratios of 
an acute or obtuse angle is given the angle is fixed, and by con- 
structing it the other ratios can be obtained. By means of the 
formulae this construction may be avoided, and the remaining 
ratios can be found algebraically. 

4. Given sin A = -}| ; find the other functions of A which is an 
acute angle. 

V cos* A=- 1 -sin^A® I -llo "= iVib cosA-db/^* 

As A is acute we take the positive value, cos A = 

Also tan A = sin A 4 cos A ^5^ ; cot A = i 4 tan A « , 

sec A= cosec A^^^. 

If^l were given as the sine of an obtuse angle, the cosine 
would be — Y%; and we should have 

tan Ass cot Ars — sec A = — cosec A =^|, 

the signs of the functions being determined as in g 26. 
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5. Given cot A = 


find the other functions of A, a and 


b being positive and a < b. 

As the cotangent is negative, ^ A is obtuse. 


cosec® A 


It cofA 

(a* -6*)* 


cosec A = ± 


a® + 6® 


As the cosecant of an obtuse angle is positive, we take the 
negative sign which gives a positive result on the whole. 


Thus cosec A = - ^ 


+ . 52.^2 

,and sin A==^^ — 
(!<■'- o2 + 6* 


cos A 

Again cot A = ^ , so that cosA = cot A. sin A ; 

sin A 


2ah h^-a^ 
a® + 6® ^ 


2a/^ 

a® -h 7^® ' 


and A sec A = - 


a ® + 6 ® a 2-/>2 

. Of course tan A = . 


In such examples it is often 
convenient to draw a rough P 

figure for the angle, and proceed ^ j 
t@ employ the definitions after j 

finding such lengths as are ne- 1 

cessary. In the present case, [ _\^ ^ 

let AOP be the obtuse angle O 

with the given cotangent. Draw 

PM perp. to AOB, and suppose OM =» - 2a6, MP =* 6* - a® : for 2 a^ 
and b^ - a® are positive, and the abscissa OM is negative while 
the ordinate MP is positive. 

Now OP® = OM® + MP®= 4a®6® + (6® - a®)® =« (a® + 6®)® ; 

/. OP = a® + 6®, as the revolving length is always positive. 
We now read off the other ratios : — 


cos A *■ — 


a® + '6® ’ 


tan A — - ^ 


. rt® + /^® * 

secA — , cosec A = —x r- 

2 ao b^ ~ 

If no relation like a < 6 is given, we cannot determine the sign 
of cot A ; in this case, the ambiguity in the value of cosec A can- 
not be removed. 
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Exercises. 

6 1. If the cosecant of an angle is- 5 , what is the secant ? And 

. . . 

if the secant is 2, what is the cosecant ? 

62. Find the cotangent of 22*^30' by bisectingone acute angle of 
an isosceles right-angled triangle ; and hence by means of formula^ 
find the other ratios of the angle. 

*63. Given sin A = j‘, find the other functions of A in terms of j. 
*64. Given i — cos A = t;, find all the trigonometrical ratios of A. 

The defect of the cosine of an angle from unity is called the 

versed sine of the angle. Thus the quantity v given above is the 

versed sine of A, which is abbreviated into versk^ 

65, Find an angle Q such that 

(i) sin0 = I +COS 0, (ii) cosecO =i+cot 0. 

66, Simplify the following expressions: — 

sec 0 cot 6— cosec0 tan© o. . 

1 ^ r ; vers ‘A - 2 vers A ; 

cos0 — sin0 

(7 cos 0 +6 sin 0- 3)^+ (7 sin 0-6 cos 04-3)2-94; 

( cosec e 4- sec 0 coser 0 —sec 0 > 

J ^ y cosec 0 sec 0. 

cosec 0 —sec Q cosec 0 4-sec 0 J 

67. In a triangle ABC right-angled at B, CB= 2 my — 

find sin BAG, cot BAG, sec BCA, cosec 3 CA. 

68. Given cos 0= find cot 0 and cosec 0. 

a(a-\-20) -\-20^ 

*69. Express all the other trigonometrical ratios of an angle in 
terms of (i) the tangent, (li) the secant, of the angle. 


70. If tan 0 == -, prove that 
3 

- sin 0 - cos 0 = — ' cosec 0 — ^ sec 0. 

3 ^3 26 

71. Simplify (2 tan A— secAH-i)(2 tan A 4 - sec A 4- O'" 

(tan A — 2 sec A-f 2)(tan A + 2 sec A 4- 2); and prove that 


;[ i 4 -tan A 1 f i-tan A | ^ 

\ I — tan A / \ 1 4- tan A / 


2 cos A 
'V( 2 cos^A— 1) 


72. If cot ^ values of 

a sin 0 — ^ cos Ot sin 0 (i4-cos2 0), 

a sin 04-^ cos 0 
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Establish the identities in the following examples (73 — 85) 


73- 

74. 

75. 

76. 

77- 

78. 

79- 

80. 

81. 

82. 

83. 

84. 

85. 


sin A(i 4 -tan A)+cos A (i-fcot A) =sec A -f cosec A, 

(sin A— sin*^ A)2-|-(cos^ A — cos A)2 = sin2 A cos^ A. 
cos“^ — sin®y8 = (cos^yg - sin 2^)(i —cos/S sw/3){i -{-cos/S sin/8). 
2 (cos®)8 + sin^;8) — 3 (cos*j8 + sin^^)4-i = 0 . 

4 (cos®;S + sin”^) = I + 3 (cos2jg — sin2^)2. 

cos^jg — sin^j8= (cos2^— sin2^)(i — 2 cos2;g sin^/J). 

sec«jg+tan^^+ I ==2 sec^^ + 2 tan^jg4-2 sec^^ tan^^g. 

( I -|-tan/ -f cot/) (sin/ — cos/) = sin'^/ sec/ — cos2 /cosec/. 

(t+ cot A + cos A)=-i. 

( I H- cot A) 2 -f-(i — cot A)“ 

tan A 
+ tan A* 
cos A 

cos A ( I +2 SHI A) “i +sinA* 
sin 2 A 4 - 7 cos A — 7 cos^ A sin A 
sin A ( I + 8 cos A) ~ i + cos A 


sin A (cos A — sin A) 

1 — 2 sin 2 A 
cos 2 A-f sin A — sin 2 A 


' sec A-f tan A4- 


sec A — tan A + 


1 J c« 


cosec A -f- I 
cosec A — I ’ 


§ 29. TRIGONOMETRICAL EQUATIONS- 

An equality which is true for all values of the unknown quanti- 
ties (variables) involved in it is called an identical equation, or 
briefly an identity. Thus - 4 = (a; 4- 2){x - 2), i 4- tan^O 
=*scc^0, are idcnllties as they hold for any values whatsoever 
of x,Q. 

An equality which is true for only one value or a definite 
number of values of the variables involved may be called a 
conditional equation-, more usually, it is said to be simply an 
equation. Thus - i » 2 a; 4- 2 is an equation and not identity, 
as it holds good only when a; * - i or a; * 3. Similarly, sin 0 =■ 
V2 - COS0 is found to hold good when 0 45® and for no other 

acute or obtuse value of 0; it is therefore an equation. 

If an equation involves only one of the trigonometrical ratios 
of an unknown angle, it is solved by finding algebraically the 
value of that function, and then determining the angle by means of 
the Tables. If the ratio has one of the simple values found itt 
§27, the corresponding angle may be written down at once. 



i 82 


TRIGONOMETRY. 


[chap. 


If several trigonometrical ratios of an unknown angle occur, 
the equation is solved by expressing the other ratios in terms of 
^ome one of them, say the sine or the tangent; we can then find the 
value of this ratio algebraically. On account of this substi- 
tution, the ratio to be determined will often occur in expres- 
sions under a square root sign; in this case we can employ 
the usual process of rationalizing or trajisposing and squaring. 
All roots found thus will not, however, necessarily satisfy the 
original ecjuation, and we shall have to deteimme the proper 
roots by verification. (See Hall and Knight, Elem. Algebra, 

§ 281 Ex. 3 and Note.) 

As cos A = — sin2 A) , tan A = siii A-^ V(i — sin^A), it is seen 

that cos A and tan A involve quadratic surds when sin A is 
given. Thus if sin A, cos A, tan A occur together in an equation, 
the equation in fact is a surd equation in sin A. Similarly we 
may reason when tan A and sec A occur together. 

It is important to note the following results in connection 
with the solution of equations : — 

The sine and cosine of an angle cannot he numerically greater 
than unity, which is the maximum value of either. 

The secant and cosecant of an angle cannot he numerically 
less than unity, which is the minimum value of either. 

The tangent and cotangent of an angle can have any values 
from o to 00 , positive or negative. 

These results follow at once from the rule about the signs of 
ordinates and abscissae, and from the fact that in a right-angled 
triangle the hypotenuse cannot be less than either side while one 
side may bear to the other any ratio whatever. 

Examples, i. Solve sin 3^= 

The angles of 30"* and 150^ have J for their sine ; 

3:r = 30°or 150°, so that x=io^or 50°. 

2. 15COS22;— 19 cosAr+6 = o. 

. Factorizing the left side, (3 cos x - 2){5 cos ;i: - 3) = o ; 

hence either cos x— - or cos x — 

3 5 

A « 48'' 1 1' or 53' 9', from the Tables. 

When the factors are not rational, the method of completing the 
square may be employed. 
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1 2 tan^ 0 +19 sec 0 = 6. 

As tan®0 = sec^0 - i, we get 1 2 sec*0 + 19 sec 0 - 18 = o. 

( 3 sec 0 - 2 )( 4 sec0 4- 9 ) = o, 

and sec0 = ~ or - ? . 

3 4 

The secant is never less than unity ; hence we reject the first 
solution. 

The second gives sec 0 — - 2*25. 

Now 2 25 is the secant of 63^^37', and sec (180^- 0)=^ - sec 0 ; 

0 = 180^ - 63^37' = 1 16^23'. 

4. J2, sinl3 4 - 2 J2, cosj8 3. 

/. 2 72 cos = 3 - J2 sin 13 ; 

sc^uaring, 8(1- sin^ 13 ) = 9 - 6^2 sin 13 + 2 sin^yg, 
or 10 sin ^/3 - 6\/2 sin^ + I =0. 

This gives sin ^ ^ or — . 

v/2 5 n /2 

From the first, ^8 = 45*' or 135"^; 
from the second, ^ = 8'^ S' or 171^52'. 

On substitution in the original equation, it is found that both 
obtuse values are inapplicable , 

In such examples it is preferable to get an equation for the 
cosine y as there is only one angle between 0° and 180° with a given 
positive or negative cosine. 

s 73 sin/ 3 + cosj8= V3- 

Transpose cos ^ and square ; 

3 ( I -cos^^ ) = 3 - 2 73 cos ^ +COS? 0 , 

4 cos^fi - 2 73 cos = O. 

/ 4 

Hence cosj8=o or so that ^8® 90° or 30^. 

2 

Both values are applicable. 

45. I + sin*^ = 3 sin ^ cos /S. 

Divide throughout by cos* /3 ; 

sec* + tan*j8 = 3 tan ,% 2 tan*)8 - 3 tan^S + 1 = o. 

Hence tan )8 = i or 

j8= 45° or 26® 34' from the Tablesjl 

When the terms involving the ratios of the unknown angle are 
homogeneous in the sine and cosine, it is advantageous to divide 
out by the highest power of one or both of these ratios ; the equa- 
tion will generally be reduced to terms in powers of the tangent 
or cotangent as in the example above. Otherwise, squaring will be 
required, and this would introduce extrinsic roots as we have seen. 



184 


TRIGONOMETRY. 


[chap. 


7, If cot^ (i+sin^) = cot^ (i- sin/3) = 4«, 
find cot ^ and sin /3, and show that 



( ■ 

- 

By division 

I + sin )8 

m 

1 

I - sin ^ 

n 

so that 

sinjg 

m-n 


m 4“ tt 


Substituting this value in either equation, we obtain 
cotjS = 2 (m + n). 


Now cosec 6 = = ; 

sin ^ m - n 

and it is known that cosec 2^=14. cot ® ^ ; 

. /m + n\ * / . \p 

( — ) - I = 4 ( w + « ) . 

\fn - n / 

which gives mn *= ( )^. 

As ^ is supposed to be the same in both equations, the values of 
j8 found from each must be the same; on equating these a rela- 
tion between the coefficients will result. Such a relation 
is called the eUminani of the two given equations, and may 
be found indirectly without actually solving each for yS. When one 
ratio of an angle is known we have seen that the others could be 
determined; hence we may find two ratios from the two equations, 
and from the relation between them obtain the eliminant. 


Exercises. 

86. Obtain the values of A and B from the following pairs of 
equations : 

(i) sin(A+B) = ‘. cos(A-B)=i^; 

2 2 

(ii) cos(A-bB) = tan (A — B) = >/3, 

87. By means of the Tables find the angle x in the following 
cases: — 

(i) sin ^;ir = *945; (ii) cos (;ir+6o^^) = ’145; 

(iii) tan 3;ir = 2*459; (iv) 2 cot 1*514 = 0. 

Solve the equations in the following examples (88 — 96) : — 

88. cos2 0 --2sin0-f 1^ = 0. 

89. sin^ 0 — cos^ 0=0. 

90. 2(tan0-f-cot0) = 5. 
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91, sinx ~cos:r=V2. 

92. *^3. sinAr+cos^= 2. 

93, 2 cos2r-f- 1 » cota:+ 2 sin^. 

94. 16 sin2;t’cos2;r+4 sin^ar--5 = o, 

I + tan;tr _ 30j-t^^) 
i—tanx i+tan^ 

96. ^2, sin^x + cotx= ^l2, 

97. Solve the following- equations: — 

(i) tan^r +4 cos*a: = 3; 

(ii) sec2A:+3 cosec2jir=8; 

(iii) 1 — 1 1 cos?jir = 3 sin x cos x^ 


98. Find cos A when 

( 1 ) tan A +sec A = 

(ii) cosec A — cot A = |; 
and verify the solutions, 

99. Eliminate 8 from the following pairs of equations: — 

(i) cos S+^'sIn 5=«, ^sin 8— y cos8-^J 

(ii) a cos h-bd sin 8=^ = ^' cos 8+^' sin 8; 

(iii) cosec 8— sin 8=w» sec 5 ““ cos 8 == ». 

lOO. Eliminate a, c from the following equations, and obtaia 
a relation between the trigonometrical functions of A, B, C: — 
^cos C-h^ cos B=za, c cos A +a cos C = a cos B-f-d cos Ab=^. 


•G. 13* 



CHAPTER XIIL 

TRIGONOMETRIC AND LOGARITHMIC TABLES. 

^30. USE OF TRIGONOMETRIC TABLES: SIMPLE 
PROBLEMS. 

In all practical problems of Trigonometry the student will find 
that some ratios of given angles are required; and conversely, 
that angles have to be found from given values of some of their 
ratios. To effect this tables are constructed giving the sine, the 
tangent and the secant of all angles below 90"^ at intervals of i'; 
these are respectively called Tables of Natural Sines, Natural 
Tangents and Natural Secants. They give the values of the 
ratios to four places of decimals and are used as explained below. 

The degrees in the given angle are to be taken from the left- 
hand column of any page of the Tables; and the minutes, at inter- 
vals of six (o', 6', 12',,..), from the line at the top. At the in- 
tersection of the line and the column through these points will 
be found the value of the required ratio. If an angle, like 25^ 32', 
does not contain an exact multiple of 6', we first find the ratio for 
25’ 30' which is the next lower angle containing such a multiple;, 
we then look to the last five columns, headed i', 2',...^', in the 
line of the degrees, and take the number given under 2', and add 
it to the ratio found. Thus will be obtained the required ratio 
of such an angle. The number so added is often called the 
correction for the excess of minutes of the given angle over the 
angle whose ratio is first found. 

In the Table of natural sines { and of cosines ) the decimal 
points are all omitted, as no entry could be greater than unity. In 
the other Tables the decimal points and the integers preceding 
them are printed only in the first column of the values of the 
ratios. No entries for obtuse angles are given ; for any ratios of 
such angles may be reduced to corresponding ratios of their 
supplements (§ 26). 
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It will be seen that the sine^ tangent and secant increase for an 
acute angle as the angle increases ; hence for an excess of the 
angle the correction made should be additive. The cosine^ cotan 
gent and cosecant decrease as the angle increases; hence, if separate 
tables of them are employed, for an excess of the angle the cor- 
rection made would be subtractive. But separate tables of these 
ratios are not necessary, as they are respectively the sine, tan- 
gent and secant of the complementary angles. 

Exampies. i. Find sin 55^26' and cos 31^49'. 

From the Table of natural sines we get 

sin 55^^24'-= *8231; 

adding for increase of 2' 3, 

we have sin 55'^26' - 'S234* 

As cos 31^49' — sin 58^1 1', 

we take out sin 58%' =» ’8490, 

and add for increase of 5' 8 ; 

/. cos 31^^49' = sin 58^11'= *8498. 

If we use the Table of cosines, w^e get 

00331^48'= *8499; 
subtracting for increase of i' 2, 

we have cos 31^49'= *8497» 

The difference of i in the last place is due to the fact that the 
Tables give the nearest value of the fourth digit : more accurately, 
we should first work to five digits and then keep four. 

2. Find tan 66^ 16' and cot 70^ 2', 

From the Table of natural tangents 


tan 66^ 12'= 2*2673; 

add for increase of 4' 74 ; 

thus tan 66^ 16' = 2*2747. 

And cot 70'^ 2'= tan 19^ 58' ; 

now tan 19° 54'= '3620, 

and increment for 4' = 13; 


.% tan 19^ 58' = cot 70^ 2' = *3633. 

3. Find sec 37^ i' and cosec 47° 2', 

As before sec (37°+ 1 ') = i ’252 1 -f *0003 » i *2524 ; ' 

and cosec 47^ 2' = sec 32^ 58' 

= sec(32° 54'+40 = *‘ 1910 + *0009 = 1*19^9. 

When tables of secants are not available, the tables of sines may 
be used ; the reciprocal of any sine will give the cosecant of tbe 
angle, and the reciprocal of the sine of the complement will give the 
secant of the angle. 

When the sine or cosine, tangent, • • . of an angle is given, the 
angle may be found from these Tables as in the following 
examples : — 
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4. Find the angle whose sine is *8342 and that whose cosine 
is *7064, 

From the Table of natural sines 

= 56^ 3 «' ; 

add for increase of 3 2' ; 

angle required = 56° 32', 

From the same Table ‘7059 = 510 44^ 54' ; 
add for increase of 5 2^'; 

'7o64 = sin 44° s6i' = cos 45° 3}'. 

/, angle required = 45°32'. 

In the second case the increment 5 is not found in any of the 
small columns headed i 2', . . 5'. It is midway between 4 and 
6 which are the increments for 2' and 3' ; hence we take the 
increment of the angle to be 2.]'. It is usual to take it as 3', the 
angles being generally estimated to the nearest minute, 

5. Find the angle whose cotangent is *84. 

The immediately lower number in the Table of tangents is 
•8391= tan 40^; lor an increment of 9 (in the fourth place) we 
add 2' to the angle. 

Thus 84 tan 40^2' = cot 49^58'. 

Here the increment lies betw t*en the printed increments 5 and 
10, but is much nearer I he second ; htiice we take the corresponding 
increment of the angle to be 2'. 

6. Find the acute value ol a satisfying the equation 

7 lan^ a 4- 8 ^3 tan a= r. 

Solving by the ordinary rule and taking the positive sign, we have 

tan + ^ 

7 7 

Hence we get from the Tables ct = 3^54' + 5' = 3^59'. 

The negative sign will give <x=x 116^ 1', 

When one angle of a triangle is right, if we know any two of 
its sides or any one side and one acute angle, the remaining sides and 
angles may be readily found by geometrical construction. The 
process of finding their values numerically from the definitions of the 
trigonometrical ratios of the angles and their values furnished by the 
Tables, is called the solution of the A' 

triangle. For instance if the A ABC 
has a right angle at C, and if 
we know the length BC and the L B, 
we can find the remaining sides and 
angles thus : — z. A — 90* - z. B; and 

V— -lanB, CA -BO tan B : 

BO g 
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Each of the three sides and three angles of a triangle is called 
a part or element of the triangle ; and it is seen without difficulty 
that a right-angled triangle can be solved when two of its parts 
(including a side), besides the right angle, are known. 

Many objects on the earth aie practically inaccessible ; in order 
to determine their distance from some kno\m point, we should 
measure ane length at least between two known points and two 
angles Sit least between lines of knoN\n directions. Thus, in the 
figure given above, A being the inaccessible lop of an object whose 
height IS CA, we measure the length CB and the L B ; the L C 
being given (90''), three parts of the A ABC are known, and the 
other parts may be calculated. By means of suitable instruments 
angles can be measured with great accuracy, but it is always 
difficult to measure lengths. Hence the calculations are made 
to depend on a single length or on as few lengths as possible. 

When an object is above the level of the observer’s eye, the 
angle made with the horizontal plane through the eye by 
the line joining the object to the e)e is called the angle of 
elevation of the object, or, briefly, its €levatio 7 i or altitude. When 
the object is below the level of the eye, the corresponding 
angle is called, the anqle of depression of the object, or, simply, 
its dejpression. 

Examples 7. Ina A ABC, right-angled at C, CA = 50, 
^ ABC = 34^1 2': find the other parts of the A* 

L^ -h LB = 90®, /. Z.A = 90® - 34® 12' - 55^48'. 

Again, BC -r CA =» tan A ; /, BC «= CA tan A 

- 50 X 1- 4715 «=. 73*575; 

and AB « CA sec A =* 50 x i* 7791 =» 88*955. 

If the triangle is drawn with the side CA veriical, the question is 
seen to be the same as the following: — fiom the lop of a tower 50 
ft. high the depression of an object in the horizontal plane through 
its base is found to be 34*^ 12'; find the distances ot the object from 
the top and foot of the tower By top and foot we usually mean the 
highest point of the tower and the point vertically below this point on 
the horizontal base. 

8. At a point on level ground 70 yards from the base of a 
tower the elevation of the tower is found to be 60°: find the height 
of the tower. 

With the figure of the preceding example, we have here 
BC» 70 and ^ ABC= 60^, L ACB being right. 

CA “ BC tan 60^ *70 ^/ 3 — i2i’24. 

Thus the height is nearly 121^ yards. 
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The base of a triangle is one metre, and the angles at the 
base are 12 1®, 25®: find the height of the triangle. 

To any suitable scale draw BC — to 
( decim. ); make ^ ABC *=25®, 

2L ACB e* 12 1®; and draw AD perp. to 

BC. 

BD 

=cot B, BD = DA cot 25® : 

DA ’ ^ ' 

SO also CD* DA cot ACD*DA cot59®. 

/. BD - CD, i. e. BC 
so that DA 



cot 25 
10 


DA (cot 25* - cot 59®), 
10 I o 

- cot 59° 

= 6-478. 


2*1445 ~ '6009 


1*5436 

Thus the height is nearly 6*5 decimetres. 

The solution should be verified by reading off AD to the scale on 
which BC is drawn. The result thus found is not so accurate as 
that obtained by calculation ; but it forms a useful check on the 
latter, and may be conveniently employed when only a rough ap- 
proximation to the height is required. 

We can also find AB, AC, as they are respectively AD cosec 25°, 
AD cosec 59°. Thus we see that an oblique-angled triangle, ABC, 
Oan be solved when three of its parts (always including one side) 
are given, by taking it as the difference of two right-angled 
triangles, ABD and ACD. When the base angles are both acute, 
^s in the following example, the triangle can be solved by dividing 
it into the sum of two right-angled triangles. 

10. From two points A and B, 1500 yds. apart, an aeroplane 
C is observed to have simultaneous elevations of 41° 23' and 
46° 32' respectively ; if the plane ABC is vertical and the vertical 
line through C is between AandB, find the height of the 
aeroplane. 

Let CD, the vertical 
line through C, meet the 
horizontal line AB in D. 

As in the previous 
example, 

AD « DC cot 41^ 23', 
and BD*DCcot 46^ 32'; 



DC (cot 41® 23' + C 0 t 46° 32')«AD + BD«AB, 
or DC (1*1350 + *9479) * 1500, from the Tables. 


^500 _ 15000000 
2*0829 20829 


>720 yds., almost exactly. 
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Exercises. 

101. Find from the Tables — 

sin 40^ 25', cos 70® 32', cot 80° 52', sec 33° 36'. 

102. Obtain the value of A from — 

cos A = *91, tan A= — 1*023, sec A = 1*925. 

103. By means of the Tables solve the equations — 

4 sin2 0 — 10 sin 0 + 5 = 0 and 2 tan*0 + 5 = 8 sec 0. 

104. In a triangle ABC, right-angled at C, find the other parts 
when — 

(i) ^ = 47, rt = 24, (ii) fl = 45, ^ = 25, 

(iii) ^=110, ii.A = 25^4o', (iv) ^=10, Z. 8=70° 25'. 

[If ABC is any triangle, the angles BAC, CBA, ACB are denoted res- 
pectively by A, B, C; and the sides BC, CA, AB, opposite to these 
angles, by by c respectively.] 

105. Find the side of a regular pentagon inscribed in a circle of 
radius 25 mm. 

106. Find the radii of the inscribed and circumscribed circles of a 
regular dodecagon of side 2". 

107. In a triangle ABC, BC = a and the perpendicular from A on 
BC =/> : prove that 

a=p (cot B+cot *C) 

when B and C are acute ; and examine the case when either B or C 
is obtuse. 

108. At two points A and B the elevations of P, the top of an object 
whose base is in a line with AB, are a and IS (cKjS) : if AB=afl:, 
prove that 

a cosec a a cosec a 

AP=:. or 

cot a+cot 13 cot Cl — cot p 

109. At two points, 100 yds. apart, on the bank of a straight river, 
the direction of an object on the opposite bank is observed to make 
angles of 30"^ and 70° with the first bank : find the breadth of the 
river, and the distance of the object from the first point of observation. 

no. A tower 75 ft. high stands on a hillock; from the top and 
base of the tower the angles of depression of an object on level 
ground are found to be 45° and 30"" respectively : find the distance 
of the object from the base of the tower. 

111. A column 48 ft. high stands at a distance of 30 ft. from the 
bank of a river; when the altitude of the sun is 20^ the shadow, 
falling right across the river, just reaches the other bank. Find 
the breadth of the river. 

1 1 2. An observer standing 100 ft. from a pole observes the eleva- 
tion of its top to be 1 1°: find the height of the pole, the observer’s 
oye being 5 J ft. above the ground. Find also how much farther 
the observer must go to see the pole at an elevation of 5 
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113. A ladder a ft. long rests against a wall and makes an angle 
of 30° with it; the foot of the ladder is moved farther away from 
the wall and the angle then made with the wall is 75°. Find 
through what distances the top and foot of the ladder have moved. 

1 14. From a point 4o| ft, above the ground a column is observed 
to subtend an angle of 45°, and the distance of the foot of the 
column from the vertical line through the point of observation is 
found to be 100 ft. Find the height of the column. 

1 15. A and B are two points on a straight river-bank, and T is 
the stem of a tree on the opposite bank; the anijles TAB, TBA are 
found to be 45^ 46', 62° 31' respectively, and AB is 22 yards. Find 
the breadth of the river at the point T. 

1 16. The coast-line between two places A and B runs straight 15° 
E of N, and the bearings of a rock R from them are respectively 
48° W of N and 12° S of W: find AR and the shortest distance of the 
rock from the coast, taking k^ — d. 

1 1 7. From a window in a house on one side of a street 50 ft. wide, 
the elevation of the top of the opposite house is found to be 32° and 
the depression of the base to be 28^. Find the heights of the opposite 
house and the point of observation. 

1 18. The line joining two inaccessible objects, P and Q, is known 
to be at right angles to a base-line AB of length vi metres; it is 
found that z.PAB = 6o°, LpBA = 5i° and ^QAB = 48^ 12', Find 
the distance PQ. 


§ 31. LOGARITHMS AND LOGARITHMIC TABLES. 

The student will find that there is often a large amount of 
numerical computation required in the solution of practical pro- 
blems. The labour of making the necessary calculations can be 
greatly reduced by referring to logarithmic tables^ with which the 
student is already familiar to some extent. (See Hall and Knight, 
Elem, Algebra^ Ch. XXXIX.) A brief recapitulation of the 
properties and uses of logarithms is given below. 

Def. The logarithm of a number to a given base is the 
index of that power of the base which is equal to the number. 

If N is the number, h the base and I the logarithm, we must 
have « N ; this is written thus — 

I - logb N . 

It should be noted that ^ = N, by definition; that the 
logarithm of the base is unity, as 6^ = 6 ; and that the logarithm 
of unity is zero , as ^ ® *■ i. 
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Illustrations. V 2*=i6, log, i6 -4; 

so also log3243 = 5, log,oioo = 2. 

Again, V 3 - 2 =i, log3(^) --2; 

so also log „ (-001 ) - - 3, log „ ( -16 ) = - I. 

The following are the chief properties of all systems of 
logarithms: — 

(i) The logarithm of a product = the sum of the logarithms 
of the factors. 

If logftM = *, logjN = y, then = M, i'' = N; 

MN •= h . b = that is— 

logs fMN) = a: + y = logo M + log^ N. 

(ii) The logarithm of a quotient = the logarithm of the divi- 
dend diminished by the logarithm of the divisor. 

Proceeding as above, we have 

— = ^ = by the rules of indices : 

(iii) The logarithm of any power of a number = the logarithm 
of the number multiplied by the index of the power. 

For = for all values of x and y; if 6® = N, N*' —6“^ 

log6(N^) (logb N). y. 

We conclude from these results that logarithmic tables 
enable us to replace multiplication and division by addition and 
subtraction, and extraction of roots and raising to powers by 
division and multiplication. 

It is found that the logarithms of numbers to a base are 
incommensurable quantities, except when the numbers happen 
to be rational powers of the base. Thus with the base lo, 
such numbers only as ioo=»io^, \/io, have 

logarithms which are definite rational numbers ; the logarithms 
of the great majority of ordinary numbers are irrational, and 
require for their expression an interminable non-recurring 
decimal fraction preceded or not by an integer. 

Def. The positive fractional part of a logarithm ( expressed 
decimally) is called the mantissa of the logarithm, and the 
integral part (positive, zero or negative) is called its 
characteristie. 
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Any positive number greater than unity could be employed 
as the base of a logarithmic system; in practical calculations, how- 
ever, the base is always ten, which is the radix or base of our 
decimal system of notation. Logarithms to the base lo are 
called common logarithms. The common or ordinary system of 
logarithms possesses the two additional properties given below: — 
(iv) In common logarithms, numbers having the same se- 
quence of significant digits have the same mantissa. Thus, 
as log 1-353 = 'ISIS* 

.’.log (i3S'3)“log (i‘3S3^ io*)=log i’3S3 + log 
-•1313 + 2 = 2-1313; 

andlog(-ooi3S3)-log (1-353+ io®) = log i‘353-log 10® 

“•1313-3- 

In the last case the characteristic is not added to the mantissa, 
as then the latter would become negative; but the result is 
written thus — 

log *001353 « 3 *i3I3- 

So also log 135300 =5*1313, log *1353= 

(vj In common logarithms, the characteristic of the loga- 
rithm of any number may be found by inspection. 

Thus, as 1*353 > ( = i)> but < lo^ 

the characteristic of log 1*353 is zero, as this logarithm is 
only a positive proper fraction. 

And V i 35’3 = 1*353 X 

/. log 135*3= log io»-hlog 1*353 = 2 + log 1*353; 
the characteristic is 2. 

So also, V *001353 = 1*353 X 10-3^ 

log *001353- -3 + log 1*353; 
the characteristic is 3. 

We can therefore deduce the following rule; — express the 
given number as the product of a number having one digit only 
in its integral part and a power of the base 10 (positive or nega- 
tive); then the characteristic is the index of the power of ten. 
The mantissa is, of course, positive in all cases, and the new 
number and given number have the same sequence of digits. 

To find the value of x from such an equation as 
TOO sin 51® sin5o® 

X *=» ; — , 

sin 16 

.we take logarithms and obtain 

log ««log 1 00 + log sin 51* + log sin 50® -log sin 16®. 
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We may find the values of the sines of 51“, 50“, 16® from the 
Table of Sines, and then the logarithms of these values from the 
Table of Logarithms of Numbers. This process is of such fre- 
quent occurrence in the solution of triangles that it is found very 
convenient to have the logarithms of the numbers in the Table 
of Sines ( and that of Tangents ) calculated once for all and 
shown in new tables. The two operations indicated above are 
thus avoided, and one single reference gives the value of such 
quantities as log sin 51", log tan 51®. 

As the sine of an angle is never greater than unity, the log- 
arithm of the sine will never he positive', and the same is true of 
the cosine. The logarithm of the tangent of an angle will, also, 
be negative when the angle is less than 45®. In such cases the 
characteristics will be negative; and to avoid as far as possible the 
occurrence of negative numbers in the Tables, it is usual to in- 
crease each of the logarithms by 10, that is, to multiply the 
ratios themselves by 10^® before taking their logarithms. 

Def. The tabular logarithm of any trigonometrical function is 
the common logarithm of that function increased hy 10. 

Tabular Logarithms are indicated by prefixing L instead of log 
to the functions ; and the tables thus obtained are called 
Tables of Logarithmic Sines, Logarithmic Tangents,..., to distin- 
guish them from the tables of the numerical values of the sines, 
tangents,..., which are called Tables of Natural Sines, Natural 
Tangents, 

As in the case of natural cosines and cotangents, logarithmic 
cosines and cotangents will be given by the Tables of Logarithmic 
Sines and Tangents, the references being made to the comple- 
mentary angles. No separate tables are required for logarithmic 
secants and cosecants also, which may be deduced from the 
corresponding logarithmic cosines and sines by simple subtrac- 
tion. For, 

V cosec A X sin A == I, .’. log cosec A + log sin A « o ; 
.hence, L cosec A -f- L sin A == 20, and L cosec A =» 20 -Z sin A. 
Similarly we have L sec a = 20 - L cos A. 

It can also be shown that L cot A + Z tan A =» 20. 

The Logarithmic Tables of ratios are used in precisely the same 
way as the Tables of Logarithms of Numbers or Natural Sines. 
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Examples, f. Find L sin 55^26' and L cos 55^26'. 

From the Table of Logarithmic Sines 
L sin 55°24' = 9-9155; 
adding for increase of 2', 2, 

we get L sin 5S°26' = 9*9157. 

Also, L sin 34^30' = 9 753 ' I 

adding for increase of 4', 7, 

we get L sin34'^34' = 9-753^ J 

hence L cos 55^26' = 9 7538. 

It should be noted that the actual logarithms of sin 55^26' and 
cos 55^^26' are T 9« 57 and T 7538, as the student may verify by 
using the Tables ot Natural Sines and Logarithms of Numbers. 

2. Find the angle A from L tan A =-8 8040. 

From the Table of Logarithmic Tangents 

8 7988 = L tan 3^ 36' ; 

adding for increase of 52, 3' 

we get 8 8040 = /, tan 3^ 39' ; 

thus angle required = 3^39'. 

The increment 52 is not in the Table : it lies between 41 (for 2') 
and 62 (for 3') ; being nearer the latter, we take the increment in 
angle as 3', 

3. Find L sec 37^ i' and the angle whose logarithmic secant 

is 10*41. 

As proved above, A sec 37^ i' — 2o — L cos 37° i' 

= 20 -A sin 52^^59'; 

the Table gives L sin 52° 59' = 9*9023; 

.*. A sec 37^ i' = ioo977. 

In the second case, if B is the angle required, 

ZcosB = 2o — A sec B = 9*59. 

Now A sin 22^^ 48' = 9*5883 ; 

adding for 17, 6', 

we have A sin 22^ 54' = 9*5900 : 

also sin 22^ 54' =cos 67^6', 

Hence 10*41 =Z- sec 67^6', and B = 67° 6'. 

In this case it is seen that the Table gives Z sin 22^ 54 ' = 9*5901. 

4. Calculate 1 2^(1873), 

Let X denote the value ; 

then log x=-^ log 1873 = (3*2725) = -2727. 

The antilogarithm of *272 = 1871 ; 

adding for 7 3 , 

we get a:=i*874. 
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5. Obtain the value of from 7 cos j8 = 12 sin 14® 14', 

Taking logarithms and adding 10 to both sides, 

log 7+/^ cos ^ = log i2-f Z sin 14° 14'. 

As L sin 14° 12 is 9*3897 and the correction for 2 is 10, 
we get Z cos ^ = 9*3907 + 10792- 8451=9-6248, 

Thus 90° - = 24° 54' + 2' = 24° 56', and ^ = 65° 4 . 

6, A tower stands on 
a hillside which has a uni- 
form slope ot i 5 ^; from a 
point A at the foot ot the 
hill the elevation of the top 
of the tower is found to be 
50®, and from a point B, 
directly up the slope at a 
distance of 100 ft. from A, 
it is lound to be 66^. Find 
the height of the top of 
the tower above the level of 
the ground. 

Let ABL be the slope of 
the hill; AH, BK the hori- 
♦zontal lines through A and 
B, and C the top of tlie 
tower. 

Let CB meet AH in Q, ^ 
and draw AP perp. to BQ 
produced. It is given that 
AB = 100, L. CAH = 50^, 

^CBK = 66'^, 2LBAQ=i5^. 

Then ^ AB(3= CQH - Z.CBK- 

and z. ACP= iiCQH- Z.CAH = i6^. 

AP 

Now V ^0 = smABQ, AP= 100 sin 51°; 

AC 

and ^ = cosec AGP, AC = AP cosec 16° 



Finally, CH, the height required, 

= AC sin 5 o^ = AP cosec 16* sin 50° 

= 100 sin 51° coscc 16^ sin 50° = 


100 sin 51° sin 50^ 
sin 


Taking logarithms 

logCH = log loo+Z sin 51°+/^ sin 50°— Z sin i6°-io 

+ 9 '8905 V -19-4403 
+ 9 -88433 

= 21 *7748-19*4403 =3-3345, 

The antilogarithm of 2*3345 is 2x6*0; 
thus CH as 216 ft. almost exactly. 
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Exercises. 

1 19. Find the numbers whose logarithms are 2*3457, 3*4568. 

120. Obtain logs (sin 135"^), logo (tan eo""), log 100 (*01)3. 

1 21. Find the characteristics ot 

logio '0527, log 2 *527. log3 5270, Iog4 VC0527). 

122. Find the values of L sin 80^ 30', cos SoP 40', L tan 80° 50'. 

123. Given L sin 32° 2o' = 972823, L 00532° 2o' = 9*92683, find 
the L tan and L sec of 57° 40'. 

124. Find the angles in the following equations : — 

L cos A = 9*8765, L tan 6=1**2345. 

125. Find the logarithms of sin 47°56' and cot 56^47', and verify 
by means of the Tables of Logarithmic Sines and Tangents. 

1 26. Prove that Z sec A - tan A = Z cot A — Z cos A, 

and Z cot A = 20"-Z tan A= 10 +Z cos A — Z sin A. 

127. Prove the identities — 

2 log tan A = log (sec A- 1) 4 -log fsec A 4 -i), 

Z sin A=io 4 -i log (i -cos A) 4-^ log (i-fcos A). 

1 28. Prove that and loga^. log^a = 1. 

129. Given log 2 « *30103, log 3 = ‘47712, find the number of digits- 
in 2®* and 15^®. 

130. Given log 2=* *30103, log 7= *84510, find the position of the 
first significant figure in (*05)^5 and ^ 

> 343 /* 


1 3 1. Given log 45=/>, log 54 = ^, find log 2 and log 3 in terras 
of p and q. 

132. Given log 2 = a, log 3 = ^, log 5 = ^, log 7 = ^/ to any base 
find to the same base log (*018), log (15*12)*, log (i764)l^- 

133. Given logio3 = *477*2, find 2; from the equation 


*+2 »-l 

(3i) =9 * 


*34‘ Tables solve the equation 

4 4"4 =4® 025. 

,35. Employ the Tables to obtain the values of 

23*62 tan 27°i I ' cosec 30°4o' and sin 65 8 ^ 

^ * sin 40^30' 

136. Calculate when X* 2 1^30'; also 2 *r ^ V^, 

^ 289 

where ir =»3-i42 and5^=3a‘09. 

137. Given c-7'o8, and 2s^a + b+c, 
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Solve the following problems (138-142), employing as far as pos** 
sible the Tables of Logarithms and Logarithmic functions: — 

138. Find the side of a regular polygon of 24 sides described 
about a circle of radius 13 mm. 

139. The elevation of a spire whose height is 250 ft. is 34° 17': 
find the distance of its top from the observer, 

140. A river is 205 feet wide, and the angles of depression of its 
banks, observed from a point in a vertical plane to which the banks 
are both perpendicular, are 20° 17' and 17^ 20': find the height 
above the ground of the point of observation, 

141. A circular tower, whose diameter is known to be 72 ft,, 
subtends an angle of io° at the eye of an observer on level ground, 
and the elevation of its top is found to be 36° 25': find the height 
of the tower. 

142. A spherical balloon, 5 metres in radius, subtends at the eye 
of an observer an angle of 46', while the elevation of its centre 
is found to be 25° 40': find the vertical height of the balloon. 



CHAPTER XIV. 


TRIANGLE FORMULA 

J32. FUNDAMENTAL FORMUL/E RELATING TO TRIANGLES. 

In the two preceding sections we have given methods for the 
solution of right-angled triangles, and have shown how oblique- 
angled triangles may be solved by being resolved into the sum 
or difference of right-angled triangles. In this and the following 
section we shall give the algebraical formulae required in the 
numerical solution of triangles of any sort. As before, in the 
geometrical triangle ABC the measures of the angles will be taken 
to be A, B, C, and the lengths of the respectively opposite sides 
to be a, 6, c. 

I. In any triangle the sides are proportional to the sines of the 
opposite angles \ that is, 

a h c 

sin A sin B sin C ' 



Draw AD perp. to BC or BC produced. Suppose B to be acute ; 
then, in all cases, 

AB 


sin B , DA « AB sin B =» c sin B. 
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In the first figure, where C is acute, 

DA — AC sin C » 6 sin C ; 

in the second, where C is obtuse, 

OA»AC sin ACD>-bAC sin C) — ^ sin C, §26; 

in the third, where C is right, DA is the same as CA« 

.% DA ^ ^ sin 90* — b sin C, as sin 90* « i. 

Thus in all cases c sin B « 6 sin C, 

h c 

or . 

sin B sinC 

Similarly, by drawing the perp. from B on CA or CA produced, 
0 a 


we can prove 
Hence 


sin C sin A 
a h 


sin A sin B sin C 

Cof* Putting each fraction =»d, we have 

a « sin A, 6 = d sin B, c « d sin C. 

Thus each side is expressed in terms of the sine of the 
opposite angle and one length, d, which will be proved later on 
to be the diameter of the circumcircle of the triangle. 

The theorem proved above is oiten called the Rule of Sines : as 
a sin B ^ sin A, b sin O^c sin B, c sin A = a sin C, it may also be 
called the double sine formula. Although we get three equations, 
it should be noticed that there are only two independent relations. 

II. In any triangle the square of a side is less than the 
sum of the squares of the other two sides by twice the rectangle 
contained by these sides and the cosine of the included angle; 
that is, 


a* a* 6* + c* - 2bc cos A, 

5 * 3* c* + a* - 2ca cos B, 
ss a* + 6* - 2ab cos C. 

In the first figure above, as C is acute 
AB^ — BC* + CA* - 2 BC.CD ; 

CO 

but — — cos C, so that CD *■ CA cos C ; 

CA 

AB* — BC* + CA* - 2 BC.CA COS C; 
that is, <3* - a* + 6* - 2 a6 cos C. 

In the second figure, where C is obtuse, 

AB* - BC* + C A2 + 2 BC. CD ; 

but CD - CA cos ACD * CA COS (i8o“ - c) « - CA cos C , § afiy 
AB* = BC* + CA* - 2 BC. CA COS C 
that is, 0* = a* + 6* — 2 a6 cos C. 


G. 14. 
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In the third figure, where C is right, 

AB* = BC^ + CA* = BC^ + CA* - 2 BC.CA COS C, 
as cos 90^ « o. Hence also = a* + - 2 db cos C. 

Thus the formula is true in all cases. The other two formulae 
may be similarly demonstrated. 

Cor. By transposing we get 2 ab cos C = a* + , 

+ 6^ - 0* 

hence cos C = r 


So also cos A 


4 - 

26c 


cos B 


2Ca 


These formulae enable us to express the cosine of any angle of a 
triangle in terms of the sides ; and the theorem given above is often 
called the Cosine Rule. It is seen to be the general algebraical ex- 
pression of the theorems [29], [30], [31] in § i ( Geometry). 


Examples. 1. Of a triangle ABC given A = 60° B = 450 = 6; 

find the other sides. 

Here C =75°; and as , 

sm C sin B 


.*. c = 


And a = 


h sin C __ 6 sin 75'^ __ 6 cos 15° 

sin B * sin 45^ sin 45° 

3 + I ) ; see § 27, Exam. 2. 

h sin A 6 sin 60^ 

— = = o V 6. 

sin B sin 45° 


6 ( “f ^2) 
2V2 


2. Given a = 5, d = 8, B = 60°; find the other angles. 


We 


have 


sin A 
a 


sin B 


sin A 


a sin B 
b 


16 ^ 


reducing this to a decimal, *5413, we find from the Tables A = 32°47', 
Hence C =87^ 13'. 

The angle A may also be taken to be 147° 13', as sin (i8o° - A ) 
= sin A. This value is, however, inapplicable here, as A4-B = 
207^13' would be impossible in a real triangle. But in other similar 
cases both values may be applicable, and the solution may be really 
ambiguous. 


3. Find the angles of a triangle whose sides are 3, 4, 6. 
Denoting these respectively by a, h, we have 


cosA = ^ i = 4 | = *8958 ; A = 26° 23' from the Tables. 
20c 40 

So cos B = ^=s ’8056, and B =36° 20'. Hence C = 117^ 17'. 

30 


If we find 0 first, we get cosC =—^^=—*4583; whence 
C = i80° — 62^ 4^3' sal 17^ 17', as cos (180® — C) = - cos C. 
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There is no ambiguity when an angle of a triangle is determined 
from its cosine; if the cosine is positive the angle is acute, and if 
negative it is obtuse. The same remark applies to the tangent. 
The case is, however, different with the sine, which is positive for 
both acute and obtuse angles; and further investigation is necessary 
to find Out if there are really two solutions or not. 

The following algebraical result is of use in the next proposition. 

The expression 2 -f 20^0^- + 2a}b^ — — — 

may be written as 4^^^^ _ (^4 _{_ ^4 _|. ^4 4, 2d^c^ — 2 c^a^ — 2^232) , 
that is, as l2dcY- ( 5 ^ + 

hence it is the product of 

2 dc-{-d^-\-c^ — a^f 2 dc — — 

But these factors are — respectively; 

so that the original expression is the product of 
ci-\- Cy— <i"-‘b-\-Cy 

Now let a+b + c=2s; .'.2 (s — a) ^ — a + b + Cy etc. 

Hence 2 b^c^ + 2 c^a^ + 2 a^b^ — a* — b* — c* 

= (a-\-b‘\-c)(-a+b'i‘£){a-b-^c)(a-^b-c) 

= 16 ^ (j — a) (s-^) — 


III. To express the sine of an angle of a triangle in tertrm 
of the sides. 


Since cos A = - 


2 bc 


sin«A 

40^0^ 


The numerator = 2h^c^ + 2c V + 2a'^b^ 

~ 16 5 ("s *-a )(5 - b){s - c), as shown above, 
s being ^ (a + + c) or the sem-perimcter oi the triangle. 

Hence sin A = -i— J(2b^c^ + + 2^252 - _ 54 _ g4\ 

200 ' 

or J {s{s-a){s-b){s-c)l 

the positive sign being taken as sinA is positive whether A 
be acute or obtuse. 

Similarly sin B =» " J \ s {s- a) (s-b) (s-^c) |, 
ca 

and sinC “ { s {s-a) (s-b) (a-c) 

Hence also we conclude that 

a 6 c 
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IV. To find expressions for the area of a triangle. 

As proved io 1 above, the perp. AD is equal to h sin G in all 
cases. 

Novr the area is ^BC. AD [§ i, 24 ]; hence, denoting it bf 
we have 

A 

» ^ 5o sin A or ^ sin B by 1 above. 

Also, substituting the value of sin A from III, we gel 

dc. ^ J {s(^-a)(s-h){s-c)\ 

- ^ { s (s - a) (s - 3) (s - c) (See Oeometry, Exer. S.) 


The area can be found In terms of one side alone : tor 
, a sin B 


sin A 


from I ; hence 


, a sin B . ^ 

,1 a sin C = 

3 sin A 




sin B sin C 
sin A ’ 


4 ** 


sin 0 sin A 
sin B 


or 


he* 


sin A sin B 


sin C 


similarly. 


V. In any triangle 

a — 6 cos C + c cos B, 

6 « c cos A + a cos C, 
c =» a cos + b cos A. 

In the first figure of I, we have 

CD ■■ 6 cos C, BD « ^ cos B ; 

/. b cos C + c cos B = BD + CD = BC *» a. 

In the second figure, CD » - 6 cos C as proved ; BD cos B 
.% b cos C + cos B — BD ~ CD « BC = a. 

When C is right, BC cos B ; 6 cos C == o for cos 90* «= o ; 

/, h cos C + ^ cos B « BC « 

“ Thus the result is true in all cases ; and the other two results- 
can be similarly proved^ 

In I, II and V we have separately derived eig^ht relations betweew 
the sides and angles of a triangle ; and A -j-d-f C= 180° is a ninth 
relation. These relations are not all independent ; for a triangle 
is known if three of its parts (including a side) are given, and to 
determine three parts three equations ought to suffice. Hence from 
three of these nine relations it is possible to derive the remaining 
she; for instance, we see in III how the sine rule can be obtained 
from cosine formuIcB. The process is in general difficult; some 
simple examples will be found in the exercises below. 
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Bzamples (ContdJ). 4. Prove that the angle C of a triangle ABC 
is right, acute, obtuse according as is equal to, less than, greater 
Iban 

This well-known geometrical result may be thus proved. — 

If ca-a*+J‘,cosC = ?!^±^^^ = o; /. 0 = 90*. 

200 

If cos C \s positive^ and C is acute ; 

if c*>a*+J*, cos C is negative ^ and C is obtuse^ 

5. Show that tan B : tan Q^a^-\-b'^-c^ i «**f 
u tan B sin B sin C sin B cos C 

tan C cos B cos C sin C cos B 

_b 2ca — 

c * 2ab, — 3 *) 


6 . Prove the identities b (tan B-f tan C) tan B secC, and 
s (tan B+tan C)=s<r tanC sec B. 

V a tan B secC — b tan Bs tan B ( — b \ 

\ cos C / 

.a — b cos C 


Stan B- 

cos C 
tan B. c co s B 
cos C 
^ sin B If sin C 


, by V above, 

, by I above. 


cos C cos C 
*s b tan C ; 

•*.a tan B sec C^b (tan B+tan C). 

This proves the first ; and the second identity may be similarly 
proved. 


7. With the ordinary notation for a triangle, prove that 
{b* — c^) cot A + (^2 — fl*) cot B 4- (fl2 — ^2) cot C = o. 

Vcos A» -~— ^ sinA = ^, by II and IV; 

2 bc be 

.% cot A s= ^ ^ analogous values for cot B and cot C. 

4A 

/•the given left side 

+ («»-«>)(rt»+3*-e»)l 

~-^ib*-c*-a^d*-C*)+c*- a*- ^ V -«•)+«*- ^* 

-£*(«*-«’) I 


TRIGONOMETRY. 


[chap; 


iKo6 


8. In any triangle prove that 

A+£=5sinB+lIl*sinC=-iM^=in£^)i£ziL. 

a> c* aWc'^ 

• • 2 ^ 

Substituting— for sinA, and similar values for sin B, sin C, 
be 

the left side gives 

2 A jb-c) , 2 ^ (c-a) , 2A(a-b) 
d^bc b'^ca c^ab 

2 A c 

‘ +ca(c-a)+a6 (a- 6 )l 

= : 

and this is the right side. (See Hall and Knight, Elem, Algebra^ 
§ 223.) 


Exercises. 

143. The vertical angle of an isosceles triangle is 120°, and the 
base is 10 : find the sides of the triangle. 

144. The base oi an isosceles triangle is 20, and its area 

is iH2V3: find the angles of the triangle. 

3 

145. In a triangle given 10, Z; = 9, B = 6o°; find C and A. 

146. Given 10, a = 9, b = 45°> find 

147. The sides of a triangle are n^ — i, 2«4-i, 

where n> i : prove that the greatest angle is 120°. 


148. Two adjacent sides of a parallelogram are 2 and ^3 in 
length, and the included angle is 30^ : find both the diagonals. 

149. Find the resultant of two forces (P,Q) acting on a particle 
at the angle (A), as specified below: — 

(i) P = 4lbs., <3 = 5 lbs., A=:6o°; 

(li) P = i<2kgs., Q = I kgs. , A = 135° ; 

(iii) P=i8 grs., Q = 23^«., A = 75° 

[When two forces acting at a point are represented by straight 
lines drawn through the point, it is known that their resultant is 
represented by the line joining the point to the opposite corner 
of the parallelogram formed on the two straight lines as adjacent 
sides.] 


150. With the usual notation for a triangle prove that 
cos a+4;!:^^ cos b+4±^'cosc=«+*+^. 


^bc) 




^{ab) 
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151. Find the area of the triangle ABC, given that — 

(i) « = (h) ^ = 4, ^ = 23*1, ^:=»257 ; 

(iii) a = 6 o, 5 = 50, 0 = 60050'; (iv) ^ = 35,A = 3 oO, 8 = 450. 

152. A triangle of area 756 sq. yds. has two sides of lengths 
189 ft. ,222 ft : find the length of the third side. 


153. The sides of a triangle are 35, 78, 97: find the 

perpendicular on the mean side from the opposite vertex. 

154. Points P, Q, R are respectively taken in the sides BC, CA, 
AB of a triangle, such that 

BP: PC = CQ: QA = AR: RB = 2: 5; 

prove that APQR = ^AABC. 

49 

and P(32 4-QR2-f-Rp2^|| (^2 4. ^2+^:2). 

*55- iu a triangle, h-^-c : c->ra : a + d=io : ii 114, find the 
ratios sin A : sin B : sin C ; and show that the mean angle of the 
triangle is 60°. 


156. 


If a triangle ABC is right-angled at 0, prove that 


cos2 


A 

2 


b-\~c 

I 

2 c 


and 


4 A 2 = ahd^ cos A ccfis B. 


In any triangle ABC prove the following relations: — (157 — 162) 

157. tan B = ^ sin C -7- (a-d cos C). 

158. (a cos B— 5 cos A) =a2 — ^2^ 

159. h sin2 C = c (cos A + cos B cos C). 

160. ab sin2 C = c (a cos B cos C-f^ cos C cos A-f^: cos A cos B), 

161. (b sec B — <; sec C) cos A — c sec B — b sec C. 

^ a — ^cosC , ^ — ^cosA , — a cos B + 

1 5 2. 4- — ' + = — — — . 

ab^ bc^ ca^ 2 a^h'^d^ 

163. Prove that 

I -f-cos A ^ I -f-cos B ^ I +COS C _ ( a-^b^-c )- 
a b c 2 abc ’ 

and obtain a similar expression for 

I — cos A I — cos B I — cos C 

-r 7 + • 

abc 

*164. Prove that 

A A _j_ A _ A _ 2b 

s—a s—b s—c s sinB’ 

^^s^abc{ sin A+sin B +sin A cos B+sin B cos a|. 


and 
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i6S. If/.?. r are the lengths of the perpendiculars from A, B, C 
to BC, CA, AB respectively, prove that 

s 

q r a* 

and 2 p cos A-1-2 q cosB+2r cos C=a sin A+^sin B +c sinC. 


i + i + i = 

P q r 


166. From the equalities — 

a^b cos C + ^rcos B, 
c cos A + fl cos C, 
a cos B + ^ cos A, 
deduce the Cosine Rule. 

167. Show how to obtain the Sine Rule from the relations given 
above ; and prove also that 

cos* A+cos* B+cos* C+2 cos A cos B cos c = ** 

♦168. Prove that 4 A (cot A+cot B+cot C)»a*+d*+^* , 
and 2 A = (sin B cos C+sin C cos B), 

From the latter identity deduce the result — 

sin (B+C) =sin B cos C +sin C cos B, 

169. If P divides BC so that BP: PC = 7;/: w, prove that 

(#»+«)* AP* = m*^*+n*c*+2;«w^c cos A, 

170. The sides of a parallelogram are a, b in length, and include 
an angle 0 : prove that the product of the diagonals is 

sin* G\. 

1 71. In any triangle prove that 
(^*+^:<i)cosA-f- (c*+a 3 )cosB+ (a*-j-fc)cosC 

=» (c ^ + fi^)cos A + (a* + ^c)cosB + (^* + ca)cosC 
^bc+ca+ab, and that 

abc(2+cos A+cos B+cos C) =s( 2 ab+ 2 bc +2^a-a*-^*-^^). 

172. If in a triangle a*, b^, are in A.P., then tan A, tan B, 
tan C are in H. P. 

173. The length of the median AD of a triangle ABC is /; prove 
that 4/*»d*+^*+2dt: cos A. 

Hence show that if n are the lengths of the other two medians, 
4(/*+fft*+»*) = 3(a2+ft*+^2). (See Exer, 12, Geomehy.) 
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i 83. CIRCLES CONNECTED WITH TRIANGLES : HALF- 
ANOLB FORMULAE. 

I. To find expressions for the radius (B) of the ciroum- 
airele of a given triangle. 



l.«t O be the circumcentre of the A ABC ; draw BOD Uie 
■diameter through B. Then i. BCD = 90°, in a semicircle ; and 
BDC •« i. BAC or A, in the same segment. 

Hence sin A = sin BDC « BC _ ^ 5 

BD 2B 


• • — , 

2 sin A 

Similarly we shall have B - — \ ~ — * 

2 sin B 2 sin C 

If the angle opposite to BC is obtuse, as in the A A'BO, 
we have l BDC - i8o* - BA'C ; 
and V sin BDC * sin ( i8o’ -BA'c) - sin BA'C, 

/. we shall obtain the same result. 


Again, 


as proved in the preceding section, 


we get R mm (See Geometry ^ XL, Cor.) 

This gives R in terms of the sides in the form 

060 

4N/{s(5-a) ( s-6)(5~c) { ' 

we also see that each of the fractions — , — , 

sin A sin B sin 0 

i<represents the diameter of the circumcircle* 
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Cor* As BC is a chord of the circle of radius i? subtending 
an angle A at the circumference, we see that the length of the chord 
•of a circle which subtends an angle a at the circumference is 
2 i? sin a or d sin a, 
where d is the diameter. 

IL To find expressions for the radius (r) of the incircle 
of a triangle. 

K 



Let I be the incentre of the A ABC ; X, Y, Z its points of 
contact in BC, CA, AB. Join Al, BI, Cl. 

Then area BIC - BC. IX, as the angles at x are right, 

So also area CIA =» J 6r, area AIB = ^ cr. 
adding up, area ABC or A = 5 (a + 6 + c) r = sr ; 

hence , 

s 

Again, it is known that AZ = AY = ^ (AZ -f AY) ; 
so also, BX = ^(BX + BZ), 

CX«l (CX + CY). 

.-.adding up, AZ + (BX + CX) = ^-(AZ + AY + BX + BZ + CX + CY), 
or AZ + a = ^ (a + 6 + c), so that AZ = 5 - a. 

Now A s AZI, AYI are congruent, so that l ZAI = ^ A. 

Hence, tan— = ; .*. r = (.r~a;tan — . 

2 AZ s-a 2 

R C* 

Similarly also r - [s-b) tan — or (5 - c) tan^ . 

2 2 

' (See Geometry, XVIII and Exer. 160.) 
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ni. To find expressions for the radius {ri)of the escribed 
circle of a triangle ABC, touching BC and the other two sides 
produced. 



Let li be the centre of this circle ; Xi, Yi, Zi its points of contact 
inBC, CA, AB. Join Ali, Bh, Cfi. 

Then area AhB=»^ AB.I^Zi 
so also area BliC=»^ari, area AhC 

Hence ^ cn + 4 - fin - 4 - AUB + area AhC-area BUG 

= area ABC« A ; 

/. ri (s-a) = A, and ri= ^ . 

s-a 

Similarly, the radii r2, ra of the excircles touching CA, AB respec- 
^ely and the remaining sides produced, can be shown to be 

A A 
s — 6’ s -c 

Again, V 2S « AB + BC + CA, 

and BC =» BXi + CXi = BZi + C Yi , 

2 S « (AB + BZi) + (CA + C Yi) 

*AZi + AYi«2AZi ; 

• • AZi •* 5. 

But All bisects the angle BAC, 

tan^ = ^»~; hence ri =5 tan 
2 AZi S 2 

B C 

Similarly also, r^^s tan ~ , rs = s tan ^ . 

2 2 

( See Geometry^ Notes i and 4 after XVIII. ) 
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IV. To express the tangents of the half angles of a triangle in 
terms of the sides. 

We have proved in II above that 

r- A , (s-a)tan - \ 
s 2 


ton--— A_-. 

2 s(s - a) 

But A - V { s («-«) (s-6> (s-c) J ; 

• tfln { sO-<*)(s-b)(s-e) }_ ,(s-b)(s-e) 

•• 2 ^ s(s-a) • 

Similarly we shall have 


tang- 

2 S (s - 6) 2 ^ « (S - c) 

These lormulse may also be obtained from the equalities 

n « , ri =3 j tan - , etc. 

s~~a 2 

They can be employed in determining the angles of a triangle 
when all its sides are given ; see Exam. 4 solved below. 

A A B 

The student should hence find the values of iin- , cos sin 5,ctc. 

2 3 2 


V. To express the, tangent of half the difference of two angles 
of a triangle in terms of the opposite sides and the angle cofh 
iained by them. 

Let the incircle and the excircle opposite to A touch BC in X, 
Xi respectively. If I, h are their centres, Alh is a str. line, as it 
bisects the l baC; let it meet BCin D. 
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As in II and III above, we can prove that 
8 }C-s-6 , BXi-*-c; 

/. XXi = BX- BXi-o-6. 

Now ihOXi- ^lOX- Z.ABD+ ^BAD-B + * 

2 

.?+P + a_/c_bv 

2 2 2 X2 2/ 2 


iLX It 0« -LXID- 


C-B 


And 


XD . C-BX.D C-B 

^ -tanXID-tan , -tan 


XI 2 

/. XXi»=XD + XiO-(XI + XiIi)tan 
C-B 


Xili 2 

C-B 


Hence « - 6 = (r + ri) tan 


(0 


But f - (s - a) tan — , n - « tan , as proved above ; 

' ' 2 2 

/. r + n (28 -a) tan— + tan~. 

2 2 

Hence finally, from (i), 

^-6 :« (c + o) tan tan ^ 

C-B c-6 . A 

tan — cot 

2 0 + ^ 2 


so that 


Similarly, with the figure of the triangle taken above, we can 
prove that 

, B-A b-a ^ C ^ C-A c-a ^ B 

tan «■ cot — , tan = cot — , 

2 b+a 2 2 c+a 2 

These relations can be employed in solving a triangle when two 
sides and the included angle are given; see Exam. 5 solved below. 


Examples, x. Find the distances of the circumcentre of a 
triangle, whose sides are 19, 20, 37 in length, from the vertices 
and the sides of the triangle. 

Let the given lengths be those of a, b, c respectively. The sum 
af the sides is 76 ; hence ^ = 38: 

.•.j — a=si9, ^ — ^=18, 


Thus A=^l^(s—a)(s — d)(s — c)] 

= '^{38.19.18.1 J = Vfi92.6*{ = 114; 

„ abc i 9 » 2 o .37 .. 5 . 

4 A 456 ^ 6 

this is the distance of the circumcentre from each vertex. 


and 
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To find the distance from the side ay we observe that the perp. 
[Jirom the circumcentre bisects the side; hence, thesq. of the distance 

= = 185^-57* 

_ 242.I28_ 1 12 82 

62 

distance from — = 29- , 

3 3 

The distances from d and c will be found to be 29^, 24^. 

2. In a triangle, <z = i04, ^=153, i: = 185: find the radius of 
the incircle, and the ratios of the segments of the sides made by 
the points of contact. 

V a-f^-f-^ = 442, .*.f= 221; 
and j — a=ii7, ^ — ^ = 68, .y — ^: = 36. 

Hence A ='V(22r. 117.68. 36) =^(362.172, 132) =36. 17.13 ; 

and r = ~ = L? f3 _ -3h _ ^ 

jr 17.13 

If X is the point of contact in BC, BX = ^ = 68 and XC = 

/. BX:XC = 68;36 = i7:9 
So also CY ;YA and AZ:ZB can be found. 


3, In any triangle prove, with the usual notation, that 
2y?2 sin A sin B sin C = 

and 

^ ^ • J ^2 — 


iP=: 


4 sin A sin B * 


2 sin A 2 sin B * 
so that 2i?2 sin A sin B — ^ ab. 

Hence sin A sinB sinC = ^^^ sinC= A, as already proved. 
Secondly, we have to prove that 

s A * 

1 _abc 
s A^ 

_ ahc 

— a) (j — (5* — ir) 

This algebraical result can be obtained without difficulty : see 
Hall and Knight, AJgebray § 223. (Compare Exer. 164 above.) 


+-^+ 

s-a S“6 s-c 


that is, + — 

s — a s 


— b S--C 


4. The sides of a triangle are 4, 7, 9: find all the angles. 
Here s^iOy .y-a = 6, ^-<^ = 3, s-c^i. 

Hence tan*- = ^ ^ ; 

2 j (j — a) 

so that 2 log tan - log 20= -1*3010. 

2 

Dividing by 2 and adding 10, we have 

L tan ^ — 9*3495; .*• ^=12^36' from the Tables. 
Hence A =25° 12'. 
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Similarly tan^? = ^ ’ 

^ 2 f (^-6) 

this gives ?= 24%', and 8 = 48°! 2'. 

2 

Finally, C = i8o°-A-B=io6°36'. 


The angle C should also be obtained from 

tan^:2=(£Z^H£:^), 

and the result compared with the value found : this serves as a< 
useful check on the calculation. 


5, In a triangle, A = 60'^ and ^ = i : find the other angles, 

•• £ = i* • 1 

" ^ 9 * lo’ 

Thus tan ^ — ? = J^cot 30°= by V above. 

2 10 10 

C ~ B I 

L tan = 10 + -^ log 3 — 1 = 9*2386. 

2 2 

C — B 

Hence, from the Tables, =9^50' ; 

2 

C 4 -B A 

also = 9 o°~~=6o^. By adding and subtracting, we get 

2 2 

at once C= 69^50', B = 5o'^io'. 


6. To find the cosines of the half-angles of a triangle in terms 
of the sides. 

We have from IV above, tan*^ = (>y^r) 

2 s (s--a) 

sec^ I 4-tan^^ = "i".~^^ + 

2 2 ^ (X — rt) 

_ ?s^ — s(a-^ 5 +c) -^-hc 
s {s — a) 
he 

* 

Hence cos*— and cos~*= the positive sign 

being taken as ^ A is acute. 

So also we shall have cos?= cos—** 

Cl ^ ca 2 ^ ab 
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Exercises. 


174. Calculate the radii of the circumcircles and incircles of 
triangles whose sides are — 

(i) 49, 1200, 1201 ; (ii) 50, 369, 401. 

175. ABC is atriangleand AX any straight line meeting BC : prove 
that the circumradii of the triangles ABX, ACX are in a fixed ratio* 
for all positions of AX. 

176. o IS the circumcentre and P the orthocentre of the triangle 
ABC ; prove that the circles described about the triangles PBC, PC A, 
PAB are equal, and find the radii of the circles about OBC, OCA, CAB. 

177. The area of a triangle is 840, and the radii of two of its ex^ 
circles are 10*5, 40 : find its sides. 

178. The semi-perimeter of a triangle is 160, one side is 102, and 
the opposite angle 41%^ : find the radii of the circumcircle and the 
excircle opposite to the given angle. 

179. Prove, with the usual notation, that Al* ; and find 

similar expressions for Bl*, Cl*. 

180. Show that 

s — a 


♦181. Prove that Al. AIi = Alj. Al, = ^^, 

and Bli, CIj. Al3»*Cli. Ah. 

182. In a triangle ABC, right-angled at A, prove that 

2 r=AB-hAC-BC, 2 ri = AB-f AC-fBC. 

(See Geometry^ Exer, 164,) 

183, With the usual notation for a triangle, prove the following: 
identities : — 

(i) — ^ » 

2 Rr be ca a b 2 R ab c a be 

e^-ha^-~ca cos B b 


(Hi) rri rj rs^ (iv) 


a sill A-hb sin B-j-^: sin C 2 sin B 

184. Prove that cot ? cot ? — i = — — 

22 b-he — a 


and 


1 — tan? tan ? = — — — , 
2 2 b-i-e-ha 


*185. Prove that sin - » ^ , with similar values ot 

2 oc 


. B . C 
sin - , sin - . 

2 2 

Hence deduce sin A =2 sin — cos ^ , cos A sacos*-^ - sin* -* 

22 22 

186. Given a = 5, 3 = 3, C ^6o^ 30', prove that 

A = 82 ^57', 8^:36033'. 

187. Given a=»i, ^ = 7, show that C= 115^ 22'. 

188. Calculate the angles of a triangle when — 

(i) a=» 2 , d = 3, ^=4 ; (ii) 3a = 7c, B=s 450 . 



XIV.] 


TRIGONOMETRY. 


217 


189. If di, d2, dz are the diameters of the excircles of a triangle 
ABC, prove that 

d\ dz -^d^dz •\-dzdi = 

190. Three circles of radii a, d, r, touch each other externally 
two and two : if ^ is the radius of the incircle of the triangle 
formed by their centres, show that 


1 


^ 4- JL_ + JL, 

dc ca ab 


191. If^i, ^2» pz are the perpendiculars from the vertices A B, C, 
to the opposite sides of the triangle ABC, prove that 

P\ p2 pz ri rz rz * 

and = 

rz + rz ri — r 

with similar expressions for p<> and pz. 

192. If in any triangle by ^ are in A.P., then 

ABC AC 

tan tan tan - are in H.P., and cot — cot — =3. 
222 22 

193. Verify the following formulaj with the usual notation: — 

222 

A 


. A . B . C 
(1) ^=4R sin — sin - sin 

222 


o • A B C 
sdR sm- cos ~ cos - ; 
222 


j..\ B C B . C A 

(11) ri cos cos— cos — , ;'2COS ~ = 0 cos — cos — ; 

2 22 2 22 

A A 

(iii) /'i — tan , r2 4-r3 = rt cot ~ ; 

2 2 


B C 

(iv) Ti^r cot- cot ^ i ry 
2 2 


= r cot 5 cot — , Vz — r cot - cot 5 ; 
22 22 


(v) r^cot— cot — cot 5 = A . 

222 

194. In any triangle prove that 

cot - + cot ? 4- cot “ = cot — cot - cot 5 , 

2 2 2 222 

and sin A cos’ ?+ sin B cos’ — =si (sin A 4- sin 6 + sin C). 

2 22 

195. Find, in terms of the sides of the triangle ABC, the values 

ABC ABC 

of 4R cos — cos ° cos — , 4R cos sin - sin _ . 

222 222 


G. IS. 



CHAPTER XV. 


SOLUTION OF TRIANGLES AND APPLICATIONS. 

§ 34. SOLUTION OF OBLIQUE-ANGLED TRIANGLES. 

It is well-known that there are four cases in which the 
identical equality of two triangles may be asserted: see 
Geometry ^ [4» 5j 6, 7]. It follows that if the data of any 

one of these propositions are given and triangles are drawn in 
accordance with them, the triangles will be exact copies one of 
the other, and their other parts, which are not given in the data, 
will be respectively identical. Thus if, as in [4], the two sides 
of a triangle are given in length and the included angle is 
known, the triangle if constructed geometrically will have the 
remaining parts always the same. When these remaining parts 
are calculated by means of algebraical formulre involving the 
data, the triangle is said to be solved \ and we see that, if the 
data are consistent, each of the remaining parts should be 
determined in one way only. Similar remarks apply when 
the triangle is calculated from the data of [5] and [6]; in the 
case of [7] there may be an ambiguity. 

For the data to be consistent, one angle or the sum of two 
angles must not be greater than two right angles ; and one side 
must not be equal to or greater than the sum of the other two 
sides. In the case of theorem [7], the circle and the line 
employed in the geometrical construction must meet in one 
point at least. Algebraically considered, the consistency of 
the data with each other will require any quantity whose square root 
has to be taken to be positive : trigonometrically, we must have 
any sine or cosine occurring in the calculation less than unity. 

When an angle is determined from its sine, there may be more 
than one solution, as such an angle can take either of two sup- 
plementary values. In this case, algebraically, both signs attach- 
ed to a real square root will be found to be applicable; geometri- 
cally, both points of intersection of a circle and a line will give 
possible solutions. When an angle, however, can be determined 
from its cosine or tangent, there will be no ambiguity. 
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We shall now consider the solution of triangles in the order of 
the propositions referred to above. 

I. Given two sides and the included angle, to solve the triangle. 
Let b, c, A be given, b being greater than c. 

If the numbers h, c are small, and if, in particular, A is one of 
the special angles of § 27, the third side may be calculated from 
a* =s 6^ + c® - 2 he cos A ; the remaining angles may be found by 
means of the Cosine Formulae from the Table of Natural Cosines, 
But the following method, in which logarithms can be readily 
employed, is more generally useful. 

We have tan 5 ^ ^ — - cot ~ , [ § 33» ^ ] 

SO thatLtan ? — ~ log ( 6~c) -log (^ + c)+ Lcot ^ . 

2 2 

g Q 

From this ^ is found by help of the Table of Logarithmic 

2 

Tangents : also , being 90® - , is known. 

2 2 

Hence, by addition and subtraction, we at once get B and C. 

The third side is then found from the formula 
a sin B = 6 sin A, 

which gives log a = log b + L sin A - L sin B. 


II. Given three sides, to solve the triangle. 

If the numbers a, b, c are small, the angles may be obtained 
from the Table of Natural Cosines by means of cos A *= 
'Vc^ — o?) 2hc and two similar formulae. 


The following formulae, suited to logarithmic calculation, are 
of more general use : — 

tana - = (s-c) B ^ (g-c) (s-a) 

2 (s-a) ’ 2 (s - 6) ’ 


Only four logarithms, those of s, s - a, s - 6, s - c, will be re- 


quired to obtain all the angles. The third angle, C, may be found 
from C « 180"^ - A - B ; or, this result may be employed in veri- 


fying the value obtained from the formula for tan^ 5 . 

2 

• A A 

The values of sin _ , cos- , etc., found in Exam. 6 and Exer. i8< 
22 ^ 

of § 33, may also be employed. In determining all the angles, they 
will require the additional logarithms of a, b, c* 
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III. Given two angles and one side^ to solve the triangle. 

Supposing B, C, 6 given, we have A ~ i8o® - B - C. 

Then a sin B * 6 sin A gives 

log a « log ^ 4- L sin A - L sin B, 
whence a can be found from the Table of Logarithms of 
Numbers. Similarly, c is obtained from 

log c « log 6 + L sin C - L sin B. 

IV. Given two sides and the angle opposite to one of thom^ 
to solve the triangle. 

Let 6, c and B, opposite to the side 6, be given. 

The formula sin C « ^ gives 

b 

L sin C = log c + L sin B - log h. 

Thus C is determined ; and then A is found from 
A =» i8o°“B-C. 

The third side a may now be found from the Rule of Sines. 

As the sine of an angle is the same as that of its supplement, 
we may take for C either the value furnished by the Tables or 
its supplementary value. Then A will have two values, corres- 
ponding to these values of C ; and, if both are applicable, the 
side a will also have two corresponding values, so that two 
triangles may exist with the three given parts. Hence this case 
is called the ambiguous case in the solution of triangles. 

We give below a geometrical investigation of the problem, 
finding out when the solution is unique and when ambiguous. 
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Make an angle XBA « B, and on one arm mark off BA = r, the 
length of the given adjacent side ; with centre A and radius « 6, 
the length of the given opposite side, describe a circle. The 
points, if any, in which this circle cuts the other arm BX, will 
give the possible positions of the third vertex C. 

Draw AM perp. to BX; then = sin B, or MA » o sin B. 

(i) If h (AC), the radius of the Q described, is less than 

c sin B (MA), the Q triangle can exists 

then, with the given parts. 

(ii) If h (AC) « c sin B (MA), the Q touches BX* at one pointy 
viz,^ M itself: in this case, only one triangle exists with the given 
parts, and it is right-angled at C (M). 

(iii) If 6 > c sin B, but < c (AB), the (3 cuts BX in two points^ 
Cl and Cg, on the same side o/B: two triangles, ABCi and ABC2, 
now exist, both having the three given parts 6, c, B. 

(iv) If h is not only > c sin B, but also > Cy the Q cuts BX 
in two pointSy Ci and C2, on opposite sides ofB: of the two triangles 
ABCi and ABCs thus formed, ABCi alone has the given parts by c, 
B; the other, ABC2, has the angle ABC2 equal not to B but to its 
supplement, and therefore does not satisfy the data. Thus in 
this case there is only one solution. 

If 6 = c, C2 coincides with B, and only one triangle^ an isosceles 
one, is formed with the given parts. 

We, therefore, conclude that there will be real ambiguity only 
when h (AC) is > ^-sin B (MA) and <c (AB); in other cases, either 
the triangle is impossible or only one triangle can be formed 
from the data or found to satisfy them. 

Examples, i. Given c = 6 ^y ^ = 25, 8 = 75°! 2', solve the 
triangle. 

We have to employ the following formulae — 

tan ^ cot ? , * = 

2 c+a 2 a sin A 

Now cot cot 37° 36': 
c+a 29 *3/ o , 

C — A 

Ltan — — = log4-f L cot 37*^ 36'-iog 9 

= -6021 + 10-1135 - -9542 = 9-7614; 

= 30°; also, — 90° - ? = 52° 24' : 

C =82^24', A = 22° 24'. 


Hence 
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Again log d = Ioga-fL sin B — L sin A 

= Iog25 + L sin 75“ 12' — L sin 22° 24' 
= * ‘3979+9*9853 - 9 ’5810 = I *8022. 

.*. ^ = 63*42, or 63 J very nearly. 


2. Given <2 = 2502, 5 = 4263. ^=5617, find all the angles. 
2502 = <2 j — <2 = 3689 

4263 = 5 5 — 5 = 1928 

= g 574 

2 )12382 5 = 6191 

6191 =5 

Now tanA = 


2 5(5 — <2) 

A I 

Ltan— =10 + -{log 1928 -flog 574 -log 6191 —log 3689} 


= 10 

-f 1*6426— I *8959 
+ 1*3795- **7835 
= 13*0221 

-3 6794 = 9-3427. 

A 

^ = 12^ 25', and A = 24^ 50'* 
2 


So also Ltan- = lo-f - 
2 2 


{log 574+^og 3689 -log 6191 -log 19285 


= 10 

+ 1*3795-1*8959 
+ **7835-^*6426 
= 13*1630 

-3*5385 = 96245. 

.-. - =22° 50', and B = 45® 40'. 

2 

Hence C = 180^-70^ 30' = io9"3o'. 

C I 

We haveL tan- = io 4 --{log 3689 4-logi928 — log 6191 — Iog574{; 

c o 

this gives L tan - = 10*1507, whence - = 54° 45'. Thus a useful 
2 2 

verification of the previous work is obtained. 


3. In a triangle B = 60^17', 
other parts. 

We at once obtain A = 85^10'. 


From 


g__^ sin A 
c sin 0 * 


C = 34°33'. ^ = 149: 


wegetloga=log 149+L sin 8s°io' — L sin 34° 33' 
= 2-1732 
+9'998S-97S37 

= i2-i7i7-9-7S37 = 2-4i8o. 

Hence a==26i*8. 


So also b may be shown to be 228-4. 


find the 
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4. Given a = 6, d — S, 6 = 45° find the other angles. 

We liave sin A = sin B = = -2^ = *5304 ; 

d 4 ^2 8 . 

hence A =32^2', from the Table of Natural Sines. 

C = i8o°— (A-f B) = i8o°— 77^2' = io2°58'. 

We could also have A =» 1 80^ — 32^2' = 147^58'; but, in this case, 
C=a i8o'^— 192^58'= — (i 2°S8'), which would be impossible in a real 
triangle. Thus there is only one solution, as given by IV above : 
see also § 32, Exam. 2. 

5. Given a = 6, d = 8, A = 45^, solve the triangle. 

Here sin B = — sin A = =1.^^ = *9428; 

a 3 3 

hence B = 70^32', from the Tables. 

Putting 70^32' = Bi, and its supplement io9°28'aaB2, 
we have Ci = i8o°— (A + B^) =64^28' ; 
and C2 = x8o°- (A-f Bo) =25^32'. 

In the first case, Ci = = 6 V2 sin 64^28' ; 

sin A 

/. log C\ = log 6 + 2* log" 2 4- L sin 64^28' — 10 
= 7782 

4'0 -i 505 

+9*9553 “• 10== *^840* Hence ^i = 7'656. 

In the second case, €2 = 6^2 sin 25^32'; 

.\\ogC2= 7782 

+o’i505 

+ 9*6345- *0=7 ‘5632- Hence = 3*658. 

Thus there exist two distinct triangles with the three given parts, 
in accordance with IV above. The student should check the 
result by drawing a tolerably accurate figure. 

From the two examples above as well as the investigation in 
IV, it is clear that when the given angle is opposite to the larger side 
there is no ambiguity, supposing the triangle to be possible. 

The following trigonometrical method may be used in place of 
the geometrical investigation in IV above. 

The given parts being c, B, we have 


(i) When ^ ^ sin B, sin C > i, and no angle exists satisfying 

equation (i) : hence, in this case, there is no solution. 

(ii) When d sin B, sin C =1, and C =90°: thus there is one 
solution, the triangle being right-angled at C. 

(iii) When sin B, sin C<i, and two supplementary angles 
exist both satisfying equation (i). Let these be denoted by Ci,C2, 
the former being acute and the latter obtuse. 

If now b<Cf B<C, and it is possible for B to be less than as 
well as C2 : thus there exist two solutions in this case. 
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(iv) But, if further ^ = or>^, B = C or>C, and it is not possible 
to take the obtuse value C2 for C; for then B— C2 or >62, ^nd the 
triangle has two angles each greater than a right angle, which is 
impossible. Hence there exists only one solution, viz. that given by 
the acute value Ci satisfying (i). 

We have supposed B to be acute; if it is obtuse, only the acute 
value of C will be applicable, and there will be only one solution 
when the triangle is at all possible. 


Exercises. 

196. Solve the triangle ABC, given — 

(i) <1 = 25, ^ = 65, 0 = 65^26'; 

(ii) a= 135*8, ^ = 194*5*^ = 2397; 

<iii) 6 = 51031', 0 = 76°, ^ = 98-2; 

(iv) B = 5 i03i', 0 = 76°, ^ = 98*2; 

(v) « = 7o, ^ = 82, A = 27049'; 

(vi) ^1 = 70, ^ =82, B = 27O49'. 

197. Given 3t^ = 7^, A = 370 8', find the other angles, 

198. Given a = 723, b = 925, find c — 
when 0 = 35° 16' and when C = i44''44'. 

199. The three sides of a triangle being as 4 : 5:7, find the 

mean angle. 1 

200. Given ^ = 3, ^ = >^3 + 1,^^ = V6, find all the angles. 

201. Two angles of a triangle are 65O31', 59^29', and the shortest 
side is one mile : find the longest side. 

202. Two angles of a triangle are 131^2', 31^2', and the longest 
side is 1000 yds : find the shortest side. 

203. The three sides of a triangle are 100, 174*6, 203*4 • Ihe 

greatest angle from the formula for tan and the least from that 

2 

r A 

for cos — . 

2 

204. Is there any ambiguity in the solution of the triangle ABC 
from the following data ? — 

(i) ^ = 40, t: = 89, 6 = 30°; (ii) <2 = 4, ^ = 4+^80, A = 18°; 

(iii) a = 5, <7=7, A = 7o°i7'; (iv) a = 7, c=s, A = 7o°i7'. 

205. Solve completely the triangle in which ^ = 394*5,^ = 239*7, 
B=' 47 ®* 3 '. 

206. Solve completely the triangle in which d = 1 17, 44*01 , 

C=»20°37' : given — 

log 11*7 = 1*0682, log 44*01 = 1*6436, log 12*5 5= 1*097, 

log 94*01 = 1*9732; 

L sin 20°37' = 9*5466, L sin 69^23' = 9*9712, L sin 48^46' = 9*8762. 
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207. In a triangle the two sides are 61, 39, and the difference 
of the b^se-angles is 35^22' : find all the angles, given — 

log 22 = 1*3424, L tan i7°4i' = 9*5036, L cot 34^36' = 10*1612. 

208. Shew how to solve a triangle, when two of the angles are 
given and the area or the perimeter is known. 

209. Given by Cy B, as in IV, if the solution is really ambiguous 
prove that the difference of the two values of a is 

2 ^(b^ — c^ sin^ B ). • 

*210. In any triangle ABC given by Cy B, prove that a may be found 
from the quadratic equation 

a^ — 2ac cos — — o. 

Discuss the roots of this quadratic and obtain the results derived 
in IV above. 

*211. When ay by A are the given parts of a triangle ABC, and the 
solution is really ambiguous, prove that the two values Ci, c^y of the 
third side, are connected by the relations Ci+C2 = 2b cos A, c^C2 — 
Give also a geometrical proof of these results. 


§ 35. APPLICATION TO PRACTICAL AND QEOiViETRlCAL 
PROBLEMS. 

I. We have already given examples of the practical solution 
of right-angled triangles in § 30, and shown how other triangles 
may be solved by resolving them into right-angled triangles. In 
the following examples the formulce of oblique-angled triangles 
are directly applied. 

In all cases it will be found that a fundamental straight line, 
-called the base lincy has to be measured and two angles ( at the 
least ) have to be observed. The required distances or heights 
are then calculated usually by the rule of sines y as in III, § 34. 
In more complicated problems more than two angles are observed; 
and a second base line may sometimes be required. Cases I 
and II of § 34 are of rare occurrence in practice; of course case IV 
( the ambiguous case ) should never be employed. 
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Examples, i. In order to ascertain the distance of an inaccessible 
object P on a horizontal plane, a convenient base line AB, of length 
20 yds., is measured; the angles PAB, PBA are observed to be 6o° and 
119^^20' respectively. Prove that the distance PB is nearly ot a 
mile. 



Applying the rule of sines to the A PAB, we have 
PB^sin 60® __ *8660 __ 8660^ 

AB sin 40' *0117 1 17’ 

PB =!!^£2<£2yds. mile. 

II7 117X1760 

Simplifying, we get— = — very nearly. 

We do not employ logarithmic sines as L sin 40' is not given by 
four-figure tables, — the logarithms of the sine increasing irregularly 
when the angle is below 3°. The angle at P can be only roughly 
shown. 


2. A ship is steaming due south at 15 knots 
per hour; a lighthouse at first bears S 24° W, 
and 15 minutes later it is exactly WSW. Find 
the distance of the ship from the lighthouse at the 
first observation. 

Here the distance between A and B, the two 
positions of the ship, is the base line of length 3| 
knots. If L is the position of the lighthouse, 
iLBAL = 24 °, ^ ABL = 9o^+22^° = 112I®; 

so that ^ A LB= 180^— 136^^ = 43.^°. 

Thus ^ . 

AB sin 43^"" sin 43^"^ ’ 
logAL =log375-f Lsin67^3o'-Lsin 43^30' 
= ’7018, from the Tables. 

Hence AL = 5 *032 knots = 58 miles nearly. 

[A knot or nautical mile is almost exactly 2025 
yards,] 
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3. In the preceding example, if the ship continues on its 
course find the least distance at which it will pass the lighthouse. 

Drawing LM perp. to AB produced, it is seen that M is the point 
of the course nearest to the lighthouse. 

Now LM = AL sin BAL ; 

/.log LM = log AL + L sin 24^—10 
= ‘7oi8-h9'6o93 — 10 
= •3111. 

V LM = 2 *046 knots. 

[Here it is convenient to use not AL but its logarithm found above.] 

4. From two points A and B, 1500 yds. apart, an aeroplane C 
is observed to have simultaneous elevations of 41^23' and 46^32' 
respectively: if the plane ABC is vertical and the vertical line 
through C is between A and B, find the height of the aeroplane. 

See Exam. 10, § 30, to the figure of which reference is made. 


Here L ACB= i8o°- 87055'. 


Thus 


AC_ 81045032' __sin 46O32' 
AB sin (i8o°- 87055') shTS^^' ’ 


and 


9P 

AC 


sin 41O23'; 


CD = 1500 sin 46032'Xsin 41^23' sin 870 55'. 
log CO = 3-1761 +9 8608 + 9-8202 — 9*9997— 10 = 2*8574. 
Hence CD = 720*1, or 720 yds., almost exactly. 


In some problems the base line lies in a vertical plane of the figure 
at some inclination to the horizon : see below and Exam. 6 of § 31. 


5. The elevation of the top of a hill observed from a point on an 
opposite slope is 18^ ; after descending the slope, whose constant 
inclination to the horizon is 28^30', for a distance of 200 yds., the 
elevation is found to be 22^. Find the height of the hill- top above 
the level of the second point of observation. 



Let T be the hill-top, P and Q the two points of observation on 
the slope OQP of constant inclination ; AOB, QK, PH horizontal lines, 
and THK the vertical through T. 
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Then 

similarly 
so that 

Now 

Thus 


Z.TPQ- ^TPH+ LHPQ^ L TPH+ ^ POA 

« 1 8°+ 28^30' = 46V' ; 

L TQO * L TQK + L QOA =* 50^30' ; 

^QTP= ilTQO- il.TPQ- 4 °. 

= andTK = TQsin JQK; 

QP sin QTP ^ ^ » 

_ QPsin TPQ. sin TQK __ 200 sin 46°3o'. sin 22^ 
sin QTP sin 4° 

logTK = log 200 + L sin 46^30' + L sin 22° — L sin4°— 10 
= 2'30io — 8*8436 

+ 9*8606-- 10 

+9 ‘5736 

= 21 7352 — 18*8436 = 2*8916 ; 

TK = 779 yds. almost exactly. 


II. We shall conclude by giving some examples of the inves- 
tigation of geometrical properties of triangles and polygons by 
means of the triangle formulce and the properties of trigono- 
metric functions. 

6 . The perpendiculars of a triangle are drawn ; to find the sides 
of the pedal triangle, and the segments of the perpendiculars 
made by the orthocentre. 

Let AD , BE , OF be the perps. of the A ABC, meeting in O, the 
orthocentre [XVIII, §11],* then DEF is the pedal triangle. It is 
easily seen that z.AEF = B, Z-AFE = C. 


Hence, from the A AEF, 
EF_sin EAF_sin A 
EA sin AFE sin C ’ 

but — = cos A, 

as L BEA = 90°. 

. EF_sin A cos A 
AB 




sin C ’ 
EF= ^ sin A cos A 
sinC 


As 2R = 


sin C 


[§ 33. I]. 



we can also write EF=:2 R sin A cos A = a cos A. 
So we shall have FD = 2 R sin B cos B = ^ cos B, 
DE = 2 R sin C cos C = c cos C. 

Again ^ = sec OAE =sec (90°-C) =cosec C; 
COS A. ^ = cos A cosec 0 . 


and 
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Hence A0 = ^^^ = 2 R cos A. 

* sin C 

So also, BO = 2 R cos B, CO = 2 R cos C, 

Finally sin OBD = cos C; 

OB 

/. DO = OB cos 0 = 2 R cos B cos C. 

So also, EO= 2 R cos C cos A, FO = 2 R cos A cos B, 

If 8 is the circumcentre, we can prove that the distance of 8 
from BC is R cos A : hence AO is double of this distance. See Geo- 
metry^ XVIII, Note 4. Also, AO. OD, BO. OE, CO. OF are all equals 
being 4 R cos A cos B cos C, as was to be expected. 


7. To find the distance between the centres of the incircle and 
the circumcircle of a triangle in terms of the radii of these circles. 
With the figure of Exam, 24, Misc, IV ( Geometry)^ we have 


Al. IT = yUs = 0^2 _ o|2 = R2 - 0|2 ; 


But 


0|2 = R2--AI. IT. 
Al A 


\x 


cosec ~ , 
2 


IT _CT 
TTi TTi 


A 
2 * 


/, Al. IT =r cosec — , 2R sin ^ = 2 R n 
2 2 

Hence OI2 = R2 — 2Hr, 

, So too we can prove Oh2 = R2-f.2R/'|, etc. 

8. A quadrilateral inscribed in a circle has consecutive 
sides of length bt d: to prove that its area (q) is given by 
Q = ^l(s-a) where 2 s=^a + b 


Let ABCD be the cyclic quad- 
rilateral; AB = a, BC = ^, 

= Ct DA = d; join AC. 
From the A ABC [§ 32, II], 
AC2 = a2-f-^2_2 ab cos B; 


and from the A ADC, 

AC2 = ^2 4-^2 — 2cd cosD. 
But V D-fB=i8o'^, 
cosD =cos (180^— B) = — cosB; 
+ — 2 ab cos B = 

c^+d^-\-2cd cos B, 


Hence cos B 


2 {ab-i-cd) 


A 



/. sin* 


a. . -cos. B- 

4 {ao+cd)* 


The numerator may be proved to be 
(a+6+c-d) {a+b-c+d) (a-d+c+d) (-a+6+c+d)-, 
see Hall and Knight, Elem. Algebra, XXVIII a, Ex. 39. 
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'BwX. a-^-b+c — d = a-\-b-\-c-Vd—2d = 2 (s — d)^ etc. 

• c;n2 R - r5 -qj(5--^)(5“^) {s-d) , 

• ^{ab^-cd)^ 

sin B « (^-“^)} 

ab-^cd 

Now Q = A ABC+ A ADC = ^ sin B-f J sin D 

= T (^b+cd) sin B, as sin D = sin (i8o° — B^ = sin B. 
Hence, substituting the value of sin B found above, 
we have Q = \ { (s-a)(s-b)(s-c) (s-d) } , 

If D and A coincide, d=o, the quadrilateral becomes the A ABC, 
and we get the usual expression for its area. 


g. To find the side and area of (i) an inscribed (ii) a circum- 
scribed regular polygon of a given circle. 

Let R be the radius of the Q, 
n the number of sides of an 
inscribed regular polygon 
ABCD. . .Join the centre O to A 
and B, draw OM perp. to AB; 
then AB is bisected in M and 
OM bisects ^ AOB. 

/. Z- AOM=:— il AOB 
2 

_ I 360° 

2 u 

as all the s AOB, BOC, COD 
...are equal. 

Now AB=2AM = 2^. A 0 = 2 AO sin AOM ; 
thus AB = BC = CD =2Rsin*~^. 

71 

And area ABCD .=«. A A 0 B = ;/. i AO.OB sin AOB 

2 



= — R2 sin 
2 


'^60^ 

n 


Again, let abcd...h^ a circumscribed regular polygon oi n sides ; 
let ab touch the Q and join Oa, Ob^ Om. 

We can prove the A s Oam^ Obm congruent, and Om perp. to ab. 

Hence ab = 2am — 2— ^ - ,0m = 2 Om tan aOm ; 

Om 

180° 

so that ab^ be —cd,,, = 2 R tan . 

n 


And 2x^2kabcd,„ — n, t:^0ab^n.\0m.ab 


R, 2 R tan 


180^ 


= «R2 tan 


180"* 

n 
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The student will see, on consideration, that the circumference of 
the O is greater than the perimeter of ABCD...but less than that of 
abcd,.,i AB and <n.ah\ and that if we make n very 

large, both n, AB and n.ab will nearly approach the length of the 
circumference. For instance, let w = i2o; then the perimeter of 
the inscribed polygon 

= i 20.2R sin i°3o' = 2 R. 120X *0261769 
= 3*141228 (2R^ : 

while the perimeter of the circumscribed polygon 
= 120,2 R tan i°3o' = 2R. 120X 0261859 
= 3*142308 (2 R). 

Thus we find that the circumference bears to the diameter (2R) 
a ratio lying between 3*1412 and 3*14231; it is known that this 
ratio is 3*14159 to five places of decimals. 

The values of the trigonometrical functions of i'^3o' are taken 
from seven-figure tables ; in four-figure tables both values will be 
given as *0262. 


Exercises. 

212. From C, the top of a tower 75 ft. high, the depression 
of a point A on the nearer bank of a river is found to be 45°, 
and that of B on the farther bank to be 15° : prove that the breadth 
AB is 205 ft. very nearly. 

213. An observer at A finds that he is in aline, bearing 30° W of 
N, with two distant objects P and Q ; he walks a distance of 146 
yds. due west to B, and finds that Q bears exactly N and P is NNE. 
Find the distances AP, PQ. 

214. Three objects A, B, C lie on ground which is so uneven 
that the lines AB, BC, CA cannot be measured. An observer finds 
the angle ABC at B and the angle BAG at A ; walking a yds. along 
BA produced to a point P, he also finds the angle BPC. Shew how 
to obtain the lengths of the sides of the triangle ABC. 

215. A steamer A leaves port at 9-25 a.m. in a direction E by 
S, steaming at 16 knots per hour ; another, B, leaves at 10 a.m. 
in a direction SE by E, at 18 knots per hour. Find the distance AB 
at 10-40 a.m. 

216. A ship, sailing due East at 12 miles an hour, was observed 
from a lighthouse to bear 10° E of N at 0-45 p.m. ; at 1-30 p.m. 
it was found to bear due NE. Find its distance from the lighthouse 
at the second observation. 

217. From a ship, steaming in a direction N i5°E at 15 miles an 

hour, a lighthouse is observed to bear due E ; 20 minutes later the 

lighthouse bears E 8^32' S. Find the distance of the lighthouse 
from the ship at each observation. 

Calculate also the least distance between the two, and find when 
it will be reached. 
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*218. At two points A and B, in a horizontal line with the base 
of an object whose top is P, the elevations of P are found to be 
a and ^ (cKjS) * prove that, if AB =* a, the distance of the tOp from 


is either « 


a sin )3 


or 


a sin ^ 


sin sin ()8 +cl) 

[Comparing these results with those in Exer. 108, we obtain the 
two formulae — 

sin - a) =sin )8 cos a-^cos ^ sin a, 
sin (/3 +ct) -sin js cos a+cos jj sin a.] 

♦219. At two points, A and B, in a vertical line such that AB = «, 
the elevations of the top, P, of an object are a and 0 respectively 
(a<j8) : prove that the height ofP above the horizontal plane 

i.1. u D • ® cos a sin B 

through B is p. 

sin (B “ Cl) 


220. From the terrace of a house 40 ft. high the angles of eleva- 
tion of the top and depression of the base of an opposite building 
are observed to be 20° 32' and 32^ 20' respectively : find the height 
of the building and the breadth of the roadway. 

221. A rock is situated upon a uniform slope making an angle 
of 25° with the horizon ; at the foot of the slope the elevation of the 
rock is found to be 37^30', and, after walking 300 yds. directly up the 
slope, it becomes 71°. Find the height of the top of the rock above 
the horizon. 

*222. Prove that the circumcircles of the two triangles found 
in the ambiguous case are equal. 

223. Verify the following expressions for the area of the pedal 
triangle of a given triangle ABC — 

2R2cos a cos B cos C (sin A cos A-fsin B cos B-f sin C cos C); 
^bc cos B cos C sin 2 Pi, ^ca cos C cos A sin 2 B, ^ab cos A cos B sin 2 C. 


224. The angle A of a triangle ABC is bisected internally and 
externally by the lines AH, AHj, meeting BC : prove that 

= AHi = — ^ supposing AB> AC. 

{b+c) sin 2 {c—b) cos j 


*225. Find the distances of the incentre and the excentres of a 
triangle from the angular points of the triangle in terms of the 
sides. 


226. With the usual notation for a triangle, prove that 


a, AF-p^. Oy^^abCf and 


a.AU2 bM? 


I 

abc 


ABC 

227. Prove that lli = <?sec Il2 = ^ sec 113 = ^ sec -- ; 

222 


and 


ABC 
I2 13 = « cosec I3 = ^ cosec-, Ii l2«*^ cosec -. 

222 


228. Find the area of a plane quadrilateral whose diagonals, of 
lengths 61 *2 and 39*8, include an angle of 94° 49'. 
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229. In a cyclic quadrilateral ABCD, AB =5 3, BO 5, CD» y, D/V *99; 

find the area and the length of AC, , 

230. If a, by Cy d are the lengths of successive sides of a quadfU 
lateral which can be inscribed in one circle and circumscribed aboUt 

1 ' 

another, prove that its area is ( abed) , 

231. Find the side of a regular dodecagon inscribed^ in a circle 
of radius 2 cm., and that of a regular decagon described about a 
circle of diameter i". 

232. The side of a regular polygon of 24 sides is *4" in length: 
find the radii of its inscribed and circumscribed circles. 


233. If a is the length of a side of a regular polygon ABCD 
of n sides, find the lengths of AC, AD, . . 

♦234, Obtain the area of an inscribed regular polygon of a circle 


of radius R in the iornCn R^ sin < 

n 

. 360° . 180° 

sin ^ — = 2 sin cos 


1 

n 

180° 


Hence prove that 


235. Compare the areas of a regular inscribed octagon £Uid a 
regular circumscribed hexagon of a given circle. 

*236. Find the perimeter of a regular polygon of 100 sides inscrib- 
ed in a circle of radius 6 in., and the area of a regular circumscribed 
polygon of 100 sides of the same circle; given — 

sin 1° 48' = *0314108, tan 1^48' = *0314263. 


237. Two circles are respectively described about and inscribed 
in a regular polygon of n sides : prove that their radii are as i to 

cos . ; 

n 


238. Two regular polygons of n sides each are respectively 
inscribed in and described about the same circle : prove that their 

jgoO 

areas are as cos* to i. 

n 

*239. In a cyclic quadrilateral ABCD, AB»a, CDa^;, 

Dk^d \ prove that ^ 

An- i{ac-)rhd)(ad-\rhc) i{aC’\'bd){ab-\r cd) 

^ ah^cd ' ^ ad^bc 


( See Geometry Exer. 390, ) 

240. In the exercise above, find the radius of the circumcircle. 
*241. In a triangle ABC, right-angled at C, prove that 


242. 


With the usual notation for a triangle, prove that 
(i) Ol 2 :i.OIi* + Ol2*H-Ol3*= 12 R*; 

(ii) 


r 

Oli2 

n 


(iii) 


rx n ^3 

01,2 ^ Ol3* _Oi* 
r^ r 


^2 


A 

8 R. 


(See Geometry y Exer. 167 and Exam. 7 solved above.) 
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aufj, A sf^re CD is observed from two points A and B, 50 metres 
apart, in the same horizontal plane as C the foot of the spire; the 
angles DAB, DBA, CAD are found to be 75°, 70°, 40° respectively. 
Fmd the height of the spire to the nearest decimetre. 

244. A surveyor starts from A and goes 300 ft. N 20P E to B, 
thence 210 ft. N 15° W to C, and thence 450 ft. W 22^30' 8 to D, 
Shew that the bearing of D from A is nearly W 40^22' N. 


MISCBLLANBOUS BXAMPLBS IN TRIGONOMETRY. 

1. ^ The interior angles of a polygon are in A. P. ; the least 
angle is 120° and the common difference 5°. Find the number of 
sides. 

2. Shew that there are eleven pairs of regular polygons 
which are such that the measure of an angle of one of them 
in degrees is equal to the measure of an angle of the other in 
grades. 

3. If =s seed + cosec 0 tan^d (cosec*d + i), 

and d = tand — tan^d (cosec^d + i), 

% % % 

prove that - 6 ^ = 2^, 

4. If sind = (7, find the values of tan (5 tt — d), sec^^ tt + e) 

5. If tan® d = ^4-a, prove that 

2 2 3 

a sec d-fd cosec d== 


6, If a sin 0 +d cosO = a cosec 6 -\-d sec d, prove that each 
expression is equal to 

2 22 21 

7. In a triangle ABC, right-angled at C, D and E are the points 
of trisection of AC, and it is found that AB-}- AD = CB+CD : prove 
that Z. ABC *36^ 52' nearly. 


8 . 

(0 

(ii) 

(Hi) 


Prove the following identities 
sin^A-pm co s A — m cos^A _ sinA 
sinA { i4-(m+ 1) cosA} i+cosA* 

( f^>^^""SecA-t-i I 2 (sinA — i) (cosA — i) 

( tan A -I- sec A -h I > (sinA-f i))cosA4'i) 

sm*©J(a-i)» cos’ 0-<i’}’+cos’e{(a-i)’ sin* 
-(«»sin’ (?+d»cos>©)*. 
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9. Solve the equation 

(4“"'^3) (seed + cosec 0) *»4(tand sind+cotd cosd). 

10, Prove that the equation gtand — 2cos2 d is satisfied t)y 

tan Q — -:r— . 

V3 V9 

11. The triangles Ai Bi C,, A2 82 C2, A3 83 C3 are of equal area 
and have cot Ai-fcot A 2 4- cot A3 = 0; prove that 

*12. With regard to any triangle A8C prove that 
acos 6 — b cos(C — 0)+^ cos(84-d), 
and give a geometrical illustration. 

13. If AD is the median from A in the triangle ABC and ^ is 

prove that tan ADC = ^^2' 

14. IfP divides the side BC of a triangle ABC so that 
BP : PC = m : «, shew that 

4. ^2^2 4- 2mn he cos A 

15. In a triangle ABC, c’^-P-ab\ prove that 

ct~\rb _ ci-^b 

COSB- . COS C ““T-'j 

2C 2b 

and shew that LO = 2 z. 8. 

16. In any triangle ABC prove that 

{a’\-b-\‘C) (cos A+cos B+cos C— i) =2 sin BsinC, 
and cos B-f- cos C+t:* cos A 

= ab’\-bc‘\-ca~- {ah cos cos B+ca cos C), 

17. In a triangle sin A, sin 8, sin C are in H, P.; prove that 
sin* JA, sin* ^B, sin* |C are also in H. P, 

18. The cotangents of the half-angles of a triangle are in A.P,; 
prove that the sines of the angles are also in A. P. 

*19. For any triangle prove that 

. A — B a — h .C A~B 

tan = r cot - , c ^ (a+d) sin - sec . 

2 a-\-b 2 22 

20. Apply the formula in the preceding example to solve a trian- 
gle in which ^=15*8, 5= 10, 0 = 70^42': 

given log 58= 17634, log 258 = 2*4116, 

L tan 54^39'= 10*1491, L sin 35°2i'=»9*7623, 

L tan i 7°35'=*9*5 oo 9 i L sec 17^35'= 10*0208, log 1566= 3*1947. 

21. Given 257, ^ = 341, ^A =.33014', solve the triangle: 
data- log 257 = 2*4099, log 341 =2*5328, log 4616 = 3*6643; 
Lsin33°i 2' = 9*7384, diff, for 2' = 4; L sin 79°S3'“ 9*9932; 
Lsin46°36' = 9*8613, diff. for 3'= 4; L sin i3°2S'® 9*365$; 

log 1087 = 3*0366. 
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22. In a circle of diameter 125 a triangle whose sides c are 

respectively I i 7, 35, is inscribed : prove that the third side a is 
^ther roo or . 

23. The area of a triangle ABC, right-angled at C, is^ sin 2 A 
ori sin 2B. 

f 24; One angle of a triangle is 60°, the area is 10V3 and the 
perimeter is 20 : determine the sides. 

25. A workman is told to make a triangular enclosure of sides 
50,21,41 yards severally ; having made the first side one yard too 
long, find what length he must give the other two sides to enclose 
the same area with the same length of fencing. 

^ 26, The bisectors of the angles A,B,C meet the opposite sides in 

L|M|N ; prove that 

A LMN ^ 2 adc 

, A ABC (b'k‘C)(c-^a){a-{‘b) 

27. The angular elevation of a steeple at a place due south of it 
is 45°; at another place, due west of the former and at a distance a 
from it, the elevation is 30°. Find the height of the steeple. 

28. The sides of a quadrilateral of area Q are a, d in order, 
and the diagonals include an angle 0 : prove that 

Q = — — ^*)tan 0 , 

29. In a triangle ABC, right-angled at A, AD is perpendicular to 
BC: if rif r2t rz are the radii of the inscribed circles of the triangles 
ABC, ABD, AOD, then n + ^2 +^3 = AD. 

30. A chord PQ of the circumcircle of a triangle ABC is drawn 
through the excentre h: prove that 

IiP. liQ= 2 R. ri. 

*31. 8 is the circumcentre and O the orthocentre of a triangle 

APC : prove that the rectangle of the segments of a chord of the 
dfcuihdrcle passing through O is 

8 R* cos A cos B cos C, 

802 = R2 (1—8 cos A cos B cos C) . 


and that 
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EXERCISES. 


1. 

1-3. 


2. 

2*1. 

6. iU, 

88 . 
IFTT, 

870 1 

IlTTrj ‘S'Z* 

9. 

64; 

6^3. 

22. 

84 110 


23. 

87 8T 

28. 

12, 

18, 27. 

33. 

•92; -64 (1 + 

tn/3)- 

35. 

2-9. 

48. 

•66 

sq. in. 

49. 

19^6 mm. 


50. 

J n/3. 

53. 

17- 

3, 10-7. 

65. 

10-5; 6^6 or 

\ ^689. 

66. 

4-9*. 

67. 

1-7 

-(V3), 

4 = (7 

-^/3). 





68. Nearly 24 ft. from the base of the column. 

76. Not greater than thrice the radius of the circle.' 
86. T and | towards the centre of the smaller circle. 


108. 

1:2. 109. •' 

r = (-4 73), 1-4 = (-8 

73). 110. 72: 73. 

111 . 

2: 73 . 112 . 

l-3 = (- 

75 ^3). 

116. 36°, 72°, 72°. 

117. 

1’4 in; 3^4 sq. i 

in. 126. 8*8 in; 

67 and 32 mm. 

127. 

1*2 « 2 nearly. 129. %/ ■ 

-(a±^)>|, 


139. 

80 

143. 6 

|cm. 

144. -58", -7". 

145. 

(3±2V2)r. 

146. 2±|^6. 

147. 2, 

10. 

148. 

1^ or 6. 

149. 26^. 

152. 4; 

68 nearly. 

160. 

32-5; 3, etc. 

161. M 

66, 1-35, 6 

•46, 3. 


194. 

18(P - 2a, 180° 

' - 2fi, 18(P - 2/, when the A is 

acute-angled; 

2a- 180°, 2)8, 

2y, when 

i a is an obtuse angle 


211 . 

(ii) The smaller part is 

7-5' or 11 

•26'. 


212 . 

15,20 ; 3, 4. 

213. 


219. 

3 : 11. 

220 . 

1 : 2 : 1. 

221 . 

1 : 4. 

223. 

PC « f 8C. 

227. 

61^142^. 

243. 

•6" ; 2-26" 

. 248. 

4*6; 2 nearly. 

251. 

2*7". 

252. 

5^8 nearly 

. 255.^ 

(aJi + a;2 + * 3 ). 

258. 

12|, 15^. 

260. 

•6". 

264. 

650i ft. 

265. 

5 ; 4. 

288. 

No. 



296. 

2-304, -196, -672. 297. 

13^3 mm. 

298. 

3±%{3 73). 

310. 

•78, -77, -76. 

312. 

11 12. 



313. 

9 mm. « (4 Ji 

- 6) cm. 


316. 

9,10 mm. 

317. 

•64". 

337. 

2U. 

338. 

7mm. 

340. 

3:1. 

341. 

3:8. 

345. 

4:6. 

346. 

3:1. 

354. 

1-4". 

358. 

9-9. 

363. 

3:4. 

364. 

2+ 72:4 
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ANSWERS. 


369. 29^. 374. 267. 375. 31 nearly. 

424. On the perpendicular from the centre at a distance 
of II in. 438. 17-1, 1-9. 439. 9:4. 


Miscellaneous Examples. 


I. 

1. 

24|, 26|. 2. 

11-2 

mm. 

6. 

98*4 yds. 

11. 

1 . 

32 or 25 mm. 

19. 

2(J2 

1 

1 


20. 

6-278, 6-297. 





III. 

2. 

8-7. 

12. 

No; C 

lies 

on a circle. 

IV. 

2. 

1: m» - w + 1 . 

3. 

1-64*. 

9. 

0 of diameter 2-1, 

v: 

1. 

17-5. 14. 

2-7*, 

3-4*. 

16. 

1:10. 

VI. 

10. 

2± JZ : 1. 






38. 

Radius = : 

KHD- 

■ n/bhIk 

HtTe. 

- n/ch X HF. 


ANSWERS ( TRIGONOMETRY ), 


EXBRCISeS. 


1. 

87 ° 27 '. 37 * 26 ' 39 "; 79 * 49 '. 

127* 59' 48*. 

2. 

78* 4S', 101° 15'. 

3 . 

9' 56' 24"; 26. 

4 . 

9 o|. SSj, 33 f- 

6. 

96" 23' 42", 144" 35' 33"- 

6. 

30, 66, 108, 156, 

7 . 

Com. DifF. -> 1 

8. 

900, 450, 5100. 

9 . 

325°. 10. ('8|f )'. 

11. 

43 S| miles. 

12. 

I 38| very nearly. 

16 . 

17^ 18’ 75”; III- 

30' nearly. 

16 . 

•250125; 37' 49' 

1 3" nearly. 

17 . 22 and 11. 

21. 

Complementary; 

equal. 26 . 

sine = ^^,etc. 

26 . 

S 3 * 8'; -8, - 75 . 

28 . 3- 

276 sq. in.; 1-848, 3-548. 

29 . 

16-73 ft- 

30 . 50 

°54'. 31 . 207-5 ft- 

32 . 

7-28 metres. 

33 . 31 

° 4'. 34. -75 cosec 51“. 

35 . 

(cosec 36°) cm, = 

' 1 7 mm. nearly. 37 . 38° 40'; 27° 50'. 

40 . 

1 19*; 1 14* 45'. 

44 . sin 105° = 1 ^ ( s/6 + s/2 )> etc. 

48 . 

- 2 •?- s/3- 

60 . s/3- 64 - 135°. 

67 . 

865, 

68 . 7 

•45- 62 . J2+ I. 

63 . 

cos A — ± s/ ( I 

-s* ), tan i 

^ = ±S 4 - J (i -s* ), etc. 

64 . 

sin A — ± .y ( 2 

V ), cos A = I - 1;, etc. 

65 . 

( i ) 90° or 180*; 

( ii ) 90*. 


66. 

sec 9 cosec -sin* A; 103 

- 78 COS0 +6 sine; 


4 ( cos* e - sin* 

en- 

87 . 

2 m m* - I 

. etc. 68- 

a^+ 2 ah a*+2a6+26* 


m* + i’ 2 m 

1 \/W« 

2b(a + b)' 26 (a-t-6 ) * 

71 . 

6 tan*A. 

72 . 

a*-b» 6(2a* + 6*) 



2ab (a* + 6*)f 

86. 

(i) A — 90® or 30% B«6o* or 0“ ; (ii) A=*9o®, 8*830*. 

87 . 

(i) 35*28', (ii) 

2i°42', (iii) 

22*38', (iv) 127*8'. 

88. 

30* or 150°. 

89 . 

45*- 90 . tane -• 2 or 

91 . 

135°- 

92 . 

6o*. 93 . 30°, 150*, 45°. 

94 . 

sine = ±^ s/(ioi2 s/s). 

96 . tane=.2±.^3. 

96 . 

90*. 

97 . 

(i) 45 *. 671 * ; iS 7 r ; 


(“) 45*. 135*; 60', 120' ; 

(ill) 78*42', 1 16* 34'. 
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ANSWERS, 


98. if- 99. (i) + -a* + ia; 

(ii) c* { (a - o')* + (6 - 6')* } « {ah' - a'by- 

4 2 2 4 

(iii) m^n^ + m%^«=i. 


100 . 

101 . 

102 . 

104. 


106. 

109. 

112 . 

113. 

114. 
116. 

117. 

119. 

122 . 

124. 

130. 

132. 

133. 

136. 

139. 

142. 

145. 

146. 
161. 
153. 
177. 
168. 
195. 


cos* A + cos* B + cos* C + 2 cos A cos B cos C = I. 


•6483, ’3333. ’1608, I -2006. 

24 ° 30 '.i 34 ° 2 i'. 58 ° 42 '. 103 . 43 ° 43 ' J 73 ° 47 '- 

A = 30042', B-S9°i8', 6«40-41 ; 

A“6o° 57', B = 29°3', c = Sf48; 

B= 64 ° 2 o', a = 47 - 65 , 6 = 99 -is; 

A“i 9 ° 35 'i c-io-6i6, fl = 3-S58. 

29-39. 106 . J'- 3 ’ 73 *. 3*864. 

47-71, 95-42. 110. 204-9. 111. loi'S. 

25, 102 nearly. 

.ia( J6+ J2- 2), Ja(2 s/$- s/6 + J2). 

82-85. 116 . 14*73. 

yi, sec 63°, tan 63°. 


57-83, 26-59. 
221’7, ’0029, 


118 AB(cot 48*1 2^ cot 60**) 
cot 48*^1 2\cOt 51°+ cot 60^5) * 
120. -^, 1 ,- 3 . 121. - 2 , - I, 7 , 


- 2. 


9*994, 9’2ioi, 10*7922. 123. 10*2718,10*1986. 

41^12', 86^40'. 126. 1*8706, i*8i6i. 129. 20, 18. 

5th, 47th. 131. i{2q-$p+i),i{p + q-i). 

26 - 2« - 3c, 2a + 66 + 2d - 4c , I (a + 6 + rf). 


31 ^. l 34 .±i^g- 4 . 136 . 2378. 

674 log 4 

-002995, -1958. 137 . -3598, -2363. 138 . 3-423. 

454 ft. 140 . 421 ft. 141 . 36 cosec 5° tan 36°25'. 

5 cosec 53' sin 25°4o'-' 143 . V \/3- 144 . 30° 

C“ 72 °i 3 ', A««47°47'; or C= io7°47', A= i2°i3'. 

7-856. 148 . s/i 3 > 1. 149 . s/6i;| s/s;32-7 nearly. 

*84; 35*8; 1309*8; 224*2. 162. 75- 

32xV 174. (i) 1201, 24; (ii) 1002*, 18. 

25 , 84 , 101. 178 . 77 59 nearly. 

(i) 28=56', 46°34',104°80'; (ii) A -111^°, C = 23J°. 

|(a + 6 + c), ^(-a + 6 + c). 



ANSWERS. 
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196. (i)A-22336',B = 91°58', c = 69-16; (ii) 34“30', 54n2', 9i°i8'; 
(iii) a-99-52, c-121-8;(iv) 6- 96-9, <r- 1201; 

(v) B - 33°8'or 1 42*62', C - 1 1 9*3' or 9*9', c - 1 63*7 or 27 96; 

(vi) A = 23*28', 0-128*43', c- 137-1. 


197. 

121*26', 21*27' 

. 198. 

641-8,1671. 199. 22*12'. 

201. 

6866 ft. 202. 

0 

QO 

tyds. 206. 26*29',106*18';a-616. 

206. 

B = 69'-23' or 110^37', 

A = 90= or 48=46', a - 126 or 94 

= 01. 

207. 

69^12', 73=6', 37=43'. 

213. 170, 122. 


215. 

10 knots nearly. 



216. 

16j*^ miles. 

217. 33-48, 32-66; 8-666 at 34 m. 

40s. 

220. 

64-98, 63-19. 

221. 

238 yds. 228. 2428. 


229. 

106-6; 7-24. 

231. 

1-036 cm., -325". 232.1-632, 

1-619. 

235. 

4:3^2. 

236. 

3-14108, 3-14263 ft. 243. 627. 


Mlacellaneous Example*. 

1. 9. 4. :f a-i- ^( 1 -a*), -1-ra. 

8 30*, 60°, 1350 . 20. A=.72ol4', b-37‘'4',c-16-66. 

21. B-46= 39' or 133'^ 21', c = 100°7' orl3= 26', 
c-461-6 or 108-7. 

24 7, 8, 6. 


26. 35, 26. 


27. a -r 




FOUR-FIGURE LOGARITHMS 

AND 

TRIGONOMETRICAL FUNCTIONS 



ii 


NATURAL SINES. 


-tt 

4 ; 

u 

Q 

O' 

6' 

12' 

18' 

24' 

CO 

0 

36' 

ro 

48' 

0 

'0000 

0017 

0035 

0052 

0070 

0087 

0105 

0122 

0140 

1 

*0175 

0192 

0209 

0227 

0214 

0262 

0279 

0297 

0314 

2 

'0349 

0366 

0184 

0401 

0419 

0436 

0454 

0471 

0488 

3 

*o:)23 

0541 

0558 

0576 

0593 

0610 

0628 

0645 

0663 

4 

*0698 

0715 

0732 

0750 

0767 

0783 

0802 

0819 

0837 

5 

'0872 

08H9 

0906 

0921 

0941 

0958 

0976 

0993 

1011 

6 

'1045 

1061 

1080 

1097 

1115 

1132 

1149 

1167 

1184 

7 

'1219 

1236 

1253 

1271 

1288 

1305 

1323 

1310 

1357 

8 

*1392 

1409 

1426 

1444 

1461 

1478 

1495 

1513 

1530 

9 

'1564 

1582 

1599 

1616 

1633 

1650 

1668 

1685 

1702 

10 

'1736 

1754 

1771 

1788 

1803 

1822 

1840 

1857 

1874 

11 

'1908 

1925 

1942 

1959 

1977 

1994 

2011 

2028 

2045 

12 

'2079 

2096 

2113 

2130 

2147 

2164 

2181 

2198 

2215 

13 

'2250 

2267 

2*284 

2300 

2117 

2334 

2351 

2368 

2385 

14 

'2419 

2436 

2453 

2470 

2487 

2504 

2521 

2538 

2554 

15 

'2588 

2605 

2622 

2639 

2656 

2672 

2689 

2706 

2723 

16 

■2756 

2773 

2790 

2807 

2823 

2810 

2857 

2874 

2890 

17 

*2924 

2940 

2957 

2971 

2990 

3007 

3024 

3040 

3057 

18 

'3090 

3107 

3123 

3140 

3156 

3173 

3190 

3206 

3223 

19 

*3256 

3272 

3289 

3305 

3322 

3338 

3355 

3371 

3387 

20 

'3420 

3437 

3453 

3469 

3486 

3502 

3518 

3535 

3551 

21 

*3584 

3600 

3616 

3633 

3649 

3665 

3881 

3697 

3714 

22 

'3746 

3762 

3778 

3795 

3811 

3827 

3843 

3859 

3875 

23 

'3907 

3923 

3939 

3955 

3971 

3987 

4003 

4019 

4035 

24 

'4067 

4083 

4099 

4115 

4131 

4147 

4163 

4179 

4195 

25 

'4226 

4242 

4258 

4274 

4289 

4305 

4321 

4337 

4352 

26 

'4384 

4399 

4415 

4431 

4446 

4462 

4478 

4493 

4509 

27 

*4540 

4555 

4571 

4586 

4602 

4617 

4633 

4648 

4664 

28 

'4695 

4710 

4726 

4741 

475b 

4772 

4787 

4802 

4818 

29 

'4848 

4863 

4879 

4894 

4909 

4924 

4939 

4955 

4970 

30 

■5000 

5015 * 

5030 

5045 

5060 

5075 

5000 

5105 

5120 

31 

'5150 

5165 

5180 

5195 

5210 

5225 

5240 

5255 

5270 

32 

'5299 

5314 

5329 

5314 

5358 

5373 

6388 

5402 

5417 

33 

*5446 

5461 

5176 

5490 

5505 

5519 

5534 

5548 

5563 

34 

■6592 

5606 

5021 

5635 

5650 

5661 

6678 

5693 

6707 

35 

*5736 

5750 

5764 

5779 

5793 

5807 

6821 

5835 

5850 

36 

'5873 

5892 

5906 

5920 

5934 

5948 

5962 

5976 

5990 

37 

'6018 

6032 

6046 

6060 

6074 

6088 

6101 

6115 

6129 

38 

*6157 

6170 

6184 

6198 

6211 

6225 

6239 

6252 

6266 

39 

'6293 

6307 

6320 

6334 

6347 

6361 

6374 

6388 

6401 

40 

*6428 

6441 

6455 

6468 

6481 

0494 

6508 

6521 

6534 

41 

*6561 

0574 

6587 

6600 

6613 

0626 

6639 

6652 

6665 

42 

*6691 

6704 

6717 

0730 

6743 

6756 

6709 

6782 

6794 

43 

•6830 

0833 

6845 

6838 

6871 

6884 

6896 

6909 

6921 

44 

•6947 

6959 

6972 

6984 

6997 

7009 

7022 

7034 

7046 


I Mean Diifereiices 


54' 

X 

2 : 

3L 

4 : 

5 

0157 

3 

6 

9 

12 

15 

0332 

3 

6 

9 

12 

15 

0506 

3 

6 

9 

12 

15 

0680 

3 

8 

9 

12 

15 

0854 

3 

6 

9 

12 

14 

1028 

3 

6 

9 

12 

14 

1201 

3 

6 

9 

12 

14 

1374 

8 

6 

9 

12 

14 

1547 

3 

6 

9 

12 

14 

1719 

3 

6 

9 

12 

14 

1891 

3 

6 

9 

11 

14 

2062 

3 

6 

9 

11 

14 

2233 

3 

6 

9 

11 

14 

2402 

3 

6 

8 

11 

14 

2571 

3 

6 

8 

11 

14 

2740 

3 

6 

8 

11 

14 

2907 

3 

6 

8 

11 

14 

3074 

3 

6 

8 

11 

14 

3239 

3 

6 

8 

11 

14 

3404 

3 

5 

8 

11 

14 

3667 

8 

5 

8 

11 

14 

3730 

3 

5 

8 

11 

14 

3891 

3 

5 

8 

11 

13 

4051 

8 

5 

8 

11 

1 13 

4210 

3 

5 

8 

n 

13 

4368 

3 

5 

8 

11 

13 

4524 

3 

5 

8 

10 

13 

4679 

3 

5 

8 

10 

13 

4833 

3 

5 

8 

10 

13 

4985 

3 

5 

8 

10 

13 

5135 

3 

5 

8 

10 

13 

5284 

2 

6 

7 

10 

12 

6432 

2 

5 

7 

10 

12 

5577 

2 

5 

7 

10 

12 

5721 

2 

5 

7 

10 

12 

5864 

2 

5 

7 

9 

12 

6004 

2 

5 

7 

9 

12 

6143 

2 

5 

7 

9 

12 

6280 

2 

5 

7 

9 

11 

6414 

2 

4 

7 

9 

11 

6547 

2 

4 

7 

9 

11 

6678 

2 

4 

7 

9 

11 

6807 1 

2 

4 

6 

9 

11 

6934 

2 

4 

6 

8 

11 

7059 

2 

4 

6 

8 

10 






NATURAL SINES. 


iii 



Mean Diflfereuces 


v 

2' 

,3' 

a:. 

5L 

2 

4 

6 

8 

10 

2 

4 

6 

8 

10 

2 

4 

6 

8 

10 

2 

4 

6 

8 

10 

2 

4 

6 

8 

9 

2 

4 

6 

7 

9 

2 

4 

5 

7 

9 

2 

4 

5 

7 

9 

2 

2 

5 

7 

9 

2 

li 

5 

7 

8 

2 


5 

7 

8 

2 



6 

8 

2 

A 

T) 

(. 

8 

2 

'{ 

r. 

() 

8 

1 


4 

6 

7 

1 

3 

4 

6 

7 

1 

3 

4 

6 

7 

1 

3 

4 

f) 

7 

1 

3 

4 

5 

G 

1 

3 

4 

5 

6 

1 

2 

4 

5 

6 

1 

2 


f) 

6 

1 

2 

3 

4 

() 

1 

2 

3 

4 

5 

1 

2 

3 

4 

5 

1 

2 

3 

4 

5 

1 

2 

3 

4 

5 

1 

2 

3 

4 

4 

1 

2 

2 

3 

4 

1 

2 

2 

3 

4 

1 

1 

2 

3 

4 

1 

1 

2 

3 

3 

1 

1 

2 

3 

3 , 

1 

1 

2 

2 

3 

1 

1 

2 

2 

3 

0 

1 

1 

2 

2 

0 

1 

1 

2 

2 

0 

1 

1 

2 

2 

0 

1 

1 

1 

2 

0 

1 

1 

0 

1 

1 

0 

0 

1 

1 

1 

0 

0 

1 

1 

1 

0 

0 

0 

1 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 





NATURAL TANGENTS. 



1 

2 

3 

4 

*0175 

•0349 

•0524 

•0699 

5 

•0875 

6 

•1051 

7 

•1228 

8 

•1405 

9 

•1684 

10 

*1763 

11 

*1944 

12 

•2126 

13 

•2309 

14 

*2493 

15 

•2679 

16 

•2867 

17 

•3057 

18 

•3249 

19 

•3443 

20 

•3640 

21 

•3839 

22 

•4010 

23 

•4245 

24 

•4452 

25 

•4663 

26 

•4877 

27 

•6095 

28 

•5317 

29 

•6543 

80 

•6774 

•6009 

'6249 

31 

32 

33 

•6494 

84 

*6745 

35 

•7002 

36 

‘7265 

37 

•7536 

38 

'7813 

39 

'8098 

40 

'8391 

41 

•8693 

42 

•9004 

43 

'9325 

44 

L 

•9657 


6' 1 2' 1 8' 24' 30' 36' 42' 48' 54' 


0017 0035 0052 0070 0087 0105 0122 0140 0157 


3 6 9 12 15 

3 0 9 12 15 

3 6 9 12 15 

3 6 9 12 15 

3 6 9 12 15 


3 6 9 12 15 

3 6 9 12 15 

3 6 9 12 15 

3 C 9 12 15 

3 6 9 12 15 


6 9 12 15 

6 9 12 15 

6 9 12 15 

6 9 12 15 

6 9 12 16 


3 6 9 13 16 

3 6 9 13 16 

3 6 10 13 16 

8 6 10 13 16 

3 7 10 13 16 


3 7 10 13 17 

3 7 10 13 17 

3 7 10 14 17 

3 7 10 14 17 

4 7 11 14 18 


'9657 9691 9725 9759 1 9793 9827 9861 9896 9930 9965 


7 11 14 18 
7 11 15 18 

7 11 15 18 

8 11 15 19 
8 12 15 19 


8 12 16 20 
8 12 16 20 
8 12 16 20 

8 13 17 21 

9 13 17 21 


4 9 13 18 22 

5 9 14 18 23 

6 9 14 18 23 

6 9 14 19 24 

6 10 15 20 24 


5 10 15 20 25 

5 10 16 21 26 

6 11 16 21 27 

6 11 17 22 28 

6 11 17 23 29 








NATURAL TANGENTS. 


I 

a 

•o' 

6' 

12' 

18' 

24' 

30' 

36' 

42' 

48' 

54' 

Me 

X 

an 

2L 

j: 

Ten 

4: 

:es 

x 

45 

1*0000 

0035 

0070 

0105 

0141 

0176 

0212 

0247 

0283 

0810 

6 

12 

18 

24 

80 

46 

l *0: i 55 

0392 

0428 

0464 







6 

12 

18 

26 

81 

47 

1*0724 

0781 

0799 

0837 



m 

1 1 ol J 



6 

13 

10 

26 

82 

48 

1*1106 

1145 

1184 

1224 


Etiiiil 

1343 

1383 

1423 

1463 

7 

13 

20 

27 

38 

49 

1*1504 

1544 

1585 

1626 

1607 

1708 




1876 

7 

14 

21 

28 

04 

50 

1*1918 

1960 

2002 

2045 

2088 

2131 

2174 

2218 


2305 

7 

14 

22 

29 

86 

51 

1*2349 

2393 

2437 

2482 

2527 

2572 


2662 

2708 

2753 

8 

16 

23 

80 

88 

52 

1*2799 

2846 

2892 

2938 

2986 


3079 

3127 

3175 

3222 

8 

1« 

24 

81 

80 

53 

1*3270 

3319 

8367 

3416 

3465 

3614 

3564 

3613 

3663 

3713 

8 

16 

25 

83 

41 

54 

1*3764 

3814 

3865 

3916 




4124 

4176 

4229 

9 

17 

26 

84 

43 

55 

1*4281 

4335 

4388 

4442 

4406 


4605 


4716 

4770 

9 

18 

27 

80 

46 

56 

1*4820 

4882 

4938 

4994 


5108 

\Kim 

5224 

5282 

5340 

10 

19 

29 

88 

48 

67 

1*5399 

6458 

5517 

5577 


5697 

5757 

5818 

5880 

6941 

10 

20 

30 

40 

60 

58 

1*6003 

60(;0 

6128 

6191 

6255 

EHEl 

6383 

6447 

6512 

6577 

11 

21 

82 

43 

53 

59 

1 0643 

6709 

6775 

0812 


6977 


7113 

7182 

7251 

11 

23 

34 

46 

56 
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9741 

9745 

9750 

9754 

9759 

9763 

9768 

9773 

0 

1 

1 

2 

2 

3 

3 

4 

4 

95 

9777 

9782 

9780 

9791 

9795 

9800 

9805 

9809 

9814 

I 

9818 

0 

1 

1 

2 

2 

3 

3 

4 

4 

96 

9823 

9827 

9832 

9836 

9841 

9846 

9850 

9854 

9859 

9863 

0 

1 

1 

2 

•j 

3 

3 

4 

4 

97 

9868 

9872 

9877 

9881 

9886 

9890 

9894 

9899 

990.4 

9008 

0 

1 

1 

2 

2 

3 

.3 

4 

4 

98 

9912 

9917 

9921 

9926 

9930 

9934 

9939 

9943 

9948 

9052 

0 

1 

1 

2 

<) 

,0 

3 

4 

4 

99 

9956 

9961 

9965 

9969 

9974 

9978 

9983 

9987 

9991 

9996 

0 

1 

1 

2 


3 

3 

3 

4 








ANTI-LOGARITHMS. 



*10 1259 

•11 12H8 

•12 ' 1318 
•13 1349 


•15 1113 

•16 1445 

*17 1479 

•18 1514 

•19 1549 


2239 2244 2249 2254 
2291 2296 2301 2307 

2344 2350 2355 2360 

2399 2404 2410 2415 

2455 2460 2466 2472 


2512 2518 2523 2529 
2570 2576 2582 2588 
2630 2636 2642 2649 
2692 2698 2704 2710 

I 2754 2761 2767 2773 


2818 2825 2831 2838 
2884 2891 2897 2904 
2951 2958 2 m 2972 
3020 3027 3034 3041 

3090 3097 3105 3112 


1009 

1012 

1014 

1033 

1035 

1038 

1057 

1059 

1062 

1081 

1084 

1086 

1107 

1109 

1112 

1132 

1135 

1138 

1159 

1161 

1164 

1186 

1189 

1191 

1213 

1216 

1219 

1242 

1245 

1247 

1271 

1274 

1276 

1300 

1303 

1306 

1330 

1334 

1337 

1361 

1365 

1368 

1393 

1396 

1400 

1426 

1429 

1432 

1459 

1462 

1466 

1493 

1496 

1500 

1528 

1531 

1535 

1563 

1567 

1570 

1600 

1603 

1607 

1637 

1641 

1644 

1675 

1079 

1683 

1714 

1718 

1722 

1754 

1758 

1762 

1795 

1799 

1803 

1837 

1841 

1845 

1879 

1884 

1 1888 

1923 

1928 

1932 

1968 

1972 

1977 

2014 

2018 

2023 

2061 

2065 

2070 

2109 

2113 

2118 

2158 

2163 

2168 

2208 

2213 

2218 

2259 

2265 

2270 



Mean Differences 

I 2 3 I 4 5 61; 8 9 




2366 

2371 

2377 

2421 

2427 

2432 

2477 

2483 

2489 

2535 

2541 

2547 

2594 

2600 

2606 

2655 

2661 

2667 

2716 

2723 

2729 

2780 

2786 

2793 


1167 

1169 

1172 

1194 

1197 

1199 

1222 

1225 

1227 

1250 

1253 

1256 

1279 

1282 

1286 

1309 

1312 

1315 

1340 

1343 

1346 

1371 

1374 

1:177 

1403 

1406 

1409 

1435 

1439 

1412 

1469 

1472 

1476 

1503 

1507 

1610 

15 )8 

1542 

154.5 

1574 

1578 

1581 

1611 

1614 

1618 

1648 

1652 

1656 

1687 

1690 

1694 

1720 

1730 

1734 

1760 

1770 

1774 

1807 

1811 

1816 

1849 

1854 

1858 

1892 

1897 

1901 

1936 

1941 

1945 

1982 

1986 

1991 

2028 

2032 

2037 

2075 

2080 

2084 

2123 

2128 

2133 

2173 

2178 

2183 

2223 

2228 

2234 

2275 

2280 

2286 

2328 

2333 

2339 

2382 

2388 

2393 

2438 

2443 

2449 

2495 

2500 

2506 

2553 

2559 

2564 

2612 

2618 

2624 

2673 

2679 

2685 

2735 

2742 

2748 

2799 

•2805 

2812 

2884 

2871 

28r7 

2931 

2938 

2944 

2999 

3006 

3013 

3JXJ9 

3076 

3083 

3141 1 

3148 

3155 


0 

0 

1 

1 

1 

1 

2 

2 

2 

0 

0 

1 

1 

1 

1 

2 

2 

2 

0 

0 

1 

1 

1 

1 

2 

2 

2 

0 

0 

1 

1 

1 

1 

2 

2 

2 

0 

1 

1 

1 

1 

2 

2 

2 

2 

0 

1 

1 

1 

1 

2 

2 

2 

2 

0 

1 

1 

1 

1 

2 

2 

2 

2 

0 

1 

1 

1 

1 

2 

2 

2 

2 

0 

1 

1 

1 

1 

2 

2 

2 

3 

0 

1 

J 

1 

1 

2 

2 

2 

3 

0 

1 

1 

1 

1 

2 

2 

2 

3 

0 

1 

1 

1 

2 

2 

2 

2 

3 

0 

1 

1 

1 

2 

2 

2 

2 

3 

0 

1 

1 

1 

2 

2 

2 

3 

3 

0 

1 

1 

1 

2 

2 

2 

3 

3 

0 

I 

1 

1 

2 

2 

2 

3 

3 

0 

1 

1 

1 

2 

2 

2 

3 

3 

0 

1 

] 

1 

2 

2 

2 

3 

3 

0 

1 

1 

1 

2 

2 

2 

3 

3 

0 

1 

1 

1 

2 

2 

3 

3 

3 

0 

1 

1 

1 

2 

2 

3 

3 

3 

0 

1 

1 

2 

2 

2 

3 

3 

,] 

.0 

1 

1 

2 

2 

2 

3 

3 

3 

0 

1 

1 

2 

2 

2 

3 

3 

4 

0 

1 

1 

2 

2 

2 

3 

3 

4 

0 

1 

1 

2 

2 

2 

3 

3 

4 

0 

1 

1 

2 

2 

2 

3 

3 

4 

0 

1 

1! 

2 

2 

[] 

3 

3 

4 

0 

1 

11 

2 

2 

2 

3 

4 

4 

0 

1 

1 

2 

2 

3 

3 

4 

4 

0 

1 

1 

1 

2 

2 


3 

4 

4 

0 

1 

1 

2 

2 

3 

3 

4 

4 

0 

1 

1 

2 

2 


3 

4 

4 

0 

1 

1 

2 

2 

9 

3 

4 

4 

1 

1 

2 

2 

3 

3 

4 

4 

5 

1 

1 

2 

2 

3 

3 

4 

4 

5 

1 

1 

2 

2 

3 

.9 

4 

4 

5 

1 

1 

2 

2 

3 

.1 

4 

4 

5 

1 

1 

2 

2 

3 


4 

4 

5 

1 

1 

2 

2 

3 

3 

4 

5 

5 

1 

1 

2 

2 

3 

4 

4 

5 

6 

1 

1 

2 

2 

3 

4 

4 

5 

5 

1 

1 

2 

2 

3 

4 

4 

5 

6 

1 

1 

2 

3 

3 

4 

4 

5 

6 

1 

1 

2 

3 

3 

4 

4 

5 

6 

1 

1 

2 

3 

3 

4 

5 

5 

6 

1 

1 

2 

3 

3 

4 

5 

5 

6 

1 

1 

% 

3 

3 

4 

5 

5 

6 

1 

1 


3 

4 

1 

6 

6 

6 

1 

1 

2 

8 

4 

4 

5 

6 

6 












‘50 3162 8170 3177 3184 3192 3199 

‘51 3236 3243 3251 3258 3266 3273 

*52 3311 3319 3327 3334 3342 3350 

‘63 3388 3396 3404 3412 3420 3428 

•54 3467 3475 3483 3491 3499 3508 


*55 3548 
‘66 3631 
•57 3715 
68 3802 
•59 3890 


’60 3981 

’61 4074 

62 4169 

•63 4266 

•64 1363 


•65 4467 

•66 4571 

•67 4677 

•68 4780 

•69 4898 


I •70 5012 
I ’71 5129 

•72 5248 
*73 5370 

'74 5495 


1 3565 3573 
1 3648 3656 

3733 3741 

3819 3828 
3908 3917 


3581 3589 
3664 3673 
3750 3758 
3837 3846 
3926 3936 


3999 4009 
4093 4102 
4188 4198 
4285 4295 
4385 1395 


4487 4498 

4592 4603 
4699 4710 
4808 4819 
4920 4932 


I 5035 5047 
5152 5164 

5272 5284 

1 5395 5408 

5521 5534 


4018 4027 

4111 4121 

4207 4217 

4305 4315 

4406 4416 


4508 4519 
4013 4624 

4721 4732 
4831 4842 

4943 4905 


5058 5070 
5176 5188 
5297 5309 

5420 5433 

5546 5559 


’76 502.1 5636 5649 5662 .5675 5689 

•75 5754 5768 5781 5791 5808 5821 

■77 5888 5902 5916 .5929 5943 5957 

•78 6026 ()0.J9 60.53 6067 6081 6095 

*79 6166 6180 6194 6209 6223 6237 


0.310 6324 
6157 6471 

6607 6622 

6761 6770 

6918 6934 


7079 7096 
7244 7261 
7413 7430 
7586 7603 
7762 7780 


7943 7962 
8128 8147 
8318 8337 
8511 8531 
8710 8730 


8918 8933 
9120 9141 
0333 9354 
0650 9572 
9772 0795 


3214 

8221 

3228 

3280 

3290 

3304 

8365 

3373 

3381 

3443 

3451 

3459 

8524 

8632 

8540 

3606 

3614 

3622 

3690 

3698 

3707 

3776 

3784 

3793 

3864 

3873 

3882 

3954 

3963 

3972 

4046 

4055 

4064 

4140 

4160 

4159 

4236 

4246 

4256 

4335 

4345 

4355 

4436 

4446 

4457 

4539 

4550 

4560 

4645 

4656 

4667 

4753 

4764 

4775 

4864 

4875 

4887 

4977 

4989 

5000 

5093 

5105 

5117 

5212 

5224 

5236 

5333 

5346 

5358 

5458 

6470 

5483 

5585 

5598 

5610 

6715 

5728 

5741 

5818 

5861 

6875 

5984 

5998 

6012 

6124 

6138 

61.52 

6206 

6281 

6295 

6412 

6427 

6442 

6561 

6577 

6592 

6714 

6730 

6745 

6871 

6887 

6902 

7031 

7047 

7063 

7194 

7211 

7228 

7362 

7379 

7396 

75:14 

7651 

7568 

7709 

7727 

7745 

7889 

7907 

7985 

8072 

8091 

8110 

8260 

8279 

8299 

8453 

8472 

8492 

8650 

8670 

8690 

8851 

8872 

8892 

9057 

9078 

9099 

9268 

9290 

9311 

9484 

9506 

9528 

9796 

9727 

9750 

9931 

mi 

9077 


3 4 5 7 8 9 11 12 

3 4 5 7 8 10 11 12 

3 4 6 7 810 11 13 


6 7 8 1(W12 13 15 
5 7 8 1012 13 15 
5 7 9 10 12 14 16 
5 7 9 11 12 14 16 
5 7 9 11 13 14 16 


6 7 9 11 13 15 17 
6 8 9 1113 15 17 
6 8 10 1214 15 17 
6 8 10 12 14 16 18 
6 8 10 12U 16 18 


6 8 10 18 15 17 19 

6 8 11 13 15 17 19 

7 9 11 1? 15 17 20 
7 9 U 13 16 18 20 
7 9 11 14 16 18 » 





xii 


LOGARITHMIC SINES 



O' 6' 12' 18' 


0 7‘2419 5429 7190 8439 9408 0200 0870 1450 1961 

1 8'2419 2832 3210 3558 3880 4179 4450 4723 4971 5208 

2 8*5428 56*0 5842 6035 6220 6397 6567 6731 6889 7041 

3 8*7188 7330 7468 7602 7731 7857 7979 8098 8213 8326 1 21 I 42 1 63 I 84 1104 

4 8*8436 8543 86*7 8749 8849 8946 9012 9135 9226 9315 1 16 32 48 64 80 



2482 2524 
2883 20 .1 
3250 3284 
3586 3618 
3897 3927 


4186 421* 
4456 4482 
4700 1733 
4916 4960 
5170 5i92 


2647 2687 
3034 .«)70 
3387 3421 
3713 3745 
4015 4014 


4206 4323 
4559 4584 
1805 4829 
50 17 5050 
5256 5278 


2727 2767 
3107 3143 
3455 .'1488 
3775 3806 
4073 4102 


4350 4377 
4600 4634 
4853 4876 
5082 5104 
5299 5320 


21 

42 

63 

84 

16 

32 

48 

64 

13 

26 

39 

52 

11 

22 

33 

44 

10 

19 

29 

38 

8 

17 

25 

.34 

8 

15 

23 

30 

7 

14 

20 

27 

8 

12 

19 1 

25 

6 

11 

17 

2.3 

5 

11 

16 

21 

5 

10 

15 

20 


9 14 18 23 
9 13 17 21 
8 12 16 20 
8 11 15 19 
7 11 14 18 


5382 5402 
5583 5602 
.5773 5702 
5954 5972 
6127 0144 


5463 .5484 
56()(> 5679 
5817 58(,5 
6021 6012 
6191 6210 


5504 5523 
5698 5717 
5883 6901 
6059 6076 
0227 6243 


3 7 10 14 17 

3 6 10 13 16 

.3 6 9 12 15 

.3 0 9 12 15 

3 G 8 11 14 


25 9*6259 6276 6202 6308 6321 6*140 6356 6371 6387 6403 

26 9 6118 64 14 6119 6465 6480 6495 6510 6526 6511 6556 

27 9*6570 6585 6600 GG15 CG29 6614 6659 6673 6687 6702 

28 9 0716 6730 6744 6750 6773 6787 6801 6814 6828 6842 

29 9*6856 6869 6883 0896 6910 6923 6937 6950 6963 6977 


5 8 11 13 

5 8 10 13 

5 7 10 12 


30 9*6000 7003 7016 7029 7012 7055 70 G 8 7080 7093 7106 2 

31 9*7118 7111 7144 7156 7168 7181 719J 7205 7218 7230 2 

32 9*7242 7254 7266 7278 7200 7302 7314 73*26 7338 7349 2 

33 9 7361 7.173 7.181 7,196 7107 7419 7430 7442 7453 7464 2 

34 97476 7487 7498 7509 7520 7531 7542 7553 7564 7575 2 


6 9 11 

6 8 10 

6 8 10 

6 8 10 

6 7 9 


35 9*7586 7597 7607 7618 7629 7640 7050 7661 7671 7682 2 4 5 7 9 

36 9*7692 7703 7713 772.1 7734 7744 7754 7764 7774 7785 2 3 5 7 9 

37 9*7795 7805 7815 782.5 7815 7814 7354 7864 7874 7884 2 3 5 7 8 

38 9*7891 790*1 7913 7922 70:12 7941 7951 7960 7970 7979 2 3 5 6 8 

39 9*7989 7998 8007 8017 8026 80.15 goil 8053 8063 8072 2 3 5 6 8 

40 9*8081 8090 8099 8108 8117 8125 j,n4 814^1 8161 1 3 4 6 7 

41 9 8169 8178 8187 8105 8204 8213 0901 8210 82*38 8247 

42 0*8255 8204 8272 8280 8289 8297 83i:i 8;i22 8330 

43 9*83.38 8346 8354 1 8362 8.'170 8178 o*oo« 8.394 8402 8410 

44 0 8418 8426 84:13 1 8441 8449 8457 34^4 8472 8480 8487 









logarithmic sineg 


Mean Differences 

rkis'U'Is’ 


45 9’8W5 8')02 8)10 85)7 8.)'.:) 85 52 HHO 8547 8555 8562 1 2 4 5 6 

46 9’8'')69 8577 8584 8)91 8V)8 8006 86 [3 8620 8627 86^4 1 2 4 5 6 

47 9'864l 8648 8655 8662 8669 8676 8683 86')0 8607 8704 1 2 3 5 6 

48 9*8711 8718 8724 8731 8738 8745 8751 8758 8765 8771 1 2 3 4 6 

49 9*8778 8784 8791 8797 8801 8810 8317 8823 8830 8836 1 2 3 4 5 


9*8843 8819 8855 8862 8868 8874 8880 8887 8893 8899 

9*8905 8911 8917 8923 8929 8915 8911 8947 8053 8959 

9 8965 8971 8977 8983 8989 8995 9000 9006 9012 9018 

9 9023 9029 9035 9011 9016 9052 0057 9063 9069 9074 

9*9080 9085 9091 9098 9101 9107 9112 9118 9i23 9128 


3 4 5 

3 416 

3 4 15 


9’9 34 9'39 9'41 9149 9155 9|6() 9165 9170 9175 9181 

I 9*9186 9191 9196 9201 92C6 9211 9216 9221 9226 9211 

9 9236 9211 9216 0251 9255 9260 9265 9270 9275 9279! 

9*9281 9289 0291 9298 9303 9108 9312 9317 0322 9326 

9*9331 9335 9340 0344 9319 9353 0358 0302 9367 0371 * 


9*9.375 9380 9384 9388 9303 9307 9101 

0 9418 9422 9427 9435 9419 9113 

9 0459 9403 9467 0471 9175 0479 91.S3 

9 9499 9503 0507 0510 9514 9518 9522 | 

9*9537 9540 9544 0'48 9551 9355 9558 


9406 9410 0114 
9447 9451 0155 
9487 94 11 94 n5 

9525 9529 1)533 
9562 05Gb 9560 


2 3 4 
2 3 8 
2 3 3 
2 3 8 
2 2 3 


9*9573 9.576 9580 9583 05.S7 9590 9594 

9*9607 9011 9814 9617 OGil 9624 9627 

9*9640 9613 9647 9650 9653 9656 0659 

9*9672 967 ) 9678 9681 0684 9687 9690 

9*9702 9704 0707 9710 0713 9710 9719 


9507 9601 9604 
9611 9634 96.17 
9662 0666 9669 
9603 0696 0609 
9722 0724 0727 


2 2 3 
1 2 2 


9*0730 0733 9735 9738 jT41 9711 0746 9749 0751 9754 0 1 1 2 2 

0*9757 9759 9762 0764 07*67 9770 9772 9775 9777 0780 0 1 1 2 2 

9*9782 9785 9787 0789 0792 9701 9797 9799 9801 9804 0 1 1 2 2 

9*9806 9808 9811 0813 9ai5 9817 9820 0822 0824 9826 0 1 1 2 2 

9*9828 9831 9833 9835 9837 9839 9841 0843 9845 9847 0 1 1 1 2 


9*9849 9851 9853 9855 0857 9859 9861 98()3 986.5 9867 
9*9869 9871 9873 9875 9876 9878 9880 9882 9884 9885 
9*9887 9889 9891 9892 9894 0896 9897 9899 0001 9902 
9*9904 9906 9907 9909 0910 0912 9913 9915 9916 9918 
9*9919 9921 9922 9924 )925 >9*27 9928 9929 9931 9932 


1 1 2 
1 1 2 
1 1 1 
1 1 1 
1 1 1 


9*9934 99.35 9936 9937 9939 1940 9941 9943 9944 9945 
9*9046 0947 9949 9950 9951 9952 9953 9954 995.5 9956 
9*9958 9059 9960 9961 9962 9963 9964 9065 9906 9967 
9*9968 9968 9969 9970 0971 9972 9973 9974 9975 9975 
9*9976 9977 9978 9978 0979 9980 9981 0981 9982 0983 


1 1 1 
1 1 1 
1 1 1 
0 1 1 


9*9983 9984 9985 9985 9986 9987 9987 99,88 9988 9989 

9*9989 0990 9900 9991 9991 9992 9992 990.3 9993 9994 

9*9994 9994 9995 9095 9990 9996 9996 9996 9997 9997 

9*9997 9998 9998 9998 9998 JW99 J999 9999 9999 9999 

9*9999 9999 0000 0000 0000 0000 ”0000 


0 0 0 
0 0 0 
0 0 0 
0 0 0 



»V logarithmic TANGENTS!. 






peST 


LOGARITHMIC TANGENTS 



45 10*0000 0015 0030 0016 0061 0076 0(K)1 0106 0121 0136 

46 10 0152 0167 0182 0197 0212 0228 0243 0258 0273 0288 

47 10*0303 0319 0334 0349 0364 0179 0395 0410 0425 0440 

48 10*0456 0471 0486 0501 0517 0532 0547 0562 0578 0593 

49 10*0608 0624 0639 0654 0670 0685 0700 0716 0731 0746 


50 10*0762 0777 0793 0808 0824 0839 0854 0870 0885 0901 

51 10*0916 0932 0947 0963 0978 0994 1010 1025 1041 1056 

52 10*1072 1088 1103 1119 1135 1150 1166 1182 1197 1213 

53 101229 1245 1260 1276 1292 1308 1324 1340 1356 1371 

54 10*1387 1403 1419 1435 1451 1467 1483 1499 1516 1532 


55 10*1548 1564 1580 1596 1612 1629 1645 1661 1677 1694 3 5 8 11 14 

56 10*1710 1726 1743 1759 1776 1792 1809 1825 1842 1858 3 5 8 11 14 

57 10*1875 1891 1908 1925 1941 1958 1975 1992 2008 2025 3 6 8 11 14 

58 10’2042 2059 2076 2093 2110 2127 2144 2161 2178 2195 3 6 9 11 14 

59 10’2212 2229 2247 2204 2281 2299 2316 2333 2 {51 2368 3 6 9 12 14 

60 10*2386 2403 2421 2438 2456 2474 2491 2509 2527 2545 3 6 9 12 16 

61 10*2562 2580 2598 2616 2634 2652 2670 2689 2707 2725 3 6 9 12 15 

62 10*2743 2762 2780 2798 2817 2835 2854 2872 2891 2910 3 6 9 12 15 

63 10 2928 2947 2%6 2985 3004 3023 3042 3061 3080 3099 3 6 9 13 16 

64 10*3118 3137 3157 3176 3196 3215 3235 3254 3274 3294 3 6 10 13 16 

65 10*3313 3333 3353 3373 3393 3413 3433 3453 3473 3494 3 7 10 13 17 

66 10*3514 3535 3555 3576 3596 3617 3638 3659 3679 3700 3 7 10 14 17 

67 1 0*3721 3743 3764 3785 3806 3828 3849 3871 38!>2 3914 4 7 11 14 18 

68 10*3936 3958 3980 4002 4024 4046 4068 4091 4ll3 4136 4 7 11 15 19 

69 10*4158 4181 4204 4227 4250 4273 4296 4319 4342 4366 4 8 12 15 19 

70 10*4389 4413 4437 4461 4484 4>09 4533 4557 4.581 4606 4 8 12 16 20 

71 10*4630 4655 4680 4705 4730 4755 4780 4805 4831 4857 4 8 13 17 21 

72 10*4882 4908 4934 4960 4986 5013 5039 5066 5093 5120 4 9 13 18 22 

73 10‘5147 5174 5201 5229 5256 5284 5312 5340 5.168 5397 5 9 14 19 23 

74 10*5425 5451 5483 5512 5541 5570 5600 5629 5659 5689 5 10 15 20 25 

75 10*5719 5750 5780 5811 5842 5873 5905 6936 5968 6000 5 10 16 21 26 

76 10*6032 6065 6097 6130 6163 619b 6230 6264 6298 6332 6 11 17 22 28 

77 10*6366 6401 6136 6471 6507 6542 6578 6615 6()5 l 6688 6 12 18 24 30 

78 10*6725 6763 6800 6838 6877 6915 6954 6994 7033 7073 6 13 19 26 32 

79 10*7113 7151 7195 7236 7278 7320 7363 7406 7449 7493 7 14 21 28 35 

80 10*7537 7581 7626 7872 7718 7764 7811 7858 7906 7954 8 16 23 81 39 

81 10*8003 8052 8102 8152 8203 8255 8307 8360 8413 9 17 26 35 43 

82 10*8522 8577 8633 8690 8748 8806 8865 8924 8985 9046 10 20 29 89 49 

83 10*9109 9172 9236 ^JOl 9367 9433 9501 9570 9640 9711 H 22 34 4'. f6 

84 10*9784 9857 9932 0008 0085 0164 0244 ^6 0409 0494 13 26 40 53 6b 


88 11*1554 1664 1777 1893 2012 2135 2261 2391 2525 2663 

87 11*2806 ‘2954 3106 3264 3429 3r>99 3777 3962 4155 4357 

88 11*4569 4792 5027 6275 5539 5819 6119 6441 6789 7167 
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Mean Differences 
not sufficiently 


11*7681 1 8038 8550 9130 | 9800 0591 1561 1 2810 4571 7681 1 accurate. 














